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Preface to the Second Edition 


Automorphism groups survey similarities on mathematical systems, which appear nearly 
in all mathematical branches, such as those of algebra, combinatorics, geometry, - -- and 
theoretical physics, theoretical chemistry, etc.. In geometry, configurations with high 
symmetry born symmetrical patterns, a kind of beautiful pictures in aesthetics. Naturally, 
automorphism groups enable one to distinguish systems by similarity. More automor- 
phisms imply more symmetries of that system. This fact has established the fundamental 
role of automorphism groups in modern sciences. So it is important for graduate students 
knowing automorphism groups with applications. 

The first edition of this book is in fact consisting of my post-doctoral reports in Chi- 
nese Academy of Sciences in 2005, not self-contained and not suitable as a textbook for 
graduate students. Many friends of mine suggested me to extend it to a textbook for 
graduate students in past years. That is the initial motivation of this edition. Besides, I 
also wish to survey applications of Smarandache’s notion with combinatorics, i.e., math- 
ematical combinatorics to automorphism groups of maps, surfaces and Smarandache ge- 
ometries in this edition. The two objectives advance me to complete this self-contained 
book. 

Indeed, there are many ways for introducing automorphism groups. I plan them for 
graduate students both in combinatorics and geometry. The materials in this book include 
groups with actions, graphs with symmetries, graphs on surfaces with enumeration, reg- 
ular maps, isometries on finitely or infinitely pseudo-Euclidean spaces and an interesting 
notion for developing mathematical sciences in 21th century, i.e. the CC conjecture. 

Contents in in this book are outlined following. 


Chapters 1 and 2 are an introduction to groups. Topics such as those of groups and 
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subgroups, regular representations, homomorphism theorems, structures of finite Abelian 
groups, transitive groups, automorphisms of groups, characteristic subgroups, p-groups, 
primitive groups, regular normal subgroups are discussed and a few useful results, for ex- 
amples, these Burnside lemma, Sylow theorem and O’Nan-Scott theorem are established. 
Furthermore, an elementary introduction to multigroups and permutation multigroups, in- 
cluding locally or globally transitive groups, locally or globally regular groups can be also 


found in Chapters | and 2. 


For getting automorphism groups of graphs, these symmetric graphs, including vertex- 
transitive graphs, edge-transitive graphs, arc-transitive graphs and semi-arc transitive graphs 
are introduced in Chapter 3. Indeed, the automorphism group of a normally Cayley graph 
or GRR of a finite group can be completely determined. For classifying maps on sur- 
faces underlying a graph G, one needs to consider the action of semi-arc automorphism 
group AutiG on its semi-arc set X : G. Such groups are not very different from that of 
automorphism group of G. In fact, Aut 1G = AutG if G is loop-free. This chapter also 
discuses multigroup action graphs, which make a few results on globally transitive groups 


in Chapter 2 simple. 


As a preparing for combinatorial maps with applications to Klein surfaces, Chapter 
4 is mainly on surfaces, including both topological surfaces and Klein surfaces. Indeed, 
Sections 4.1-4.3 can be used to an introduction on topological surfaces and Sections 4.4- 
4.5 on Klein surfaces. These fundamental techniques or results on surfaces, such as those 
of classifying theorem of surfaces by elementary operations, Seifert-Van Kampen theo- 
rem, fundamental groups of surfaces, NEC groups and automorphism groups of Klein 


surfaces are well discussed in this chapter. 


Chapters 5-7 are an introduction on algebraic maps, i.e., graphs on surfaces, partic- 
ularly, automorphisms of maps. The rotation embedding scheme on graphs and its con- 
tribution to algebraic maps can be found in Sections 5.1-5.2. Then map groups, regular 
maps and the technique for constructing regular maps by triangle groups are interpreted 
in Sections 5.3-5.5. 


Chapter 6 concentrates on lifting automorphisms of maps by that of voltage assign- 
ment technique. A condition for a group being that of a lifted map and a combinatorial 
refinement of the Hurwitz theorem on Riemann surfaces are gotten in Sections 6.1-6.4. 
After that, Section 6.5 concerns the order of an automorphism of Klein surfaces by that 


of map, which is an interesting problem in Klein surfaces. 
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The objective of Chapter 7 is to find presentations of automorphisms of maps un- 
derlying a graph. A general condition for a graph group being that of map is established 
in the first section. Then all these presentations for automorphisms of maps underlying a 
complete graph, a semi-regular graph or a bouquet are found, which are useful for enu- 
merating maps underlying such a graph. 

Applying results in Chapter 7 enables one to classify maps, i.e., enumerating rooted 
maps or maps underlying a graph in Chapter 8. These enumerating results on rooted 
maps underlying a graph are presented in Sections 8.1-8.2 by group action. It is worth 
to celebrate that a sum-free formula for rooted maps underlying a graph is found by the 
action semi-arc automorphism group of graph. Then a general scheme for enumerating 
maps underlying a graph is established in Section 8.3. By applying this scheme and those 
presentations of automorphisms of maps in Chapter 7, these complete maps, semi-regular 


maps and one-vertex maps are enumerated in Sections 8.4-8.6, respectively. 


Chapter 9 turns on a special kind of automorphisms, i.e., isometries on Smarandache 
geometry, a mixed geometry with an axiom validated or invalided, or only invalided but in 
at least two distinct ways. A formally definition with examples for such geometry can be 
found in Sections 9.1-9.2. Then all isometries on finitely or infinitely pseudo-Euclidean 
spaces (R", 4) are determined in Sections 9.3-9.4. It should be noted that for the finite 
case, all such isometries can be combinatorially characterized by graphs embedded in the 


Euclidean space R". 


The final chapter concentrates on an important notion for developing mathematical 
sciences in 21th century, i.e., the CC conjecture appeared in Chapter 5 of the first edition 
in 2005. That is the originality of mathematical combinatorics. Its contributions to math- 
ematics and physics are introduced, and research problems are presented in this chapter. 
These interested readers are referred to [Mao25] for its further applications to geometry 
or Riemann geometry. 

This edition was began to prepare in 2009. Many colleagues and friends of mine 
have given me enthusiastic support and endless helps in writing. Here I must mention 
some of them. On the first, I would like to give my sincerely thanks to Dr.Perze for his 
encourage and endless help. Without his encourage, I would do some else works, can not 
investigate mathematical combinatorics for years and finish this edition. Second, I would 
like to thank Professors Feng Tian, Yanpei Liu, Mingyao Xu, Jiyi Yan, Fuji Zhang and 


Wenpeng Zhang for them interested in my research works. Their encouraging and warm- 
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hearted supports advance this book. Thanks are also given to Professors Han Ren, Yangiu 
Huang, Junliang Cai, Rongxia Hao, Wenguang Zai, Goudong Liu, Weili He and Erling 
Wei for their kindly helps and often discussing problems in mathematics altogether. Par- 
tially research results of mine were reported at Chinese Academy of Mathematics & Sys- 
tem Sciences, Beijing Jiaotong University, Beijing Normal university, East-China Normal 
University and Hunan Normal University in past years. Some of them were also reported 
at The 2nd and 3rd Conference on Graph Theory and Combinatorics of China in 2006 
and 2008. My sincerely thanks are also give to these audiences discussing mathematical 
topics with me in these periods. 

Of course, I am responsible for the correctness all of these materials presented here. 
Any suggestions for improving this book or solutions for open problems in this book are 


welcome. 


L.F.Mao 


June 24, 2011 
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CHAPTER 1. 


Groups 


A group is surely the laws of combinations on its symbols, an important con- 
ception of mathematics. One classifies groups into two categories, 1.e., the ab- 
stract groups and permutation groups. Its application fields includes physics, 
chemistry, biology, crystallography,..., etc.. Now it has become a fundamental 
of all branches of mathematical sciences. For introducing readers to abstract 
groups, these algebraic systems, groups with subgroups, regular representa- 
tion, homomorphism theorems, Abelian groups with structures, multigroups 
and submultigroups with elementary properties are discussed in this chapter, 
where multigroups are generalized algebraic systems of groups by Smaran- 


dache multi-space, i.e., a union of groups, different two by two. 


2 Chap. 1 Groups 


§1.1 SETS 


1.1.1 Set. A set G is acategory consisting of parts, i.e., a collection of objects possessing 


with a property Y. Usually, a set G is denoted by 
© = { x| x possesses the property F }. 


If an element x possesses the property Y, we say that x is an element of the set G, denoted 
by x € G. On the other hand, if an element y does not possesses the property Y, then it 
is not an element of G, denoted by y ¢ G. 


For examples, 
Vand | ee one eee 
P = {cities with more than 2 million peoples in China}, 
E={(z,yl0<x<1,0<y<1} 


are 3 sets by definition, and the number n > 1, city with more than 2 million peoples in 
China and point (x, y) with 0 < x,y < 1 are elements of sets Z*, P and E, respectively. 

Let S,7T be two sets. These binary operations union S U T and intersection S NT of 
sets S and T are defined by 


S|_JT ={xlxeS orxeT), S(\T ={xlx€S and xe 7}. 


These operations U and 1 have the following laws. 
Theorem 1.1.1 Let X,T and R be sets. Then 
(i) XUX =X and X()X =X; 
(ii) XUT =TUX and XT =T(X: 
(iii) X (TUR) = XUT)UR and X(\T R= XNT) NR 
(iv) XUT MR) = KUT) NUR), 
X(\T UR) = XT) UX) R). 


Proof These laws (i)-(iii) can be verified immediately by definition. For the law (iv), 
let x € XU(T()R) = (XUT)()\(X UR). Then x € X or x € T()R, ie., x € T and 
x € R. Now if x € X, we know that x € X UT and x € X UR. Whence, we get that 
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x € (XUT)(\(X UR). Otherwise, x € T()R, 1.e., x € T and x € R. We also get that 
xe (XUT)(\(X UR). 

Conversely, for Vx € (X UT) (\(X UR), we know that x « X UT and x e X UR, 
ie, x€ Xorxe Tandx eR. If x € X, we get thatx e X(T ()R). If x € T and 
x € R, we also get that x e X L)(T ()R). Therefore, X U(T () R) = X UT) 1 (X UR) by 


definition. 


Similarly, we can also get the law XN T = X UT. 


Let G, and Gz be two sets. If for Vx € G,, there must be x € G5, then we say that 
6, is a subset of G2, denoted by G; € Gz. A subset G; of G2 is proper, denoted by 
6, C Gy» if there exists an element y € G2 with y ¢ G, hold. It should be noted that the 
void (empty) set @ is a subset of all sets by definition. All subsets of a set G naturally 
form a set Y(G), called the power set of G. 

Now let G be a set and X € A(G). We define the complement X of X c G tobe 


X={yly€G buty ¢ X}. 


Then we know the following result. 
Theorem 1.1.2 Let G bea set, S,T Cc ©. Then 

(i) XNX =Oand XUX =6G; 

(ii) X =X: 

(iii) XUT =XAT andXNT=XUT. 

Proof The laws (i) and (ii) can be immediately verified by definition. For (iii), let 
xe XUT. Thenxe€ G butx ¢ XUT,ie., x ¢ X and x ¢ T. Whence, x € X and xe T. 
Therefore, x € XM T. Now for Vx € XT, there must be x € X andx € T,ie., x EG 


but x ¢ X and x ¢ T. Hence, x ¢ X UT. This fact implies that x ¢ X UT. By definition, 
we find that X UT = XAT. Similarly, we can also get the law XNT = X UT. This 


completes the proof. 


1.1.2 Cardinality. A mapping f from a set S to T is a subset of S x T such that for 
Vx eS, |f(nx} x T)| = 1, ie., f NM ({x} x T) only has one element. Usually, we denote 
a mapping f from S to T by f : S — T and f(x) the second component of the unique 
element of f M ({x} x T), called the image of x under f. 
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A mapping f : S — T is called injection if for Vy € T, |f A (S x {y})| < 1 and 
surjection if |f A(S x {y})| = 1. If itis both injection and surjection, 1.e., |fA(S x {y})| = 1, 


then it is called a bijection or a 1 — 1 mapping. 


Definition 1.1.1 Let S, T be two sets. If there is a bijection f : S — T, then the 
cardinality of S is equal to that of T. Particularly, if T = {1,2,---,n}, the cardinal 
number, usually called the order of S is defined to be n, denoted by |\S| = n. 


Definition 1.1.2 A set S is finite if and only if c(S) < co. Otherwise, S is infinite. 
Definition 1.1.3 A set S is countable if there is a bijection f :S — Z*. 


By this definition, one can enumerate all elements of S by an infinite sequence 
S1,59,°°+,5,,°°*. These Z*, P and E in Subsection 1.1.1 are countable, finite and infi- 


nite set, respectively. Generally, we have the following result. 


Theorem 1.1.3 A set S is infinite if and only if it contains a countable subset. 


Proof If S contains a countable subset, by Definition 1.1.3 it is infinite. Now if S' is 
infinite, choose s; € S, s. € § \ {sy}, 53 € S \ (81, 52}, .... S. ES \ (51, $2,°°°, Sp-1},.... BY 
assumption, S is infinite, so for any integer n > 1, the set S \ {51, 52,°++, S,»-1} can never 


be empty. Therefore, we can always choose an element s, from it and this process will 


never stop until we get an infinite sequence s 1, 52,---,5,,°**, a countable subset of S.. UO 


Theorem 1.1.4 The set R of all real numbers is not countable. 


Proof Assume there is an enumeration 7), 72, --+,/,,°+: of all real numbers. Then list 
the decimal expansion of these numbers after the decimal point in their enumerated order 


in a square array: 


Py = ++ .41442130)4 °° 
V2 = + * + «21022073424 °** 
P3 = ** * 31432033034 °° * 
V4 = ++ * 414243444 °° 


where Gy, 1s the nth digit after the decimal point of r,,. Then we construct a new real 
number ¢ between 0 and 1 as follows: 
Let the bth digit b, in the decimal expansion of b be aj, — 1 if Gy, # O and 1 if 


Amn = 0. Then b = .b,byb3b4- ++ is the decimal expansion of b, which is a real number by 
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definition but differs from the nth number r, of the enumeration in the nth decimal place 


for any integer n > 1. Whence, b is not in the sequence 7", ’2,°--,/,,°°:. This contradicts 


our assumption. 

1.1.3 Subset Enumeration. Let G be a countable set, i.e., 
cee en ns 

We adopt the following convention for subsets. 


Convention 1.1.1 Fora subset S = {5j,, Si,,-++, Si} of G, 1 = 1, assign it to a monomial 
Si, Si, seis Siz. 


Applying this convention, we can find the generator of subsets of a set G. 


Theorem 1.1.5 Under Convention 1.1.1, the generator of elements in the power set P(G) 
is 
GAG)= >) | [s*. 
€5=0 or 1 ses 


Proof Let T = {8;,,5;,,-++, 5;}, | = 1 be an element in A(G). Then it is the term 
Sj, Si, °** Sin G(A(G)). Conversely, let 5;,5;, +++ 5,, k > 1 be a term in G(A(G)). Then it 


is the subset {5;,, 5;,,---, 8} by Convention 1.1.1. 


For a finite set G, we can get a closed formula for counting its subsets following. 


Theorem 1.1.6 Let G be a finite set. Then the number of its subsets is 


|A(G)| = 2'9. 


SG 
Proof Notice that for any integer i, 1 < i < |G|, there | a 
i 


| subsets of cardinal- 


ity iin G. Therefore, we find that 


IS| 
|P(S)| = | " | = 218. 


i=l 
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§1.2 GROUPS 


1.2.1 Algebra System. Let ./ be anonempty set. A binary operation on & is a bijection 
o: &X A — A. Thus o associates each ordered pair (a, b) of elements of .&/ with an 
element o(a, b) that of <. For simplicity, we write ao b for o(a,b) and refer to o as a 
binary operation on .</. A set & associated with a binary operation o is called to be an 
algebraic system, denoted by (./; 0). 

If & is finite, let c/ = {x,,x2,---,xX,}, we can present an algebraic system (.o/; 0) 


easily by operation table following. 


x) X10 X X,OX2 °° X1 O Xp 

X2 X20 X| X2O%X%2 °°: X2 O° Xn 

Xn Xn OX] Xn O X2 7a Xn O° Xn 
Table 1.2.1 


For example, let K = {1,@,6,y} with an operation o determined by the following 


table. 
a 
1 a £p y 
a|a l1 y £6 
B\|B y 1 @ 
yy 6 a@ J 
Table 1.2.2 


Then we easily get that 
lol=aca=BoB=yoy=l, 
low=acl=a,lep=fol=f,loy=yol=y, 
aoB=foa=y,aoy=yoa=B,poy=yof=a 

by Table 1.2.2. Notice that xo (yo z) = (xo y)ozand xoy = yo x for Vx, y,z € K in Table 

1.2.2. These properties enables us to introduce the associative and commutative laws for 


operation following. 
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Definition 1.2.1 An algebraic system (./; 0) is associative if for Va, b,c € &, 
(ao bhoc=a0 (box). 


An associative system (&/; 0) is usually called a semigroup. A system (/; 0) is Abelian if 
forVa,bé€ &, 


aob=boa. 


There are many non-Abelian systems. For example, let M,,(R) be all n x n matrixes 


with matrix multiplication o. We have known that the equality 


AoB=BoA 


does not always hold for VA, B € M,,(R) from linear algebra. Whence, (/,,(R), ©) is a non- 


Abelian system. Notice that each element associated with the element 1,,,, is unchanging 


in M,,(R). Such an element is called to be a unit defined following, which also enables us 


to introduce the inverse element of an element in (.2/, 0). 
Definition 1.2.2 Let (<;0) be an algebraic system. An element 1' € & (or 1" € &, or 


1 € &) is called to be a left unit (or right unit, or unit) if for Va € & 


lioa=a (or aol'=a, or loa=aol=a). 


Definition 1.2.3 Let (7; 0) be an algebraic system with a unit |,y. An element b € & is 
called to be a right inverse of a€ & ifaob=1y. 


Certainly, there are algebra systems without unit. For example, let H = {a,b,c,d} 


with an operation - determined by the following table. 


d 
a\\ek © @ @ 
Bb) ¢ deb a 
c|a b dee 
d a c 

Table 1.2.3 


Then (H, -) is an algebraic system without unit. 
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1.2.2 Group. A group is an algebraic associative system with unit and inverse elements, 


formally defined in the following. 
Definition 1.2.4 An algebraic system (Y;°) is a group if conditions (1)-(3) following 
hold: 

(1) Woy)oz=x0(yoz), Vx, y,Z2EF; 

(2) dlg € Y such that lgox=xolyg=x,xEG; 

(3) Vx € GY, Ay € such that xoy=yox= ly. 


A group (FY; 0) is Abelian if it is itself Abelian, i.e., an additional condition (4) fol- 
lowing holds: 


(4) Vx,yEG,xoy=yox, VxyeG. 


For example, the system (K; 0) determined by Table 1.2.2 is such an Abelian group, 


usually called Klein 4-group. More examples of groups are shown following. 


Example 1.2.1(Groups of Numbers) Let Z,Q,IR and C denote respectively sets of all 
integers, rational numbers, real numbers and complex numbers and +, - the ordinary 


addition, multiplication. Then we know 


(1) (Z; +), (Q; +), UR; +) and (C; +) are four Abelian infinite groups with identity 0 
and inverse —x for Vx € Z, Q, R or C; 

(2) (Z \ {0}; -), (Q \ {0}; -), GR \ {0}; -) and (C \ {0}; -) are four Abelian infinite groups 
with identity 1 and inverse 1/x for Vx € Z,Q, R or C. 


(3) Let n be an integer. Define an equivalent relation ~ on Z following: 
a~b@az= b(modn). 


Denoted by i the equivalent class including i. We get n equivalent classes 0, 1,---, — I. 
Let Z, = {0,1,---,n—1}. Then (Z,;+) is an Abelian n-group with identity 0, inverse 
—x for x € Z, and (Z,, \ {0}; -) an Abelian (” — 1)-group with identity 1, inverse 1/x for 
x€Z, \ {O}, where 1/x denotes the equivalent class including such 1/x with x-(1/x) = 
1(@modn). 


Example 1|.2.2(Groups of Matrixes) Let GL(n, R) be the set of all invertible nxn matrixes 


with coefficients in R and +, - the ordinary matrix addition and multiplication. Then 


(1) (GL(n, R); +) is an Abelian infinite group with identity 0,.,,, the n xn zero matrix 
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and inverse —A for A € GL(n, R), where —A is the matrix replacing each entry a by —a in 


matrix A. 


(2) (GL(n, R); -) is a non-Abelian infinite group if n > 2 with identity 1,,, then x n 


unit matrix and inverse A~! for A € GL(n, R), where A- A7! = 1,.,,. For its non-Abelian, 


let n = 2 for simplicity and 


Calculations show that 


SETHE EHH 


Whence, A-B# B.-A. 


Example 1.2.3(Groups of Linear Transformation) Let V be an n-dimensional vector 


space over R and GL(V, R) the set of all bijection linear transformation of V. We have 


known that each bijection linear transformation of V is associated with a non-singular 
nXn matrix and the composition o of two such transformations is correspondent with that 
of matrixes if a fixed basis of V is chosen. Therefore, (GL(V, IR); o) is a group by Example 
128. 


Example 1.2.4([sometries of E”) Let E* be a Euclidean plane. There are three basic 
isometries in E’, i.e., rotations about a point, reflections in a line and translations moving 
a point (x, y) to (x,, y + b) for some fixed a, b € R. We have know that any isometry is a 
rotation, a reflection, a translation, or their product. 

If X is a bounded subset of E”, for example, the regular polygon shown in Fig.1.2.1 
in the next page, then it is clear that an isometry leaving X invariant must be a rotation 
or a reflection, can not be a translation. In this case, the rotations that leave X invariant 
are about the center of X through angles 27i/n for n = 0,1,2,---,n— 1. The reflections 
O(mod2) (see Fig.1.2.1) or 


lines through a vertex and the midpoint of the opposite edge if n = 1(mod2). 


which preserve X are lines joining opposite vertices if n 


Let p be a rotation about the center of X through angles 27/n from the vertex 1 
in counterclockwise and Tt a reflection joining the vertex 1 with its opposite vertex if 


n = 0(mod2) or midpoint of its opposite edge if n = 1(mod2). 
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Fig.1.2.1 


Then we know that 


p" a ly, ‘< = ly, . pr =p 


We thereafter get the isometry group D,, of regular n-polygon to be 
D, = {p't/]0<i<sn-1,0<j< 1}. 


This group is usually called the dihedral group of order 2n. 


Definition 1.2.5 Let (4; 0°), (#;-) be groups. A bijection¢ :Y — # is an isomorphism 
if 
p(ac b) = Ga) - Hb) 


fora, b € GY. If such an isomorphism ¢ exists, the group (Y; ©) is called to be isomorphic 
to (#;-), denoted by (Y;0) = (73°). 


Example 1.2.5 Each group pair in the following is isomorphic. 

(1) (x) 5+), x” = 1 with (Z,; +); 

(2) Klein 4-group in Table 2.2 with Z, x Zz; 

(3) GL(V, R), dimV = n with (GL(n, R);-). 
1.2.3 Group Property. Elementary properties of groups are listed following. 
P1. There is only one unit 1g in a group (G;°). 


In fact, if there are two units ly and ly in (Y; 0), then we get ly = lyo ly = ly, a 


contradiction. 
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P2. There is only one inverse a"! fora € G ina group (G;°). 


If a;',a;' both are the inverses of a € Y, then we get that aj! = a,! oaoa;' =a;', 


a contradiction. 


P3. (a')'=a,acG. 


1 1 


This is by the definition of inverse, 1.e.,.a0a~° =a oad= lg. 


P4. Ifaob=aocorboa=coa, where a,b,c é GY, thenb=c. 


Ifaob=aoc, thena!o(aocb) =a"! 0o(aoc). According to the associative law, we 
get that b = lyob=(a!oa)ob=a'!o(aoc)=(a'! oa)oc= lgoc=c. Similarly, if 


boa=coa,wecanalso getb=c. 


P5. There is a unique solution for equations ao x = band yoa = b ina group (Y;°) for 
abeG. 


1 


In fact, x = a7! o band y = boa! are such solutions. 


Denote by a" = aoao---oa. Then the following property is obvious. 
— $< 


P6. For any integers n,manda,bé€ GY, a"oa”" = a"*", (a")" = a". Particularly, if (GY; 0) 
is Abelian, then (ao b)" = a" ob". 


Definition 1.2.6 Let (Y;0) be a group, a € G. If there exists a least integer k = 0 with 
a‘ = 1g, such k is called the order of a and denoted by o(a) = k. If there are no positive 
power of a equal to 1g, a has order infinity. 


Theorem 1.2.1 Let (Y;0) be a group, x € GY and o(x) =k. Then 


(1) x! = ly if and only if kll; 
(2) if o(x) < +00, x! = x” if and only if k\l— m, and if o(x) = +00, then x! = x” if and 
only if | =m. 


Proof If k\l, let 1 = kd for an integer d. Then 
x = x4 = (x*)4 = ie = ly. 


Conversely, if k is not a divisor of /, let / = kd +r for integers d andr,0O<r<k-1. 
Then we know that 


x = xr = 4 oo x = ly ox # ly 


by the definition of order. So we get (1). 
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Notice that x! = x” if and only if x” = ly, i.e., 1 — mlk by (1). Furthermore, if 


m 


0(x) = +00, then x! = x” only if / = m by definition. We get conclusion (2). L 


1.2.4 Subgroup. Let # be a subset of a group (Y; 0). If (7%; 0) is a group itself, then 
it is called a subgroup of (Y; 0), denoted by #7 < Y. If # < Y but # # GY, then # 
is called a proper subgroup of Y, denoted by # < Y. We know a criterion of subgroups 


following. 


Theorem 1.2.2 Let # be a subset of a group (Y; 0). Then (#7; 0) is a subgroup of (G; ©) 
if and only if #2 #0 andaob'« # forVa,be Z#. 


Proof By definition if (#; 0) is a group itself, then # # 0, there is b-' € H and 
aob™'isclosedin #,ie.,aob"! « # forVa,be #. 

Now if # #Q0andaob'! « # for Va,be #, then, 

(1) there exists anhe Handly=hoh'c« H#; 

(2) ifx,ye #,theny!=lyoy!e€ H# andhence xo(y'!)! =xoye &; 

(3) the associative law x 0 (yo z) = (xo y)oz for x,y,z € #& is hold in (Y; 0). By 
(2), it is also hold in #. Thus (#; 0) is a group. Oo 


Corollary 1.2.1 Let 4 <G and A4.<G. Then F404 <G. 


Proof Obviously, lg = 1g = 1% € ANH. So AANA #0. Let x,y € ANAM. 
Applying Theorem 1.2.2, we get that 


xoyle HG, xoy'« 4. 


Whence, 
xO i EFA KH. 


Thus, (4 M #4; 0) is a subgroup of (Y; 0). O 


Let X be a subset of a group (¥; 0). Define the subgroup (X) generated by X to be 
the intersection of all subgroups of (Y; 0) which contains X. Notice that there will be one 
such subgroup, i.e., (Y; 0) at least. So (X) is a subgroup of (¥; 0) by Corollary 1.2.1. A 
subgroup generated by one element x € Y; 0) is usually called a cyclic group, denoted by 


(x). The next result determines the form of each element in the subgroup (X). 


Theorem 1.2.3 Let X be a nonempty subset of a group (Y; 0). Then (X) is the set of all 
elements of the form x\' x; +++ xs, where x; € X, G = +1 and s > 0 (if s = 0, this product 


is interpreted to be 1g). 
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Proof Let S denote the set of all such elements. Applying Theorem 1.2.2, we know 
that (S;0) is a subgroup of (¥;0). It is clear that X c S$. Whence, (X) Cc S$. But by 
definition, it is obvious that S c (X). So we get that S = (X). il; 


For a finite subgroup # of (Y; 0), the criterion of Theorem 1.2.2 can be simplified 
to the following. 


Theorem 1.2.4 Let # be a finite subset of a group (Y; 0). Then (#7; 0) is a subgroup of 
(Y; 0) ifand only if #/ #0 andacbe # forVa be #. 


Proof The necessity is clear. We prove the sufficiency. By Theorem 1.2.2, we only 
need to check b"! € # in this case. In fact, let b € #. Then we get b” € # for any 
integer m € Z* by assumption. But .# is finite. Whence, there are integers k, 1, k # 1 
such that b = b!. Not loss of generality, we assume k > J. Then b&"! = b! € #. 
Whence, (#7; 0) is a subgroup of (Y; 0). 


Definition 1.2.7 Let (Y,°) be a group, # <Y andaé @. Define 
ac #7 ={aohhe #} 


and 
KH oca={hoalhe #}, 


called the left or right coset of H, respectively. 


Because the behavior of left coset is the same of that the right. We only discuss the 


left coset following. 


Theorem 1.2.5 Let # < G with an operation o and a,b € Y. Then 


(1) forVb€ar Hal KH =bo #; 
(2) ac KH =bo # ifand only ifb'oace #; 
(3) a0 4 =b0.7 orac # Vibe =. 


Proof (1) If b € ao #, then there exists an element h € # such that b = aoh. 
Therefore,bo H =(aoh)o HH =ar(ho#H =a01 ZH. 

(2) If ao =bo #, then there exist elements 1,,h2 € # such that aoh,; = bohy. 
Whence, boa =h,oh;! € #. Conversely, if b-! oa € #, then there exists h € # 
such that b-!oa = h,i.e.,a € bo #. Applying the conclusion (1), we getao # = boH. 

(3) In fact, ifao HNbo H#OV,letcE (ao KH Nbo HM). Then,coM =a01 7 
andco # =bo # by the conclusion (1). Therefore,ao #7 =bo #. 
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Let us denote by ¥/.# all these left (or right) cosets and Y : # the resulting sets 
by selecting an element from each left coset of #, called the left coset representation. 
By Theorem 1.2.5, we get that 

G = LJ to 


teG:O 
and Vg € Y can be uniquely written in the form tohforteY: #, he #. Usually, 


IG : #| is called the index of # in Y. For such indexes, we have a theorem following. 


Theorem 1.2.6 (Lagrange) Let # < Y. Then |Y| =|AO\|G : |. 


Proof Let 
G= oS to 7. 
teG: HO 


Notice that tho #Nho WH =Oift, # th and|to #| =|H|. We get that 


IY| = » to =|KHNG : He). Oo 


teG: FO 


Generally, we know the following theorem for indexes of subgroups. In fact, Theo- 


rem 1.2.6 is just its a special case of # = {1}, the trivial group. 


Theorem 1.2.7 Let # < # < G with an operation 0. Then (G : H)\(H : XH) is a left 


coset representation of H inY. Thus 
I<: KH|=|%: A\|Z: 4. 


Proof LttY= U to#Mand#H= WU uo. Whence, 
teG: SO UCHO: KO 


EG] = U touo #. 

1G: 10, WCHOKH 
We show that all these cosets to uo .# are distinct. In fact, iftouo # =f ouw’o # for 
somet,’€G:H,uweH:H,thnr!ot ¢ #andto # = oH by Theorem 
1.2.5. By the uniqueness of left coset representations in Y : #, we find that t = 7’. 
Consequently, uo #4 =u' o #. Applying the uniqueness of left coset representations in 
KH : KH, we get that u =u’. O 


Let #7 <G and # < Y with an operation o. Define 


HG =tho ghee H,2g€G}. 
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The subgroups # and .% are said to be permute if #Y = YH. Particularly, if for 
Vg €G,2g0 HH = H o g, such subgroups # are very important, called the normal 
subgroups of (Y; 0), denoted by #7 <%. 


Theorem 1.2.8 Let (Y;0) be a group and # < GY. Then the following three statements 


are equivalent. 


(1) xo H =H ox forVxeG; 
(2) x!0 fox= HK forVxEeG; 
(3) x!ohoxe # forVxeGYandhe H. 


Proof For (1) > (2), multiply both sides of (1) by x~', we get (2). The (2) > (3) 
is clear by definition. Now for (3) > (1), leth € # and x € Y. Then we find that 
hox=xo(x!ohox)exo HM andxoh=(x'!ylohoxe€ Hox. Therefore, 
XOg = 20 OX, 


Obviously, {ly} «GY and Y «Y. A group (Y; 0) is called simple if there are no normal 
subgroups different from ({1y}; 0) and (Y; 0) in (GY; 0). 
Although it is an arduous work for determining all subgroups, or normal subgroups 


of a given group. But there is little difficulty in the case of cyclic groups. 


Theorem 1.2.9 Let Y = (x) and # < G with an operation o. Then 


(1) if is infinite, 7 is either infinite cyclic or trivial; 
(2) ifG is finite, 7 is cyclic of order dividing n. Conversely, to each positive divisor 
d of n, there is exactly one subgroup of order d, i.e., (a4). 


Proof (1) If # is trivial, the conclusion is obvious. So let # # {1,v}. Then there 
is a minimal positive number k such that # contains some positive power x # Ly. 
Obviously, (x) CH. Mx’ € #, we write t = kq+r, where 0 <r < k-1. Then we find 
that x” = (x*)-4 0 x € #. Contradicts the minimality of k. Whence, r = 0 and k|t. Hence 
x € (x) and # = (at) If G is infinite, then x has infinite order, as does x“. Therefore, 
He is also infinite. 

(2) Let o(x) = n. Then |.#%@| divides n by Theorem 1.2.6. Conversely, suppose d\n. 
Then o(x"/“) = d and | (ao )| = d. If there is another subgroup (x°) of order d. Then 
x = 1 wv and n\|sd. Consequently, we get n/d divides s. Whence, (x°) < (x"/4), But they 
both have the same order d, so (x) = ae. 


Certainly, every subgroup of a cyclic group is normal. The following result com- 
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pletely determines simply cyclic groups. 


Theorem 1.2.10 A cyclic group (x) is simple if and only if o(x) is prime. 


Proof The sufficiency is immediately by Theorems 1.2.6 and 1.2.9. Moreover, (x) 


should be finite. Otherwise, the subgroup ep) would be its a normal subgroup, contradicts 


to the assumption. By Theorem 1.2.9, we know that o(x) must be a prime number. L 


1.2.5 Symmetric Group. Let Q = {a), a2,---,a,} be an n-set. A permutation on Q is a 
bijection 7 : Q — Q. The cardinality |Q| of © is called the degree of such a permutation 


a. Denoted by a? the image of o(a;) for 1 < i < n. Then o can be also represented by 


a, a2 *** Gy 
C= . 
av al ++ ae 
Usually, we adopt Q = {1, 2,---,} for simplicity. In this case, we represent a by 
/ Oo see @ 
r= : 
17 27 «.- ne 


Let o, tT be two permutations on 2. The product ot is defined by 


Pat). torte Le. 


123 4 12:3 4 
o= >, = ; 
241 3 214 3 
Then we get that 


123 4 123 4 12 3 4 
oT= = : 
24 1 3 2 1 4 3 13 2 4 


Let o be a permutation on Q such that 


For example, let 


o o o — oT 
ay = a2, a = a3, aaeee >Ay |} -- Amn,» an = ay 


and fixes each element Q \ {a),d2,---,@m}. We call such a permutation 0 a m-cycle, 
denoted it by (a), a2,-++,@m) and its elements by [co]. If m = 1, o is the identity; if m = 2, 


1.e., (4), a>), such a o is called involution. 
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Theorem 1.2.11 Any permutation o can be written as a product of disjoint cycles, and 


these cycles are unique. 


Proof Let o be a permutation on Q = {1,2,---,n}. Choose an element a € Q. 


Construct a sequence 


where a” € Q for any integer k > 0. Whence, there must be a least positive integer m 


m-1 


such that a”” = a”, 0 < i < m. Now ifi # 0, we get that (a”"')” = (a”')”. But 


m-1 


o m-1 


# a” ' by assumption. Whence, a” = (a7" |)” # (a” ')7a”, a contradiction. So 
i= 0,ie., a” =a, or in other words, tT; = (a,a’,a” ,---,a””" ) is an m-cycle. 

If Q\[t,] = 0, then m = n and ois an n-cycle. Otherwise, we can choose b € Q\ [tT] 
and get a s-cycle T) = (b,b’,--+,b””’). 

Similarly, if choose Q \ ([t:] U [t2] # , choose c in it and find a /-cycle T3 = 
(Ce sae), 

Continue this process. Because of the finiteness of ©, we finally get an integer ¢ and 
cycles T),72,°-:,7; such that Q \ ([t;] U [to] U--: U [7] = @ and o = tT T2---T; with 


disjoint cycles t;, | < i < t. The uniqueness of t;, | < i < tis clear by their construction. 


Notice that 
(1, Q2,°**, Am) = (G1, A2)(Q1, Ay) + - (1, Am). 


We can always represent a permutation by product of involutions by Theorem 1.2.11. For 


example, 


12° 2 4.5 
23 15 4 
= (7,2), 3)4, 5) = (2,3), 2)4, 5) 


(2, 3), 2)C, 3)(4, 5)C1, 3). 


| = (1,2, 3)(4, 5) 


Definition 1.2.8 A permutation is odd (even) if it can be presented by a product of odd 


(even) involutions. 


Theorem 1.2.12 The property of odd or even of a permutation o is uniquely determined 
by o itself. 
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Proof Let P be a homogeneous polynomial with form 
P= [| (x; — Xi). 
l<i<j<n 
Clearly, any permutation leaves P unchanged as to its sign. For example, the involution 
(x) x2) changes (x; —x2) into its negative (x2—x)), interchanges (x;—x;) with (x2—xj), j > 2 


and leaves the other factor unchanged. Whence, it changes P to —P. This fact means that 


an odd (even) permutation o0 always changes P to —P (P), only dependent on o itself. U 


The next result is clear by definition. 


Theorem 1.2.13 All permutations and all even permutations on Q form groups, called 


the symmetric group S g or alternating group Ag, respectively. 


Let t, 0 be permutations on Q and o = (a), d2,-++,@m). A calculation shows that 
-1 Tt T 
TOT = (Gis ** 58, 


Generally, if 


O =0102°°':O-;5 


is written a product of disjoint cycles for an integer s > 1, Then 
-1 yoy , 
OT SO 05° oe, 


where the o* is obtained from a; replacing each entry a in ; by T(a). 


1.2.6 Regular Representation. Let (4; 0) be a group with 
G = {ay = ly, a, =~ a hale 


For Va; € Y, we know these elements 


Q, © dj, Az 0 dj,°**, Ayn OG; 
or 
-1 -1 = 
G; 91,4; 94,°**,@; OA, 
still in Y. Whence, they are both rearrangements of a), a2,---+,d,. We get permutations 


a, a2 aussi Qn a 
Og, = = ’ 
Qa,°d; 0°00; **: a,°aQ; aod; 
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In this way, we get two sets of n permutations 
Rg = ogre Das’ **s Oa,} and Ly = fo ais Tags" Te, ke 


Notice that each permutation ¢ in Ry or Lg is fixed-free, i.e., a = a,a € OQ only if ¢ = ly. 
We say Ry, Ly the right or left regular representation of Y, respectively. The cardinality 
[Y| = nis called the degree of Rg or Lg. 


Example 1.2.6 Let K = {1,a,f,y} be the Klein 4-group with an operation o determined 


by Table 1.2.2. Then we get elements 71, 7), 0g, 7 in Rx as follows. 
a1 = A)(a@y(P)M™, 


1 
r.| er ” |= uona.n 
y B 


a l 


lappy 
= = 1, ’ ’ 
pg , ee | (1,B)(a, y) 


laBpy 
= = i ? ? 
Oy ' BR @ | (1, y)(a@,f) 


That is, 
Rx = (DMA), 1, VB, x), 1, Aa vy), A. y(@, PB}. 


Theorem 1.2.14 Ry and Lg both are subgroups of the symmetric group S g. 


Proof Applying Theorem 1.2.4, we only need to prove that for two integers i, j, 1 < 


i, J SN, Caja, € Ry and Tq,Ta, € Ly. In fact, 


a a a 
Fa, a; = = = Cajoa; € Rg, 
aod; aod; aod;°a; 


a a a 
TajTay = -1 -1 ~ -1 -1 
ad, oa a, oa a, 0d; oa 


II 
———\ 
iy 
Sa 
II 
fal 
Oo 
= 
an) 
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Therefore, Ry and Ly both are subgroups of Sv. L 


The importance of Ry and Ly are shown in the proof of next result. 


Theorem 1.2.15(Cayley) Any group Gis isomorphic to a subgroup of Sg. 


Proof Let (¥;°) be a group with Y = {a, = ly,d,---,a,}. Define mappings 
f: 9 > Rg andh: GY => Lg by f(a) = Oa, h(a;) = T,,. Then f and h both are 
one-to-one because of f(a;) # f(a;), h(ai) # h(a;) if a; # aj. By the proof of Theorem 
1.2.14, we know that 


f(a; ° aj) = Caja; = Fa;Fa; = f (ai) f (aj), 


h(a; ° aj) = Tajoa; = Ta; Ta; = h(aj)h(aj) 


for integers 1 < i, j <n. So f and / are isomorphisms by definition. Consequently, Y is 
respective isomorphic to permutations Ry and Ly. Both of them are subgroups of Sv by 
Theorem 1.2.14. L 


§1.3 HOMOMORPHISM THEOREMS 


1.3.1 Homomorphism. Let (%;0), (Y’;-) be groups. A mapping ¢: Y > FY’ isa 
homomorphism if 


pac b) = Ga): 60) 


for Va,b € Y. A homomorphism ¢ is called to be a monomorphism or epimorphism if 
it is one-to-one or surjective. Particularly, if ¢ is a bijection, such a homomorphism ¢ is 
nothing but an isomorphism by definition. 

Now let ¢ be ahomomorphism. Define the image Im¢ and kernel Ker@ respectively 
as follows: 

Img = 9° ={P(g)lgeF}, 
Ker = { g| #(g) = ly, gE F }. 

For example, let (Z;+) and (Z,;+) be groups defined in Example 1.2.1. Define 
¢:Z— Z, by 6(x) = x(modn). Then ¢ is a surjection from (Z; +) to (Z,,; +). 

Let ¢: Y — # bea homomorphism. Some elementary properties of homomor- 


phism are listed following. 
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H1. 6(x”) = 6"(x) for all integers n, x € Y, whence, 6(1g) = ly and ¢(x"!) = ¢'(x). 


By induction, this fact is easily proved for n > 0. If n = 0, by (x) = (x0 lg) = 
(x): d(1g), we know that é(1g) = lw. Now letn < 0. Then lv = @(1g) = d(x" ox") = 
P(X") H("), Le, A(X") = PNK") = (PO)! = G(x). 

H2. 0(A(x))|o(x), x € G. 


In fact, Let o(x) = k. Then x* = ly. Applying the property H1, we get that 
G(x) = $0") = O(y) = Lx. 


By Theorem 1.2.1, we get that o(@(x))|o(x). 


The following property is obvious by definition. 


H3. Ifxo y= yo x, then $(x)- oY) = 6): $2). 
H4. Im¢é < # and Kerg <0. 


This is an immediately conclusion of Theorems 1.2.2 and 1.2.8. 


Theorem 1.3.1 A homomorphism ¢ : GY — # is an isomorphism if and only if Ker¢ = 
{ly}. 


Proof The necessity is clear. We prove the sufficiency. Let Keré = {ly}. We prove 
that ¢ is a bijection. If not, let d(x) = ¢(y) for two different element x, y € Y, then 


d(xoy')=4(x)-¢'O) =lyx 


by definition. Therefore, x oy"! € Kerd, i.e., xo y' = ly. Whence, we get x = y,a 


contradiction. 


1.3.2 Quotient Group. Let (Y; 0) be a group, 4, 4, #% < GY. Define the multiplica- 


tion and inverse of set by 
HH ={xoy|xe MH,ye H4} and Hy ={x"'|xe HH}. 


It is clear that 44{(J444) = (7444). By this definition, the criterion for a subset 
KH CG to be a subgroup of Y can be written by 


FSCKO ' CH. 
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Now we can consider this operation in Y/.# and determine when it is a group. 


Generally, for Va, b € Y, we do not always get 
(ac KH \bo K)€G/H 
unless # <1 G. In fact, we have the following result for 9/7. 
Theorem 1.3.2 ¥/# is a group if and only if 7 is normal. 
Proof If # is a normal subgroup, then 
(Gen (bo A )=ae( cobor =acbow)o7 ="0b)o707 


by the definition of normal subgroup. This equality enables us to check laws of a group 


following. 


(1) Associative laws in Y/.H. 


[ac Abo A)\(coH) = [(acb)oc]o#H =[ao(boc)]o #7 
(ac KH \(bo H)(co H)). 


(2) Existence of identity element ly, in G/.#. 
In fact, ly =1°0H = #. 
(3) Inverse element for Vx0o #7 €G/H. 


Because of (x10 H#)(x0 H) = (x! oxo H = H = 1g), we know the inverse 
element of x0 H €G/Hisx!oH. 
Conversely, if Y/.# is a group, then forac #,bo # €G/HA, we have 


(acK)\bo H)=coH. 
Obviously,acobe (ac H)\(bo H). Therefore, 
(ac KH \(bo H)=(aob)o #. 
Multiply both sides by a~', we get that 
KH obo H =bo #H. 
Notice that ly € #, we know that 


bo. KH CH obo KH =bo KH, 
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ie.,bo Hob! c #. Consequently, we also find b-!o WH ob c # if replace b by b"!, 
ie, H Cho #0b"'. Whence, 


blo fob=H 


for Vb « Y. Namely, # is a normal subgroup of %. 


Definition 1.3.1 [fY/# is a group under the set multiplication, we say it is a quotient 
group of G by #. 


1.3.3 Isomorphism Theorem. If # is a normal subgroup of ¥, by Theorem 1.3.2 we 
know that Y/#@ is a group. In this case, the mapping ¢: Y — 4/# determined by 


g(x) = xo # is ahomomorphism because 


P(xoy) =(xoylo M=(x0 H)yo H) = Hao) 
for all x,y € Y. It is clear that Imé = ¥/# and Kerd = #. Such a ¢ is called to be 
natural homomorphism of groups. Generally, we know the following result. 
Theorem 1.3.3(First Isomorphism Theorem) Jf 6 : Y — # is a homomorphism of 
groups, then the mapping ¢ : x 0 Keré — (x) is an isomorphism from G /Kerd to Im¢. 


Proof We have known that Kerd <i ¥ by the property (H4) of homomorphism. So 
¢ /Ker@ is a group by Theorem 1.3.2. Applying Theorem 1.3.1, we only need to check 
that Ker> = {ly/Kerg}. In fact, x o Keré € Kerg if and only if x € Ker@. Thus ¢ is an 


isomorphism from from ¥/Kerd@ to Im¢. 


Particularly, if Imé = #, we get a conclusion following, usually called the funda- 


mental homomorphism theorem. 


Corollary 1.3.1(Fundamental Homomorphism Theorem) [f¢: 4 > # is an epimor- 
phism, then G /Ker@ is isomorphic to #. 


Theorem 1|.3.4(Second Isomorphism Theorem) Let #7 < Y and V dY. Then F701 N <1 
G and x0 (F2NN)— x0 YW isan isomorphism from 7/FEC0N to FCN |N. 


Proof Clearly, the mapping tT : x > xo.¥V is an epimorphism from # to. V#7/WV 
with Kerr = #1. Applying Theorem 1.3.3, we know that it is an isomorphism from 
HlLIAVN to HNN. 


Theorem 1.3.5(Third Isomorphism Theorem) Let .@7,V «dG with WV <M. Then 
MIN AG/N and(G/N)](4/1N)=~G/M. 


24 Chap. 1 Groups 


Proof Define a mapping y: 9/V > Y/H by y(x0 VY) = x04. Then 


gl(xoV)o(yoY)] = gl(xoy)o WV] =(xoy)od 
(xo. M)o(yo. H)=Y(x0o V)oplyyoY) 


and Kery = .@/.V, Imy = Y/-@. So g is an epimorphism. Applying Theorem 1.3.3, 
we know that y is an isomorphism from (4/.Y)/(4@/%) toG/@. O 


§1.4 ABELIAN GROUPS 


1.4.1 Direct Product. An Abelian group is such a group (4; 0) with the commutative 
law ao b = boahold for a,b € Y. The structure of such a group can be completely 


characterized by direct product of subgroups following. 


Definition 1.4.1 Let (Y; 0) be a group. If there are subgroups A, B < Y such that 


(1) for Vg € G, there are uniquely a € A andb € B such that g = ao b; 


(2)aob=boaforaée Aandbe B, then we say (Y;°0) is a direct product of A and 
B, denoted byY = A® B. 


Theorem 1.4.1 [fY =A@B, then 


(NAdAG and BAG; 
(2) GY = AB; 
SAAR = (iy), 


Conversely, if there are subgroups A, B of Y with conditions (1)-(3) hold, thn Y = A®@B. 


Proof If Y = A® B, by definition we immediately get that Y = AB. If there is 
ce AN Bwithc £ ly, we get 


c=colg, cE A, lye B 


and 


c=lgoc, lg€A, cEB, 


contradicts the uniqueness of direct product. SoA N B = {lg}. 
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Now we prove A <1 Y. For Va € A, g € Y, by definition there are uniquely g; € A, 
g2 € Bsuch that g = g © go. Therefore, 


gicoacg = (g, 0g) 0a0(g10 8) = 8) 98; 9408) Og» 


8] 94081085108 = 8; 0a0g, EA. 


SoA <Y%. Similarly, we get BY. 
Conversely, if there are subgroups A, B of Y with conditions (1)-(3) hold, we prove 
G = A@B. ForVg € Y, by Y = AB there are a € A andb € B such that g = aob. If there 


are a’ € A,b’ € Balso with g = a’ ob’, then 
ad 'oa=b'ob'! E€ANB. 


But ANB = {ly}. Whence, a’"!oa = b’ob"! = ly,i.e.,a =a’ and b = D’. So the equality 
g =ao bis unique. 

Now we proveaob=boaforaeAandbe B. Notice thatA dY and Bd Y, we 
know that 


aobodg'ob'=ao(boa'ob')eA 


and 


aobod'ob'=(acboa')ob' eB. 


But AN B = {lg}. So 


aoboad'ob'=ly, ie, aob=boa. 


By Definition 1.4.1, we know that Y = A @ B. 


Generally, we define the semidirect product of two groups as follows: 


Definition 1.4.2 Let Y and # be two subgroups of a group (7;°), a: 7 > AuwtY a 
homomorphism. Define the semidirect product Y x4 4 of Y and # respect to a to be 


GX, H =({(g,WlgeG,he H} 
with operation « determined by 
a -1 
(21,41) - (82, h2) = (g1 © ie ,h, 0 hy). 


Clearly, if a is the identity homomorphism, then the semidirect product Y x, # is 
nothing but the direct product Y ® #. 
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Definition 1.4.3 Let (Y;0) be a group. If there are subgroups A\,A2,--:,As < Y such 
that 


(1) for Vg € G, there are uniquely a; € Aj, 1 < i < s such that 
§ = 4, 0942 0°": Os, 
(2) ajoa; = ajoa;fora € A; and b € Aj, where 1 < i,j < s,i# j, then we say (GY; 9) 
is a direct product of A,, A2,:++,As, denoted by 
G =A, @A2®::-@As. 


Applying Theorem 1.4.1, by induction we can easily get the following result. 


Theorem 1.4.2 Jf A,,A2,---,A; < GY, thenGY = A, ® Az ®--- @A, if and only if 


Qa? lara sy 
(2) Y = A\Aq--- As; 
(3) (Ar ---Aj-1Ais1 --+As) NA; = {lg}, lsiss. 


1.4.2 Basis. Let Y = (a), a2,---,a;) be an Abelian group with an operation o. If 


ky ky ks 
a, Od, © Oa, 


=ly 
for integers k,,k2,---,k, implies that asi = ly, i = 1,2,---,s, then such a, a>,---, d,s 
are called a basis of the Abelian group (Y; 0), denoted by AY) = {a,, a,---+, as}. The 


following properties on basis of a group are clear by definition. 
Bl. IfY = A® Band ZA) = {a1,a,--+, as}, AB) = {h, b2,-++, by}, then BG) = 
{a1, a2, ae gy Dis Day ve. yD}: 


B2. If BY) = {ay,a2,--+,as} and A = (a), a,-++,a)), B = (Aisi, Ai42,°*+, As), where 
1<l<s,thenY =A@B. 


An importance of basis is shown in the next result. 


Theorem 1.4.3 Any finite Abelian group has a basis. 

Proof Let Y = (a,,da2,---,a,) be an Abelian group with an operation o. If r = 1, 
then Y is a cyclic group with a basis A(Y) = {ay}. 

Assume our conclusion is true for generators less than r. We prove it is also true for 


r generators. Let 


ki ok kp 
a; 0d, o---oa" =ly (1-1) 
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for integers k,k2,---,k,. Define m = min{k,, ko,---,k,}. Without loss of generality, we 


assume m = k,. If m = 1, we find that 


ky -k 


= 3 eee -k, 
n OH,” OF OGL. 


r 


a, =a 


Hence, Y = (dp, a3,--+,a,) and the conclusion is true by the induction assumption. 
So we can assume our conclusion is true for the power of a; less than m and find 


integers #;, 5; for i = 2,---, 7 such that 
kj =tim+s;, O< s;<m. 
Let 
G, =a) O10; O24+0 Gg). (1 - 2) 
Substitute (1 — 2) into (1 — 1), we know that 
(aj)" 0 apo---oa = lg. 


If there is an integer i, 1 < i < r such that s; # 0, then by the induction assumption, Y has 


a basis. So we can assume that 


and get 


(ayy - lz 


Notice that 


=f 
a, =a} 0a," o---0a 


Whence, Y = (as dy,**", a;). Now we prove that 

G = (a}) ® (ao,*++,a;). 
For this objective, we only need to check that 

(ai) M (a2,°++,a,) = {ly}. 
In fact, let a € (a;) 1 (d9,-++,a,). Then we know that 


a = (ai) = (a) 0 ao---oay 
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Therefore, 


I tl-lh 
a, ° a, ° 


oath = 1g (1 -3) 
By the Euclidean algorithm, we can always find an integer d such that 
O0<l-dm<~m. 
By equalities (1 — 1) and (1 — 3), we get that 
a4 6 aizib-dm oso ghivh-am — Ly 
By the induction assumption, we must have / — dm = 0. So 


G2) =1a)y" = 1s. 


Whence, we get that 
G = (a}) @(ao,°*+, ay). 


By the induction assumption again, let (a2,---,a,) = (bz) ®--- ® (b,). We know that 


G = (a\) @ (bo) ®--- @ (b,). 


This completes the proof. L 
Corollary 1.4.1 Any finite Abelian group is a direct product of cyclic groups. 


1.4.3 Finite Abelian Group Structure. Theorem 1.4.3 enable us to know that a finite 
Abelian group is the direct product of its cyclic subgroups. In fact, the structure of a 
finite Abelian group is completely determined by its order. That is the objective of this 


subsection. 


Definition 1.4.4 Let p be a prime number, (Y;°) a group, g € Y and F< GY. Then g 
is called a p-element, or # a p-subgroup if o(g) = p* or |#| = p! for some integers 
ki 20. 


Definition 1.4.5 Let (Y,0°) be a group with |Y| = p°n, (p,n) = 1. Then each subgroup 
KH < GF with |A/| = p® is called a Sylow p-subgroup of (G;°). 


Theorem 1.4.4 Let (Y;0) be a finite Abelian group with |¥| = p‘'p;’--: ps’, where 
P1, P2,°**, Ps are prime numbers, different two by two. Then 


G = (a1) ® (do) ® +++ ® (ay) 
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with o(a;) = p™ for 1 <1 s. 


Proof By Corollary 1.4.1, a finite Abelian group is a direct product of cyclic groups, 
1:65; 


G = (a)) ® (ar) @++- @(a,). 


If there is an integer i, 1 < i < r such that o(a;) is not a prime power, let o(a;) = 
phi ph... ph with p;, € {pi,1 <i < s}, Bi, > Oforl < Pe l. We prove that a; can be 
uniquely written as a; = bj 0b) 0---0b; such that o(b;) = P,,, bjob; = bj°ob, 1 <i,j<l. 

Now let o(a;) = m my with (m, mz) = 1. By a result in elementary number theory, 
there are integers u;, uv. such that ujm, + u,m2 = 1. Whence, a 


um 
a; 


uymy +ugm2 uymy u2m2 
: = F ie} . = 
L a; a; 

u2m2 
i 


o ai’. Choose c; = a;””” and cz = a/’”"". Then cj" = ly and c;” = ly. Whence, 
o(c))|m1, o(c2)\mz. Because c; ° cy = cz © c; and (0(c;), o(c2)) = 1, we know that mm = 
0(a;) = 0(€1 ©C2) = 0(c1)o(C2). So there must be o(c;) = m, and o(c2) = m2. Repeating the 
previous process, we finally get elements b,, b2,---,b, € Y such that a; = bj ob, 0---ob, 
with o(b,) = ae bob; = bob, 1 <i,j<. 


Whence, we can assume that the order of each cyclic group in the direct product 
GY = (a1) ® (a2) ® +++ @ (ay). 


is a prime power. Now if the order of (a;,), (a;,),--+, (@;,) are all with a same base pj, 


replacing dj, 9 dj, 0--: 0 a;, by a; we get a direct product 


GY = (a)) ® (dz) ® +++ ® (As) 


with o(a;) = pw',1<i<l. 


Theorem 1.4.5 Let (4; 0) be a finite Abelian p-group. If 
G = A, @A,®:::@A, and G = B, @B,®::-@B,, 


where A;, Bj; are cyclic p-groups for 1 <i<7r,1< j < s, then s = rand there isa 
bijection @ : {A, A2,---, A,r} > {B,, Bo,---, B,} such that |A;| = |w(A;)|, 1 <i <r. 


Proof We prove this result by induction on |Y|. If |¥| = p, the conclusion is clear. 
Define Y, = {a € Yla? = ly} and Y? = {a?|a € Y}. Notice that 


G = A, @Ar.®-:-@A,. 


If a; € A; is the generator of A;, 1 < i < r, then @(Y) = {ay,ao,---,a,}. Let o(a;) = p%. 


Without loss of generality, we can assume that e; > en > --- > e, > 1. Then BG,) = 
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ey-l e-1 er-1 
{ar a eae Jad lop. le sea aee = 2 1, hen? = {ly), 
Otherwise, let e) > 2 > +++ > @n > Cmsy = +++ =e, = 1. Then BG?) = {al ay, +++, an}. 


Now let b; € B; be its a generator for 1 < i < s. Then @(Y) = {b,, bo, ---, bs}. Let 
o(b)) = p!, 1 <i< swith fi > fp >---> fy. Similarly, we know that 4,| = p*. Sos =r. 
Now if Y? = {1g}, there must be f, = fp = --- = f, = 1. Otherwise, if Y? # {lg}, let 
fit ph 22 fw > few = =f. = ly Then BO”) = {0;,.0,°**,0,,» Notice that 
\G?| < |Y|, by the induction assumption, we get that m = m’ and e; = f; for | <i<r. 
Therefore, o(a;) = o(b;) for 1 < i< r. Now define @ : {A;, A>,---,A,} > {B), Bo,---, B,} 
by a(A;) = B;, 1 <i <r. We get |A;| = |w(A;)| for integers 1 <i <r. O 


Combining Theorems 1.4.4 and 1.4.5, we get the fundamental theorem of finite 


Abelian groups following. 


Theorem 1.4.6 Any finite Abelian group (G; ©) is a direct product 
G = (a\) ® (az) @ +++ @ (as) 


of cyclic p-groups uniquely determined up to their cardinality. 


These cardinalities | (a) |, | (a2) |,---,|as) | in Theorem 1.4.6 are defined to be the 
invariants of Abelian group (¥; 0), denoted by InvarY. Then we immediately get the 


following conclusion by Theorem 1.4.6. 


Corollary 1.4.2 Let Y, 7 be finite Abelian groups. ThenY =~ # if and only if InvarY = 
Invar #7. 


§1.5 MULTIGROUPS 


1.5.1 MultiGroup. Let G be aset with binary operations O.A pair (G: O) is an algebraic 
multi-system if for Va, b € Gandoec O, aobeG provided a o b existing. 


We consider algebraic multi-systems in this section. 


Definition 1.5.1 Foran integern > 1, an algebraic multi-system (Y;O) is an n-multigroup 
if there are G,,G,--+,Gy C G, O ={0;, 1 <i<n}with 
(IF = UG; 
i=l 
(2) (GY; 0;) is a group for 1 <i<n. 
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For Vo € O, denoted by %, the group (¥;0) and Y™ the maximal group (G; 0), i.e., 
(™™*; o) is a group but (G™™* U {x}; o) is not for Vx € G ag in (G; O). 


Definition 1.5.2 Let (Y, : O1) and (4; O») be multigroups. Then (GY, : O1) is isomorphic to 
(G; 0.) denoted by (3,1) : (G,; 01) > (G; O>) if there are bijections 3 : G, > G, and 
bs O; > O> such that for a,b € G, ando€ Ox 

O(a o b) = Ha)u(o)Hb) 
provided aob existing in (A; O)). Such isomorphic multigroups are denoted by (A; O1) = 
(; Or) 

Clearly, if (G,; : 01) i is an n-multigroup with (#, ¢) an isomorphism, thes image oF @, t) 
is also an n-multigroup. Now let (3, 0) : (G; 03 (G; O>) with G, = = U Gj, G, = = U Ga, 
O, = {01;,, 1 < i < n} and O> = {0;, 1 < i < n}, then foro € O, egies is nee to 
WG Jue) by definition. The following result shows that its converse is also true. 


Theorem 1.5.1 Let (Y, : 01) and (GY; O>) be n-multigroups with 


F=|Jo. F=US 
i=1 i=1 


O1 = {on, 1 <i <n}, Op = {on, 1 <i < nh. If 6): Gi  G; is an isomorphism for each 
integer i, 1 < i < nwith dylg,ng, = dilg,ng, for integers 1 < k,l < n, then (G; O1) is 


isomorphic to (G; O>). 
Proof Define mappings ? : GY, > G, andi: O,; > O; by 
Ha) = ofa) ifaeG, Cc G and L(04;) = O9; for each integer 1 <i<n. 


Notice that dly,.ag, = Pilg,ng, for integers 1 < k,/ < n. We know that #%, ¢ both are 


bijections. Let a,b € Y,, for an integer s, 1 < s <n. Then 


Ha Ols b) = ds(a Ols b) = os(a) 2s ds(b) = H(a)u(015)H(d). 


Whence, (i,t) : (4301) > (4; 01). 


1.5.2 Submultigroup. Let (G: O) be a multigroup, Ho GandOcO. If (H: O) is 
multigroup itself, then (#7; O) is called a submultigroup, denoted by (W: O)< (G: O). 


Then the following criterion is obvious for submultigroups. 
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Theorem 1.5.2 An multi-subsystem (H: O) of a multigroup (G; O) isa submultigroup if 
and only if FC 0 G< G* forYoe O. 


Proof By definition, if (H: O) is a multigroup, then for Vo € O, FE Gz isa group. 
Whence, FEM a pd 

Conversely, if FEO G, < G"* for Vo € O, then FEO @, isa group. Therefore, 
(H: O) is a multigroup by definition. L 


Applying Theorem 1.2.2, we get corollaries following. 


Corollary 1.5.1 An multi-subsystem (H: O) of a multigroup (G; O) isa submultigroup 
if and only ifaob"' € FEO Gm foro € Oanda,beé HE provided ao b existing in 
(#0) 


Particularly, if O = {o}, we get a conclusion following. 


Corollary 1.5.2 Leto € O. Then (#;0) is submultigroup of a multigroup (G: O) for 
HE C G if and only if (77; 0) is a group, i.e, aob"! € # fora,be #. 


A multigroup (G: O) is said to be a symmetric n-multigroup if there are .“,-%, 
ACG, O={o, 1<i<n}with 


(NF =U-%; 


i=1 
(2) (A; 0;) isa symmetric group So, for 1 < i < n. We call the n-tuple (|Qy|, |Qa, «++, |Qull) 
the degree of the symmetric n-multigroup (G: O). 


Now let multigroup (G; O) be an-multigroup with Y,,%,---,G, C G, O= {o;, L< 


i < nj. For any integer i, 1 <i<n. LetY, = {ay = ly, ai,+-+, Gin, }. For Vax € G,, 
define 
aij aj2 ate Qin a 
O ax = = ’ 
Gj °Gik = Gi2° dik *** Gin, © Gik a © Aik 
ail a2 ae Ging, a 
Tain = az! oad a,} Od. -<-:: a Od; = a;! oa 
ik iL ik i2 ik iNo; ik 
Denote by Ry, = {41,7 ap." *> Tating,} and Ly = {Tas Tags" Ta) and x; OF x; the 


induced multiplication in Ry, or Ly,. Then we get two sets of permutations 


n n 


Rg = ogee Caps" "> Fan.,} and Lg = ta, Tay. * > Taino; }: 
i=l i=1 
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We say Rg, Lg the right or left regular representation of G, respectively. Similar to 
Theorem 1.2.15, the Cayley theorem, we get the following representation result for multi- 


groups. 


Theorem 1.5.3. Every multigroup is isomorphic to a submultigroup of symmetric multi- 
group. 

Proof Let multigroup (G; O) be a n-multigroup with Y,%,---,Y, C G, O = 
{o;, | < i < n}. For any integer 7, 1 < i < n. By Theorem 1.2.14, we know that 
Rg, and Ly, both are subgroups of the symmetric group Sy, for any integer | < i < n. 
Whence, (Kz; O") and (Lz; O') both are submultigroup of symmetric multigroup by defi- 
nition, where O" = {x!]1 <i <n} and O! = {x'|1 <i <n}. 

We only need to prove that (G: O) is isomorphic to (Rg; O"). For this objective, 
define a mapping (f, 4) : (G: 0) > (Rg; O") by 


f(Gix) = Ta, and u(0;) = x; 


for integers | < i < n. Such a mapping is one-to-one by definition. It is easily to see that 


F (Gi; 91 Qik) = Cacia, = Tay; X, Tay = F(Gij ODF (Gx) 
J J 


for integers 1 < i,k,l < n. Whence, (f,0) is an isomorphism from (G: O) to (Rg; O"). 


Similarly, we can also prove that (G: O) = (Lg; 0’). 


1.5.3 Normal Submultigroup. A submultigroup (WH: O) of (G; O) is normal, denoted 
by (#; 0) <4 (G; O) if for Vg € Y and Vo € O 


90M = Hog, 


where g o KH = {gohlhe He provided g o h existing} and H o g is similarly defined. 


Then we get a criterion for normal submultigroups of a multigroup following. 


Theorem 1.5.4 Let (#: 0) < (Y;0). Then (#2; 0) < (GO) if and only if 


HENGE AG 
forYoe O. 


Proof If FEO Gm <4 GPX for Vo € O, then go Ho = Ho g for Vg « G™ by 
definition, i.e., all such g € Y andh € # with gohand hog defined. So (#; 0) <(Y; O). 
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Now if (#; 0) <(G: O), it is clear that #7 NGY™™* 4 GY™* for Yo € O. Oo 


For a normal submultigroup (H: O) of (G; O), we know that 
(ao H)( \(b- H) =0 or ao =b- KH. 
In fact, if c € (ao I) (\(b- KH), then there exists 1, ho € Z such that 
aoh,=c=b-IWn. 
So a! and b! exist in Y™* and G™*, respectively. Thus, 
b!-aoh =b'-b- hn =m. 


Whence, 
b!-a=hoh'e#. 


We find that 
ao H=b-(hnoh)o H =b- H. 


This fact enables one to find a partition of G following 
F= |) 90H 
geG,06O 


Choose an element / from each g o H and denoted by H all such elements, called the 


representation of a partition of %, i.e., 


G = oS ho 4. 


heH,ocO 


Define the quotient set of G by H tobe 
G|H ={ho H\h€ H,0 € O}. 
Notice that # is normal. We find that 
(ao KH): (be H)= Hoa beH =(a-b)o HoH =(a-booH 


inG, / H for 0,e@,:e€ O, 1.€., (G, / KH: O) is an algebraic system. It is easily to check that 
(G, / H: O) is a multigroup by definition, called the guotient multigroup of G by KH. 
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Now let (Y, : 01) and (G, ; 05) be multigroups. A mapping pair (¢, /) with ¢ : G, => G, 


and.: O: > ‘on is a homomorphism if 
pao b) = P(a)u(o) P(b) 


for Va,b€ G andoe O; provided a o b existing in (Y, : O)). Define the image Im(¢, v) 
and kernel Ker(@, t) respectively by 


Im) ={ dg) 1geA}, 


Ker(¢,) = { g 1 0(g) = ly, g€G .0 € Op}. 


Then we get the following isomorphism theorem for multigroups. 


Theorem 1.5.5 Let (¢, 1): (G; O1) > (G; O>) be a homomorphism. Then 
GY, /Ker(p, 0) = Im(4, 0). 


Proof Notice that Ker(¢, c) is a normal submultigroup of (4, 0,1). We prove that the 
induced mapping (co, w) determined by (co, w) : x o Ker(¢,1) — (x) is an isomorphism 
from G /Ker(@, 4) to Im(¢, ¢). 

Now if (o, w)(x1) = (, w)(x2), then we get that (0, w)(x,0x5') = ly, provided x, 0x! 
existing in (G; Oi), ie., x; 0x! € Ker(d,v). Thus x, o Ker(@, t) = x2 0 Ker(¢, 1), i.e., the 
mapping (oc, w) is one-to-one. Whence it is a bijection from G, /Ker(@, t) to Im(@, 0). 

For Va o Ker(@, 1), b o Ker(@, t) € G, /Ker(@, 1) and - € O1, we get that 


(a, w)[a o Ker(@, 4) - b @ Ker(¢, 1)] 
= (0, w)[(a- b) o Ker(¢, 4)] = ¢(a- b) 
= d(a)u(-)P(b) = (o, w)[a © Ker(@, t)|(-)(o, w)[b © Ker(¢, ¢)]. 


Whence, (co, w) is an isomorphism from G, /Ker(@, t) to Im(@, ¢). 


Particularly, let (G Oo) be a group in Theorem 1.5.4, we get a generalization of the 


fundamental homomorphism theorem, i.e., Corollary 1.3.1 following. 


Corollary 1.5.3 Let (G; O) be amultigroup and (w, t) : (G; O) — (.&;0) an epimorphism 
from (G: O) toa group (&;0). Then 


G [Ker(w,t) = (+0). 
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1.5.4 Abelian Multigroup. For an integer n > 1, an n-multigroup (GY: O) is Abelian if 
there are Y,,.,---, Dh, CG, O= {o;, 1 <i<n} with 
(DF =Usms; 
i=l 
(2) (&%; 0;) is Abelian for integers 1 <i <n. 


For Vo € O, acommutative set of g™* is defined by 
CY.) = {abe GO |aob= boa}. 


Such a set is called maximal if C(Y,) U {x} for x ¢ G™™ \ C(G,) is not commutative again. 
Denoted by Z™*(G,) the maximal commutative set of G™™*. Then it is clear that Z™*(G,) 


is an Abelian subgroup of G™™. 


Theorem 1.5.6 An n-multigroup (4: O) is Abelian if and only if there are Z™*(G,) for 
Yo € O such that 
G3\ JZ"). 


o€O 


Proof If G = LJ) Z™*(G,), it is clear that (Y;O) is Abelian since ZG.) 18 al 


o€O 
Abelian subgroup of ™™”. Now if (4; O) is Abelian, then there are &%,.%,---,&%, CG, 


O = {0;, 1 < i < n} such that 
G=|J\~ 
i=l 
and (A;; 0;) is an Abelian group for 1 < i < n. Whence, there exists a maximal commuta- 
tive set Z™(G,,) Cc GP such that A; Cc Z™(GY,,). Consequently, we get that 


ao 


i=l 


This completes the proof. L 


Combining Theorems 1.5.6 with 1.4.6, we get the structure of finite Abelian multi- 


group following. 


Theorem 1.5.7 A finite multigroup (G: O) is Abelian if and only if there are generators 


a;, 1S 12.8) forvoe O such that 


G =| Jai) @ (ai) @---@ (a2). 


o€O 
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1.5.5 Bigroup. A bigroup is nothing but a 2-multigroup. There are many examples of 


bigroups in algebra. For example, these natural number field (Q; +, -), real number num- 


ber field (R; +, -) and complex number field (C; +, -) are all Abelian bigroups. Generally, 


a field (F; +, -) is an algebraic system F with two operations +, - such that 


(1) (F; +) is an Abeilan group with identity 0; 
(2) (F \ {0}; -) is an Abelian group; 
(3)a-(b+c)=a-b+a-c for Va, b,cé F. 


Thus a field is an Abelian 2-group with an additional condition (3) called the dis- 


tributive law following. 

Definition 1.5.3 A bigroup (@; +, -) is distributive if 
a:-(b+c)=a-b+a-c 

hold for all a,b,c € &. 


Theorem 1.5.8 Let (@;+,-) be a distributive bigroup of order> 2 with @ = A, U Az such 
that (A,; +) and (A, -) are groups. Then there must be A, # Ao. 


Proof Denoted by 0,, 1. the identities in groups (A;;+), (A2,-), respectively. If 
A, =A, = @, we get 1,, 1. € A; and A>. Because (Az, -) is a group, there exists an inverse 


element 0;' in A, such that 0;' - 0, = 1.. By the distributive laws, we know that 
a:0O, =a-(0,+0,)=a-0,+a-0, 


hold for Va € @. Whence, a: 0, = 0,. Particularly, let a = 0;', we get that 0;'- 0, = 0,, 


which means that 0, = 1.. But if so, we must get that 


a=aol,=ao0,=0,, 


contradicts to the assumption |@| > 2. 


Theorem 1.5.8 implies the following conclusions. 


Corollary 1.5.3 Let (Y; 0) be a non-trivial group. Then there are no operations - # ° on 


GY such that (Y; 0, -) is a distributive bigroup. 


Corollary 1.5.4 Any bigroup (@;°,-) of order> 2 with groups (@;°) and (@,-) is not 


distributive. 
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Corollary 1.5.4 enables one to classify bigroups into the following categories: 
Class 1. ({lv};+,-), i.e, which is a union of two trivial groups ({l¢}; +) and ({1¢};-). 
Class 2. Non-distributive bigroups of order= 2. 

This kind of bigroup is easily found. Let (Y%;0) and (%;-) be two groups without 


the definition ao b-c anda: bo for a,b,c € @, where @ = Y UG. Then (@;0,-) isa 


non-distributive bigroup with order 2. 


Class 3. Distributive bigroups of order> 2. 


In fact, any field is such a distributive Abelian bigroup. Certainly, we can find a more 


general result for the existence of finite distributive bigroups. 


Theorem 1.5.9 There are finite distributive Abelian bigroups (@;+,-) of order> 2 with 
groups (A,; +) and (Ao, -) such that @ = A, UA for |A; — A2| = |@|—m, where (m+ 1)||@|. 


Proof In fact, let (FY; +,-) be a field. Then (¥; +) and (¥ \ {0,};-) both are Abelian 
group. Applying Theorem 1.4.6, we know that there are subgroups (A‘; -) of (F \ {04}; -) 
with order m, where (m+ 1)||@. Obviously, @ = A; UA}. So (F; +, -) is also a distributive 
Abelian bigroup with groups (A;; +) and (A‘,-) such that @ = A, U Az and |A; — A9| = 
|@|—m. O 


A group (#; 0) (or (#;-)) is maximum in a bigroup (Y; 9, -) if there are no groups 
(.7; 0) (or (7;-)) in (G; 9, -) such that | #| < |.7|. Combining Theorem 1.5.9 with Corol- 
laries 1.5.3 and 1.5.4, we get the following result on fields. 


Theorem 1.5.10 A field (¥; +, -) is a distributive Abelian bigroup with maximum groups 
(F; +) and (F \ {04}; -). 


1.5.6 Constructing Multigroup. There are many ways to get multigroups. For example, 
let Y be a set. Define 1 binary operations 0), 02,---,0, such that (Y; 0;) is a group for any 
integer i, | <i <n. Then (GY; {0;, 1 < i < n}) is a multigroup by definition. In fact, the 
structure of a multigroup is dependent on its combinatorial structure, i.e., its underlying 
graph, which will be discussed in Chapter 3. In this subsection, we construct multigroups 


only by one group or one field. 


Construction 1.5.1 Let (¥; 0) be a group and Sv the symmetric group on Y. For Va, b € 
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@ and 


define a binary operation o,, on GY’ = GY by 
ao,b=(a® ob”) 


for Va, b € GY, Clearly, (G°; 0,,) is a group and w : (GY; 0) > (Y%; 0,,) is an isomorphism. 
Now for an integer n > 1, choose n permutations w , W2,:--,W,. Then we get a multi- 
group (FY; {9,,,|1 < i < n}), where groups (Y; 0,,,) is isomorphic to (Y; o,,,) for integers 


1 <i,j <n. Therefore, we get the following result of multigroups. 


Theorem 1.5.11 There is a multigroup Y such that each of its group is isomorphic to 
others in Y. 


Construction 2.5.2 Let (.¥;+,-) be a field and S z the symmetric group acting on ¥. 


For Vc,d € Y andw € S zg, define a binary operation o,, on F° = ¥ by 
a+,b=(a" +b”) 
and 
a+b = (a »b”y” 
for Va, b € Y. Choose n permutations ¢1, $2,°-+,n € Sg. Then we get a multigroup 


F =(Fltg1<isnhbg,1<i<nh), 


which enables us immediately to get a result following. 


Theorem 1.5.12 There is a multigroup (F3{+;,1 < i < n}, {31 < i < n}) such that 


for any integer i, (F;+;,°;) is a field and it is isomorphic to (F;+;,-;) for any integer 


j, 12%, fan. 


§1.6 REMARKS 


1.6.1 There are many standard books on abstract groups, such as those of [BiM1], [Rob1], 


[Wan1], [Xum1] and [Zhal] for examples. In fact, the materials in Sections 1.1-1.4 are 
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mainly extracted from references [BiM1] and [Wan1] as an elementary introduction to 


groups. 


1.6.2 For an integer > 1, a Smarandache multi-space is a union of spaces Aj, A2,---,An 
different two by two. Let A;, 1 < i < n be mathematical structures appeared in sciences, 
such as those of groups, rings, fields, metric spaces or physical fields, we therefore get 
multigroups, multrings, multfields, multmetric spaces or physical multi-fields. The mate- 
rial of Section 1.5 is on multigroups with new results. More results on multi-spaces can be 
found in references [Mao4]-[Mao10], [Mao20], [Mao24]-[Mao25] and [Smal ]-[Sma2]. 


1.6.3 The conceptions of bigroup and sub-bigroup were first appeared in [Mag1] and 
[MaK1]. Certainly, they are special cases of multigroup and submultigroup, i.e., special 
cases of Smarandache multi-spaces. More results on bigroups can be found in [Kan1]. 
In fact, Theorems 1.5.2-1.5.5 are the generalization of results on bigroups appeared in 
[Kan] ]. 


1.6.4 The applications of groups to other sciences are mainly by surveying symmetries of 
objects, i.e., the action groups. For this objective, an elementary introduction has been ap- 
peared in Subsection 1.2.6, i.e., regular representation of group. In fact, those approaches 
can be only surveying global symmetries of objects. For locally surveying symmetries, 


we are needed locally action groups, which will be introduced in the following chapter. 


CHAPTER 2. 


Action Groups 


Action groups, i.e., group actions on objects are the oldest form, also the 
origin of groups. The action idea enables one to measure similarity of ob- 
jects, classify algebraic systems, geometrical objects by groups, which is the 
fountain of applying groups to other sciences. Besides, it also allows one to 
find symmetrical configurations, satisfying the aesthetic feeling of human be- 
ings. Topics covered in this chapter including permutation groups, transitive 
groups, multiply transitive groups, primitive and non-primitive groups, auto- 
morphism groups of groups and p-groups. Generally, we globally measure 
the symmetry of an object by group action. If allowed the action locally, then 
we need the conception of locally action group, i.e., action multi-group, a 


generalization of group actions to multi-groups discussed in this chapter. 
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§2.1 PERMUTATION GROUPS 


2.1.1 Group Action. Let (Y; 0) be a group and Q = {a), a2,---,a,}. By a right action of 
on Q is meant a mapping p : Qx Y > Q such that 


(x, 81 © 82)p = ((x, 81)p, 82)p and (x, ly)p = x. 
It is more convenient to write x* instead of (x, g)o. Then the defining equations become 
x8182 = (x81)8 and x1? =x, x EQ, 21,92 €G. 


For a fixed g € Y, the inverse mapping of x — x* is x > x®'. Whence. x > xg isa 
permutation of Q. Denote this permutation by g”. Then (g; © g2)” maps x to x*!8?, as does 
8185. We find that (g; og)” = gig’. Therefore, the group action determines a homomor- 
phism y : Y — Sg. Such a homomorphism y is called a permutation representation of Y 
on Q. 

Two permutation representations of a groupy: Y > Sy andé: 49 — Sy of a group 


G on X and ¥ are said to be equivalent if there exists a bijection 6 : X — Y such that 
69° = 26, ie. x98" = x8 


for all x € X and g € Y. Particularly, if X = Y, then there are some 6 € Sy such that 
g° = 6 'g76. Certainly, we do not distinguish equivalent representations of permutation 
groups in the view of action. 

Let y : Y — Sg be a permutation representation of Y on Q. The cardinality of 
Q is called the degree of this representation. A permutation representation is faithful if 
Kery = {ly}. So the subgroups Y of Sg are particularly important, called permutation 


groups. Fora € Qandt € #, we usually denote the image of a under T by a’, 


a; a2 **: Gy a 

C= = . 
T 1% T T. 
G, @, +: G, a 


As a special case of equivalent representations of groups, let A; and Y be two 
permutation groups action on Q,, Q:, respectively. A similarity from Y, to PY, is a pair 
(y, 6) consisting of an isomorphism y : Y, > Y) and a bijection @ : Q] — QO, which are 
related by 


7 Y 
nm0=O0n’, ie, a =a™ 


Sec.2.1 Permutation Groups 43 


for alla € Q; anda e€ Y,. Particularly, if Q; = Qo, this equality means that 2” = 6-'77 
for Vz, 0 € for Vr € Yj. 


2.1.2 Stabilizer. The stabilizer A, and orbit a” of an element a in Y are respectively 


defined as follows: 
P,={ol|a° =a,0€ PY} and a” ={ bla =b, c7€ YP}. 


Then we know the following result. 


Theorem 2.1.1 Let Y be a permutation group acting on Q, x,y € Y and a,b € Q. Then 
(1) a’ Nb” =Vora®’ = b”, ie, all orbits forms a partition of Q; 
(2) Y, is a subgroup of Y and if b = a’, then A, = x"! P,x. Moreover, if a = b, 
then x. = 99 
(3) |a”| =|A : A;|, particularly, if P is finite, then |P| = |PA,\la” | for Va € Q. 


Proof If c € a”, then there is z € Y such that c = a*. Whence, 
c” = {cx € P} ={a"|x€ P} =a”. 


Soa’ Nb” =Vora” = b”. Notice that an element a € F lies in at least one obit a”, 
we know that all obits forms a partition of the set Q. This proves (1). 

For (2), it is clear that 1 € Y, and for x,y € Y,, xy! € Y,. So Y, is a subgroup 
of Y by Theorem 1.2.2. Now if b = a*, then we know that 


ye ReM=aeeoxnx'e A, 
ie., y € x! A,x, Whence, x! Px = Y,. Finally, 
) yl — 
G=Pea” =aexny!€ 4, 80xF,=yFP,. 


So (2) is proved. 

Applying the conclusion (2), we know that there is a bijection between the distinct 
elements in a” and right cosets of A, in Y. Therefore |a”| = |Y : Y,|. Particularly, if 
P is finite, then |a”| =|A : Y,| =|A|/|A,|. So we get that | P| = |P,|la7|. 


Now let A Cc Q. We define the pointwise stabilizer and setwise stabilizer respectively 
by 


Pu ={a|la =a,aeAandoe F} 
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and 
Pe=a{e|A’ =A, re }, 


It is clear that Ax) and Ya) are subgroups of Y. By definition, we know that 


Puy =()\Po 


acA 


and 
Paya) = Pear () Peay = (Peary )aa)- 
Applying Theorem 2.1.1, for a,b € Q we also know that 


|P : Pas) = a7 ||b"| = |b \|a”". 
Clearly, Aix) < A). Furthermore, we have the following result. 
Theorem 2.1.2. Aad Ayu. 


Proof Let g € Aw andh € Pia. We prove that h7' gh € Aa). In fact, let a € A, we 


know that a” € A. Therefore, 


qt ‘sh = ((a" sy = [ay = a. 


Whence, h7!gh € Ar). oO 


2.1.3 Burnside Lemma. For counting the number of orbital sets Orb(Q) of O under the 


action of Y, the following result, usually called Burnside Lemma is useful. 


Theorem 2.1.3(Cauchy-Frobenius Lemma) Let Y be a permutation group action on Q. 
Then 


1 ' 
Orb) = py fix), 
where fix(x) = {a € Qla* = a}. 


Proof Define a set & = {(a, x) € OX P\a* = a}. We count the number of elements of 
& in two ways. Assuming the orbits of Q under the action of Y are Q), Qo, +>, Qian@y- 


Applying Theorem 2.1.1(3), we get that 
|Orb@)| 
pPeZ 
i=1 aeQ,; 
|Orb()| jOrb(Q)| 
- IA _ : 
= a Da Dy A= loro. 


i=l 


|| 
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By definition, |.7| = )) |fix(x)|. Therefore, 


xEP 


Orb QI = | AD Ifix(x)]. 


xEP 


This completes the proof. 


Notice that |fix(x)| remains constant on each conjugacy class of Y, we get the fol- 


lowing conclusion by Theorem 2.1.3. 


Corollary 2.1.1 Let Y be a permutation group action on Q with conjugacy classes 
Ci, Co, er Cy. Then 


1 k 
|Orb(Q)| = aps ICillfix(x)) 
where x; € Cj. 


Example 2.1.1 Let F = {0, 02, 03, 04, 05, 0607, 7g} be a permutation group action on 
Q = {1,2,3,4,5, 6, 7, 8}, where 


O,=lg, o2=(1,4,3,2)6, 8,7, 6), 

os = (1, 3)2,4)G6, T)6,8),. o = (,2,3,4)G6, 6, 7,8), 

os = (1,7,3,5)(2,6,4,8), o6 = (1, 8,3, 6)(2, 7,4, 5), 

a7 = (1,5, 3,7)(2,8,4,6), og = (1, 6,3, 8)(2,5, 4, 7). 
Calculation shows that 

fix(1) = fix(2) = fix(3) = fix(4) = fix(S) = fix(6) = fix(7) = fix(8) = {19}, 
Applying Theorem 2.1.3, the number of obits of Q under the action of F is 


1 
|Orb(Q)| = a 1 Iix(x)] = 5 x yA = 


xeP i=1 
In fact, for Vi € Q, the orbit of i under the action of F is 


i” = {1,2,3,4,5,6,7, 8}. 


§2.2 TRANSITIVE GROUPS 


2.2.1 Transitive Group. A permutation group Y action on Q is transitive if for x, y € Q, 


there exists a permutation z € Y such that x* = y. Whence, a transitive group Y only has 
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one obit, i.e., Q under the action of Y. A permutation group # which is not transitive is 
called intransitive. According to Theorem 2.1.1, we get the following result for transitive 


groups. 


Theorem 2.2.1 Let FY be a transitive group acting on Q, a € Q. Then |Y| = |Q||Aal, 
Le, | 2 = (0. 

A permutation group Y action on Q is said to be semi-regular if FY, = {1} for 
Va € Q. Furthermore, if W is transitive, Such a semi-regular group is called regular. 
Corollary 2.2.1 Let Y be a regular group action on Q. Then |Y| = |Q\. 

Particularly, we know the following result for Abelian transitive groups. 
Theorem 2.2.2 Let Y be a transitive group action on Q. If it is Abelian group, it must 
be regular. 


Proof Leta € Qandaze Y. Then(Y,)" = Y,x by Theorem 2.1.1(2). But Y¥7,d FP 
because Y is Abelian. We know that Y, = Y,« for Vz € Y. By assumption, F is 
transitive. It follows that if a” = a, then b” = b for Vb € Q. Thus #, = {1 9}. i 


2.2.2 Multiply Transitive Group. Let “ be a permutation group acting on Q = 
{a),€2,°**,d,} and 


OF = {(a1,a2,-++ ala; € Q,1. <i < Ky. 
Define FY act on OF by 
(@1, dz,°**, ax) = (Qj, @, °° + G)s ne. 


If P acts transitive on OF, then F is said to be k-transitive on Q. The following result is 


a criterion on multiply transitive groups. 


Theorem 2.2.3 For an integer k > 1, a transitive permutation group Y acting on Q is 
k-transitive if and only if for a fixed element a € Q, Y, is (k — 1)-transitive on Q \ {a}. 


Proof Assume that # is k-transitive acting on Q and 
(a, a2,°*", Gi); (1, bo, a) Dy-1) EQ \ {a}. 


Then a; # a # b; for 1 < i< k—1. Notice that Y is k-transitive. There is a permutation 
m such that 


(dy, 42,°**,Ap-1,a)" = (b1, bo, +++, by-1, 4). 
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Thus z fixes a and maps (a), d2,°-+, @x-1) to (D1, bz, +++, be_1), which shows that Y, acts 
(k — 1)-transitively on Q \ {a}. 

Conversely, let Y, is (k—1)-transitive on Q\{a}, (a), do,*++, x), (D1, bo, +++, by) € OF. 
By the transitivity of Y acting on Q, there exist elements z, 2’ ¢ Y such that aj = a and 


br = a. Because &, is (k — 1)-transitive on Q \ {a}, there is an element 0 € , such that 


J—1 


(CA CAs Cee ae? 


v-l , A fs / 
Whence, a7" = DF ,ie., af" =b,for2 <i< k. Sinceo € #,, we know that aj” = 


On 


a’ =a™ = b,. Therefore, the element mom’ maps (a), dz, +++, dz) to (by, bo, «++, by). 


A simple calculation shows that 
lO" =n-1)---(n-k +0). 
Applying Theorems 2.2.1 and 2.2.3, we get the next conclusion. 


Theorem 2.2.4 Let F be k-transitive on Q. Then 


n(n—1)---(n-—k + IDFA. 


2.2.3 Sharply k-Transitive Group. A transitive group Y on Q is said to be sharply 
k-transitive if P acts regularly on QO, i.e., for two k-tuples in Q*, there is a unique permu- 
tation in Y mapping one k-tuple to another. The following is an immediately conclusion 
by Theorem 2.1.1. 


Theorem 2.2.5 A k-transitive group PY acting on Q with |Q| = n is sharply k-transitive 
if and only if |P| = n(n —- 1)---(n-—k + 1). 


These symmetric and alternating groups are examples of multiply transitive groups 


shown in the following. 


Theorem 2.2.6 Letn > 1 be an integer and Q = {1,2,---,n}. Then 
(1) SQ is sharply n-transitive; 
(2) Ifn = 3, the alternating group Ag is sharply (n — 2)-transitive group of degree n. 
Proof For the claim (1), it is obvious by definition. We prove the claim (2). First, it 


is easy to find that Ag is transitive. Notice that if OQ = {1, 2,3}, Ag is generated by (1, 2, 3). 


It is regular and therefore sharply 1-transitive. Whence, the claim is true for n = 3. Now 
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assume this claim is true for all integers< n. Let n > 4 and define H to be the stabilizer 
of n. Then H acts on the set Q \ {n}, produce all even permutations. By induction, H is 
(n — 3)-transitive group on Q \ {n}. Applying Theorem 2.2.3, Ag is (n — 2)-transitive. Thus 
|Ao| = +(n!) = n(n — 1)---3. By Theorem 2.2.5, it is sharply (n — 2)-transitive. L 


More sharply multiply transitive groups are shown following. The reader is referred 


to references [DiM1] and [Rob1] for their proofs. 


Sharply 2, 3-transitive group. Let F be a Galois field GF(q) with g = p” for a prime 
number p. Define X = F U {oo} and think it as the projective line consisting of g + 1 lines. 
Let L(q) be the set of all functions f : X — X of the form 


for a,b,c,d € F with ad — bc # 0, where the symbol oo is subject to rulers x + co = 
co, co/co = 1, etc. Then it is easily to verify that L(g) is a group under the functional 
composition. Define H(q) to be the stabilizer of co in L(q), which is consisting of all 
functions x — ax + b,a # 0. Then H(q) is sharply 2-transitive on GF(q) of degree g and 
L(q) is sharply 3-transitive on F U {co} of degree g + 1. 

Particularly, if c = d = 0, 1.e., for a linear transformation a and a vector v € F d we 


define the affine transformation 
lay: Fé - Fé by las: u— uaty. 


Then the set of all t,; form the affine group AGL,(q) of dimensional d > 1. 
Sharply 4, 5-transitive group Let Q = {1,2,3,---,11, 12} and 
y = (4,5, 6)(7, 8, 9)(10, 11,12), yv = (4,7, 10), 8, 11)(6, 9, 12), 
y= (5, 7,6,10)6,9,12,11); w= (5,8, 6, 12), 11,10; 9), 
m, = (1,4)(7, 8), 1110, 12), am = (1, 2)(7, 10)(8, 11)(9, 12); 
m3 = (2,3)(7, 12)(8, 10), 11). 


Define M,, = (9, V, W, W, 7, 12,73) and M1. = (y, v, W, w, 1, 12), called Mathieu groups. 
Then M,, is sharply 5-transitive of degree 12 with order 95040, and Mjp is sharply 4- 
transitive of degree 11 on Q \ {3} with order 7920. 
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Theorem 2.2.7(Jordan) For an integer k > 4, let Y be a sharply k-transitive group of 
degree n which is neither symmetric nor alternating groups. Then either k = 4andn = 11, 
ork =Sandn= 12. 


Combining Examples 2.2.1, 2.2.2 with Theorem 2.2.7, we know that there are sharply 


k-transitive group of finite degree if and only if 1 <k <5. 


§2.3 AUTOMORPHISMS OF GROUPS 


2.3.1 Automorphism Group. An automorphism of a group (Y;°) is an isomorphism 
from Y to Y. All automorphisms of a group form a group under the functional compo- 
sition, i.e., O¢(x) = O(¢(x)) for x € Y. Denoted by AutY, which is a permutation group 


action on Y itself. We discuss this kind of permutation groups in this section. 


Example 2.3.1 Let Y = {e, a,b,c} be an Abelian 4-group with operation - determined by 
the following table. 


Cc Cc a e 


Table 2.3.1 


We determine the automorphism group AutY. Notice that e is the identity element of 
@Y. By property (H1) of homomorphism, if 9 is an automorphism on Y, then (e) = e. 


Whence, there are six cases for possible 6 following: 


> 
II 
a 
has) has) 
8 & 
9 9 
aad 
D 
NN 
II 
a. 
ian) ian) 
8 & 
oa & 
Ss 
je’ 
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eabe eabe 
05 = ’ 6 = : 
ecab ecoba 
It is easily to check that all these 6;, 1 < i < 6 are automorphisms of (Y;-). We get the 


automorphism group 
AutY = {9,, 62, 03, 64, 05, 6}. 


Let x,g € Y. Anelement x® = g"! 0 xo gis called the conjugate of x by g. Define a 
mapping g* : Y — Y by g"(x) = x*. Then (xoy)® = xoy8 and g"(g"')" = Lang = (g7')'g"- 
So g’ € AutY, i.e., an automorphism on (Y;0). Such an automorphism g* is called 
the inner automorphism of (Y; 0) induced by g. It is easily to check that all such inner 


automorphisms form a subgroup of AutY, denoted by InnY. 


Theorem 2.3.1 Let (Y;0) be a group. Then the mapping t : Y — AutY defined by 
T(x) = g'(x) = x8 for Vx € G is a homomorphism with image InnY and kernel the set of 


elements commutating with every element of Y. 
Proof By definition, we know that x8°" = (goh)"!oxo(goh) =h!ogloxogoh= 
(x8). So (g 0h)’ = gth’, which means that tT is a homomorphism. 


Notice that g* = 1 aug is equivalent to g-!oxog = x by definition. Namely, gox = xog 


for Vx € Y. This completes the proof. O 


Definition 2.3.1 The center Z(Y) of a group (GY; °) is defined by 
Z(4) ={xEGl|xog=gox forall ge}. 
Then Theorem 2.3.1 can be restated as follows. 


Theorem 2.3.2 Let (Y;0) be a group. Then Z(Y) AG and Y/Z(Y) = InnY. 


The properties of inner automorphism group Inn¥Y induced it to be a normal sub- 


group of AutY following. 


Theorem 2.3.3 Let (Y;0) be a group. Then InnY <i AutY. 


Proof Letg€¥Y andh € AutY. Then for Vx € Y, 


hgh"'(x) 


hg"(h"\(x)) = h(g"! oh"'(x) 0 g) 
h'(g)o x0 A(g) = x" € InnY. 
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Whence, InnY < AutY. 


Definition 2.3.2 The quotient group AutY /InnY is usually called the outer automor- 
phism group of a group (GY; °). 

Similarly, we can also consider the conjugating relation between subgroups of a 
group. 


Definition 2.3.3 Let (Y;-) be a group, H, F7AG. Then #, is conjugated to A, if there 
is x € GY such that 
x1. H-x= HK. 


Definition 2.3.4 Let (Y; 0) be a group, 7 GY. The normalizer Ng(H#) of # in (GY; 0) 
is defined by 
Ny(H)={xEeG|x!oMox= Hf}. 
Theorem 2.3.4 The set of conjugates of # inGY has cardinality |G : Ng(H)|. 
Proof Notice that |¥ : Ng(#@)| is the number of left cosets of Ng(#) in Y. Now if 
a'!o#Hoa=b!0 # ob, then 
boa'!o#Hoacb'!= ZA. 


That is, 
(aoby!o KH o(aob)=H. 


By definition, ao b € Ng(#). This completes the proof. 


Definition 2.3.5 Let (Y; 0) be a group, # <G anda,b € G. If there is an element x € G 


1 


such that x-* 0ao x =b,aand bis called to be conjugacy. The centralizer Zg(a) of a in 


G is defined by 
Zy(a) = {{g € Ylg' cao g =al}. 


It is easily to check that Zy(a) is a subgroup of Y. 


Theorem 2.3.5 Let (Y; 0) be a group anda € Y. Then the number of conjugacy elements 
toainG is |G : Z¢(a)|. 


—1 


Proof We only need to prove that if x! oaox=y!loaoy, then xoy! € Zy(a). In 


1 


fact, if x!oaox=y!oaoy,thenyox!oaoxoy=a,ie.,(xoy'!)!oao(xoy!) =a. 


Therefore, xo y"! € Zy(a). 
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A relation between the center and normalizer of subgroup of a group is determined 


in the next result. 


Theorem 2.3.6 Let (Y;0) be a group, # < GY. Then Z(H) << N¢(H). 


Proof If g € Ng(#), let g* denote the mapping h > gl ohoh. It is clear an 
automorphism of #. Furthermore, tT : Ng(#) — Aut# is a homomorphism with 
kernel Z(.#). Then this result follows from Theorem 1.3.3. J 


2.3.2 Characteristic Subgroup. Let (¥;0) be a group, # <¥Y and g € AutY. By 
definition, there must be g(#) ~ # but g(#) # # in general. If g(/) = # for 
Vg € AutY, then such a subgroup is particular and called a characteristic subgroup of 
(Y; 0). For example, the center of a group is in fact a characteristic subgroup by Definition 
23M, 

According to the definition of normal subgroup, For VA € InnY, a subgroup # of 
a group (Y; 0) is norma if and only if h(#”) = # for Vh € InnY. So a characteristic 


subgroup must be a normal subgroup. But the converse is not always true. 


Example 2.3.2. Let Zs = {e, a, a’, a°, b,b- a,b - a’, b- a*} be a dihedral group of order 8 


with an operation - determined by the following table. 


Table 2.3.2 


Notice that all subgroups of Yg are normal and a is a unique element of degree 2. So 
((a’) ;0) is a characteristic subgroup of Y. 

Now let (b) = {e, b, a’, a’ - b}. Clearly, it is a subgroup of Zs. We prove it is not a 
characteristic subgroup of Ys. In fact, let d : Y— D be a one-to-one mapping defined by 
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e>-e ava, @oad, @- 8’, 
boa-b, a-boad-b, @-boa-b, a&-b—ob. 
Then ¢ is an automorphism. But 
o({by) = {e,a- b, a’, a» b} # (b). 
Therefore, it is not a characteristic subgroup of Y. 


The following result is clear by definition. 


Theorem 2.3.7 If Y, < G is a characteristic subgroup of Y and Y < GY, a characteristic 
subgroup of Y,, then Y is also a characteristic subgroup of G. 


2.3.3 Commutator Subgroup. Let (4; 0) be a group and a,b € Y. The element 
fa,bl=a'!ob!oaob 


is called the commutator of a and b. Obviously, a group (Y; 0) is commutative if and only 
if [a,b] = ly for Va,b € Y. The commutator subgroup is generated by all commutators 
of (Y; 0), denoted by Y’ or [¥, Y], i-e., 


G' =([a,b]|abe ). 


Theorem 2.3.8  [S,,5,] = Ap. 


Proof Notice that we can always represent a permutation by product of involutions. 
By the definition of commutator, it is obvious that [S,,5,] C A,. Now for Vg € A, we can 
always write it aS g = (5,1, As,1)(s,25 As,2) ** * (As;m> sym) With m = O(mod2) by definition, 


where a,,; € {1,2,-+:,n} fori = 1,2 and 1 < j < m. Calculation shows that 
GDH) =GNDGIGANG D =(64.6 DI 
ifi# j,j#kand 
G KD = DGG WK, D = 10.4). G DIVE, D, 11 


if i, j,k, / are all distinct. Whence, each element in A, can be written as a product of 


elements in [S,,5,], 1-e., An C [Sn, Sy]. 


A commutator subgroup is always a characteristic subgroup, such as those shown in 


the next result. 
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Theorem 2.3.9 Any commutator subgroup of a group (GY; ©) is a characteristic subgroup. 


Proof Let ¢ € GY. We prove o(Y’) = Y’. In fact, for Va, b € Y, we know that 


o([a,b]) = oa! ob! oaob) 
= $(a')o o(b') 0 g(a) o o(b) 
= ¢'(a)o¢ '(b)o da) o db) = [G(a), OD)). 
Whence, 4’ is a characteristic subgroup of (FY; 0). 


Corollary 2.3.1 Any non-commutative group (Y;°) has a non-trivial characteristic sub- 
group. 


Proof If (¥;0°) is non-commutative, then there are elements a,b € Y such that 


[a, b] # ly. Whence, it has a non-trivial characteristic subgroup 4’ at least. L 


The most important properties of commutator subgroups is the next. 


Theorem 2.3.10 Let (Y; 0) be a group. Then 


(1) The quotient group Y/Y’ is commutative; 
(2) The quotient group Y// is commutative for  <G if and only if # => GY’. 


Proof (1) Leta,b € Y. Then 


(aoY')y!o(boG’)' 0(aoY’)o(boY’) 
=a!oG ob! 0G’ oa0G' obo G' 
=(a'!ob!oaob)oGY' =G’. 


Therefore, ao GY oboGY' =boG' oaoG’. 
(2) Notice that 7/7 is commutative if and only if for a,b € Y, 


ack obo KH =bof/carcKH. 
This equality is equivalent to 
(ac HY! 0(bo H)'0(ac H) (bo H) = H, 


ie, (a 'ob!oaob)o # = #. Whence, we find that [a,b] =a !ob!oacbe #, 
which means that .# > G4’. LJ 
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§2.4 P-GROUPS 


As one applying fields of permutations to abstract groups, we discuss p-groups in this 


section. 


2.4.1 Sylow Theorem. By definition, a Sylow p-subgroup of a group (Y, °) with |Y| = 
pen, (p,n) = 1 is essentially a subgroup with maximum order p®. Such p-subgroups are 
important for knowing the structure of finite groups, for example, the structure Theorems 
1.4.4-1.4.6 for Abelian groups. 


Theorem 2.4.1(Sylow’s First Theorem) Let (Y; 0) be a finite group, p a prime number 
and |Y| = p°n, (p,n) = 1. Then for any integer i, 1 < i < a, there exists a subgroup of 


order p', particularly, the Sylow subgroup always exists. 


Proof The proof is by induction on |¥Y|. Clearly, our conclusion is true for n = 1. 
Assume it is true for all groups of orders p°n. 

Denoted by z the order of center 2(Y). Notice that &(Y) is a Abelian subgroup 
of Y. If plz, there exists an element a of order p by Theorem 1.4.6. So (a) is a normal 
subgroup of Y with order p. We get a quotient group ¥/ (a) with order p*!n < n. 
By the induction assumption, we know that there are subgroups P;/ (a) of order p', i = 
1,2,---,a—-1inGY/ (a). So P;, i= 1,2,---,a@— 1 are subgroups of order p’*! in Y. 

Now if p Jz, let C), Co,---,C; be conjugacy classes of Y. Notice that p||Y| but p Jz. 
By 


41 =12@)| + by IC, 
i=] 
we know that there must be an integer /, 1 < i < s such that p J|C||. Let b € C;. Then 
Ng(b) = {g € Gig! obog =} 
is a subgroup of Y with index 
IG : £o(b)| = h, > 1. 


Since p® and Zy(b) < p°n, by the induction assumption we know that there are subgroups 
of order p' for 1 <i< ain Zy(b) <G. 


Corollary 2.4.1 Let (Y;0) be a finite group and p a prime number. If p\|Y\, then there 


are elements of order p in (GY; °). 
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Theorem 2.4.2(Sylow’s Second Theorem) Let (Y; 0) be a finite group, p a prime with 
P\\G|. Then 


(1) Ifn, is the number of Sylow p-subgroups in Y, then n, = \(modp); 
(2) All Sylow subgroups are conjugate in (GY; ©). 


Proof Let P, P;, P2,---,P, be all Sylow p-subgroups in Y. Notice that a conjugacy 
subgroup of Sylow p-subgroup is still a Sylow subgroup of Y. For Va € Y, define a 
permutation 


P P ots P, 


O”g = 1 


a'oPoa a'oP,oa -:: a'!oP,oa 


and S$, = {ala € P}. Then S, is a homomorphic image of P. It is also a p-subgroup. 

If P, is invariant under the action S , for an integer 1 < k <r, thenao Py, = P,oa for 
Va € P. Whence, PP; is a p-subgroup of Y. But P, P, are Sylow p-subgroups of Y. We 
get PP, = P = P,, contradicts to the assumption. So all P;, 1 < k < r are not invariant 
under the action of S, except P. By Theorem 2.1.1, we know that \Pe"IIs pllorl< k= 7, 
Let ae PS ree, as be a partition of {P,, P2,---,P,}. Then 


t 
np =1+r=1+ >) |P;’1= 1(modp). 
i=l 
This is the conclusion (1). 
For the conclusion (2), assume there are s conjugate subgroups to P. Similarly, we 
know that s = l(modp). If there exists another conjugcy class in which there are s, 
Sylow p-subgroups, we can also find s; = I(modp), a contradiction. So there are just 


one conjugate class of Sylow p-subgroups. This fact enables us to know that all Sylow 


subgroups are conjugate in (Y; 0). L 
Corollary 2.4.2 Let P be a Sylow p-subgroup of (Y;°). Then 

(1) P dG ifand only if P is uniquely the Sylow p-subgroup of (G; ©); 

(2) P is uniquely the Sylow p-subgroup of Ng(P). 
Theorem 2.4.3(Sylow’s Third Theorem) Let (¥;0) be a finite group, p a prime with 
P\\GY|. Then each p-subgroup A is a subgroup of a Sylow p-subgroup of (GY; °). 


Proof Let o, be the same in the proof of Theorem 2.4.2 and $4 = {a la € A}. 
Consider the action of S 4 on Sylow p-subgroups {P, P;,---, P,}. Similar to the proof of 
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Theorem 2.4.2(1), we know that [PPS | for 1 < k < r. Because of r = O(modp). 
Whence, there are at least one obit with only one Sylow p-subgroups. Let it be P;. Then 
for Va € A, a"! 0 P}oa = P;. So AP; is a p-subgroup. Notice that P; < AP;. We get that 


AP; = Pi, ie., A < P). 


2.4.2 Application of Sylow Theorem. Sylow theorems enables one to know the p- 


subgroup structures of finite groups. 


Theorem 2.4.4 Let P be a Sylow p-subgroup of (Y; 0°). Then 


()IfNg(P) < # <G, then FH = N¢(#); 

(2) IfN AG, then PO N is a sylow p-subgroup of (N;°) and PN/N is a Sylow 
p-subgroup of (G/N; °). 

Proof (1) Let x € Ng(#). Because P < H<INyg(#), we know that x !oPox< #. 
Clearly, P and x"! 
an element h € # such that x!oPox=h!oPoh. Whence, xoh! € Ng(P) < #. 
Soxée #H,ie., H = No(H). 

(2) Notice that PN is a union of cosets ao P, a€ N and N a union of cosets bo (PN 
N),b € N. Now leta,be N. By 


o Po x are both Sylow p-subgroup of #. By Theorem 2.4.2, there is 


aoP=boPea'obePea!obENNPSAoNNP=bDONNP, 


we get that |V : PO N| =|PN : P|, which is prime to p. Since NN P, NP/N are respective 
p-subgroups of N or Y/N by Theorem 1.2.6, this relation implies that they must be Sylow 


p-subgroup of N or Y/N. 


Theorem 2.4.5(Fratini) Let N < Y and P a Sylow p-subgroup of (N;°). Then Y = 
Ng(P)N. 


Proof Choose a € Y. Since N < Y, we know that a! o Poa < N, which implies 
that a“! o P oais also a Sylow p-subgroup of (N; 0). According to Theorem 2.4.2, there 
is b € N such that b"! 0 (a! 0 Poa)ob = P. Whence, aob € Ng(P), ie., a € Ng(P)N. 
Thus = Ng(P)N. 


As we known, a finite group with prime power p® for an integer a is called a p-group 


in group theory. For p-groups, we know the following results. 


Theorem 2.4.6 Let (Y; 0) be a non-trivial p-group. Then Z(Y) > {1g}. 
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Proof Let |Y| = p”, man integer and C, = {ly}, Co,---, C, conjugate classes of Y. 
By 


SU ICI = 11 =p”, 
i=l 
we know that |C;| = 1 or a multiple of p by Theorem 2.4.5. But |C;| = 1. Whence, there 
are at least an integer k, 1 < k < s such that |C;| = 1, i.e., C, = {a}. Then a € Z(Y). 


Theorem 2.4.7 Let p be a prime number. A group (Y;°) of order p or p* is Abelian. 


Proof If |Y| = p, then Y = (a) with a? = ly by Theorem 1.2.6. 
Now let |Y| = p’. If there is an element b € Y with o(b) = p’, then Y = (b), acyclic 
group of order p* by Theorem 1.2.6. If such b does not exist, by Theorem 2.4.6 Z(Y) > 
{ly}, we can always choose ly # a € Z(Y) andb € Y \ ZY). Then o(a) = o(b) = p by 
Theorem 1.2.6. We get that Z(Y) = (a) and Y/Z(Y) = (bo Z(Y)). Whence, Y = (a,b) 
with ao b = boaand o(a) = o(b) = p. So it is Abelian. C 


For groups of order pq or p’q, we have the following result. 


Theorem 2.4.8 Let p,g be odd prime numbers, p # g. Then groups (GY; ©) of order pg or 


pq are not simple groups. 


Proof By Sylow’s theorem, we know that there are n, = 1(modp) Sylow q-subgroups 
Pin (Y;0). Letn, = 1 +kp for an integer k. 

If |Y| = pq, p = q, we get that p(1 + kp)|pq, i.e., 1 + kplg. So k = 0 and there is only 
one p-subgroup P in (¥;0). We know that P d Y. Similarly, if p < q, then the Sylow 
q-subgroup Q <1 Y. So a group of order pg is not simple. 

If |Y| = pq and p = q, then 1 + kp|q implies that k = 0, and the only one p-subgroup 
P<. Otherwise, p < g, we know 1 + /q|p. Notice that p < g, we know that n, = 1 or 
p’. But if n, = p*,ie., lq = p* — 1, we get that g|(p — 1)(p + 1). Whence, g = p+ 1. It 
is impossible since p and p + | can not both be prime numbers. So n, = 1. Let Q be the 


only one Sylow qg-subgroup in (Y; 0). Then Q <1Y. Therefore, a group of order p’q is not 


simple. L 
ee - AN. 
2.4.3 Listing p-Group. For listing p-groups, we need a symbol (=) i.e., the Legendre 
P 
symbol in number theory. For a prime p JA, the number (4) is defined by 


(-) _ 1, if x* = A(modp) has solution; 


—1, if x* = A(modp) has no solution. 
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We have known that P 
(=) = as (modp) 
P 


and the well-known Gauss reciprocity law 


))-co 
P/\4 


for prime numbers p and g in number theory, . 


Completely list all p-groups is a very difficult work. Today, we can only list those of 


p-groups with small power. For example, these p-groups of orders p” for 1 < n < 4 are 
listed in Tables 2.4.1 — 2.4.4 without proofs. 


Oa), = Te 


P| (@), a =1y 
(2) (a,b), a? = bP =1g, aob=boa 


(1) (a), a” = ly 


(2) (a,b), a” =bP = 1g, aob=boa 

(3) (a,b,c), a? = bP? =cP = 1g, aob=boa, 
acg=cCoa, bor =cob 

(4) (a,b), a” = bP =1y,b-!oaob=a'? 

(5)(@0.0).0 =b = =lyaob=boacc, 


coad=aoc,cob=boc 


Table 2.4.1 


For p = 2, these 2-groups of order 2° are completely listed in Table 2.4.2. 


a 


(1) (a), a= ly 
Q){a,b), @ =P =14, acb=boa 
(3) (2@.bLc), =P =C =1e,; aob=boa, 


acc=coa,boc=cob 
(‘AOs=(a.b).0 alg bag bh couscbed" 
(5) Dy = (a,b), a =b =1e,b' oaob=a'! 


Table 2.4.2 
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zi Abela? 

(1) (a), at = ly 

(2) (a,b), a? = bP = lg, 

(3) (a,b), a?” = bP’ = ly, 

(4) (a,b,c), a” =b? =c? = ly, 

(5) (a,b,c, d), a? = b? = c? = d? = 1¢{a,b), 
a? =p? = ly, 

(1) (a,b), a?” = bP = 1g,b'oacb=a'? 

(2) (a,b), a” = b? = 1y,b"! oaob=al? 

(3) (a,b,c), a” = b? = c? = ly, [a,b] = [a,c] = ly, 
[b,c] =a? 

(4) (a,b,c), a? = b? =c? = ly, [a,b] = [b,c] = ly, 
[a,c] =a? 

(5) (a,b,c), a? =bP =c? = ly, [a,b] = [a,c] = le, 
[a,c] =b 

(6) (a,b,c), a” = b? = cP = 1g," oacb=a'*?, 
cltoaoc=aob,c'oboc=b 

(7) (a,b,c), a” = b? = 1g, c? =a’, b cacb=a'"?, 
cltoaoc=aob,c'oboc=b 

(8) (a,b,c), a” = bP = ly, c? = a", (4) = -1 
cloaocz=aob,c'!oboc=b,b'oaob=a'?, 

(9) (a,b,c,d), a” = b? = c? =d? =1y, [c,d] =a, 
[a, b] = [a,c] = [a, d] = [b,c] = [b, d] = ly, 

(0-1) (4.0.0.4), p>3,2 =P =e =d’ = Iz, 

[a, b] = [a,c] = [a,d] = [b,c] = ly, 
ad obodeacb, d'ocod=boc 


(10:2) a, bc), p= 3.2 =b =e = ly, [g, 6) = le; 
1 


2 


c!oaoc=aob,c!oboc=a ob 


Table 2.4.3 


For groups of order 2”, the situation is more complex. For example, there are 6 types 
for n = 3, 14 types for n = 4, 31 types for n = 5 and 267 types for n = 6. Generally, we 


do not know the relation for the number of types with n. We have listed 2-groups of order 
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2? in Table 2.4.2. Similarly, these non-Abelian 2-groups of order 24 are listed in Table 
2.4.4 following. 


zi 


()4a.b), 2 =b = ly, b"! oacob=a'! 
(2) (a,b), 2 =b =1¢g,b'cacb=a3 
(3) (a,b), ®=b? =1g,b!oacb=a 
(4) (a, b), a= ly, b? = a’, bicacob=a! 
(5) (a,b), d= b=1g,b' oachb=aq"! 


(6) (a, b,c), a=ab=ac= ly, b!oaob=a, 


c'oacc=a, [bcl=a 

(7) (a,b,c), @ =bP = =1y,b"'ocacb=a, 
Cc euce =a", (b,c au 

(8) (a,b,c), a =B=1y,? =a@,b'oaob=a, 
Cc eacted , |b] ly 

(9) (a,b,c), a =b? =? =1y,b'! oacb=a, 


cloaoc=aob, [b,c] = ly 


Table 2.4.4 


A complete proof for listing results in Tables 2.4.1-2.4.4 can be found in references, 


for example, [Zhal] or [Xum1]. 


§2.5 PRIMITIVE GROUPS 


2.5.1 Imprimitive Block. Let Y be a permutation group action on Q. A proper subset 
A c Q, |A| = 2 is called an imprimitive block of FY if for Va € Y, either A = A” 
or Am A* = @. If such blocks A exist, we say Y imprimitive. Otherwise, it is called 


primitive, i.e., Y has no imprimitive blocks. 
Example 2.5.1 Let Y be a permutation group generated by 
g = (1,2,3,4,5, 6) and h = (2, 6)(3,5). 


Notice that FY is transitive on Q = {1,2,3,4,5,6} and hg = g°h. There are only 12 
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elements with form g’h”, where / = 0, 1,2,3,4,5 and m = 0,1. Let A = {1,4}. Then 
{1,4}* = {2, 5}, (1,4}* = (3, 6}, 


{1,4}® = {1,4}, {1,4}* = {1,4}. 


Whence, At = A or ATNA =O for Vt € Y, ie., A is an imprimitive block. 


The following result is followed immediately by Theorem 2.1.1 on primitive groups. 


Theorem 2.5.1 Let Y be a transitive group actin on Q, A an imprimitive block of Y and 
H the subgroup of all x in Y such that A” = A. Then 


(1) The subsets A',t € Y : H forma partition of Q; 
(2) |Q| = |All : Al. 


Proof Leta € Qandb € A. By the transitivity of Y on Q, there is a permutation 
x € # such that a = b". Writing m = ot witho € Handte #: H, we find that 
a = (b°)' € A‘. Whence, Q is certainly the union of A’, t € H. Now if A™N A’ #0, then 
AN (AT) # 0. Consequently, A = Cas and r’t"! € H. Butt,7’ € A: H, we get that 
tT=T'.S0A‘',t€ FY: H isa partition of Q. Thus we establish (1). 

Notice that |A| = |A"| fort ¢ A : H. We immediately get that |Q| = |A||Y : Al by 
(1). O 


2.5.2 Primitive Group. Applying Theorem 2.3.1, the following result on primitive 


groups is obvious. 


Theorem 2.5.2 A transitive group of prime degree is primitive. 


These multiply at least 2-transitive groups constitute a frequently encountered prim- 


itive groups shown following. 


Theorem 2.5.3 Every 2-transitive group is primitive. 


Proof Let # be a 2-transitive group action on Q. If it is imprimitive, then there 
exists an imprimitive block A of Y. Whence we can find elements a,b € A andc € Q\A. 


By the 2-transitivity, there is an element  € Y such that (a, b)” = (a,c). Soae AN A”. 


Consequently, A = A”. But this will implies that c = b* € A, a contradiction. L 
Let (Y; 0) be a group. A subgroup # < Y is maximal if there are no subgroups 
KH <G such that H < H <Q. The next result is a more valuable criterion on primitiv- 


ity of permutation groups. 
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Theorem 2.5.4 A transitive group F action on Q is primitive if and only if Y, is maximal 
forVae Q. 


Proof If Y, is not maximal, then there exists a subgroup # of Y such that Y, < 
KH < F. Define a subset of Q by 


A={a|rE AH}. 


Then |A| > 2 because of #” > Y,. First, if A = Q, then for Vr € Y we can find 


o 1 


an element 0 € # such that a” = a’. Thus 2o~' € #,, which gives 7m € # and 
KH = FY. Now if there is m € Y with A N A” # O hold, then there are 071,07, € # such 
that a”! = a". Thus qT EP, < #H. Whence, m € #, which implies that A = A’. 
Therefore, A is an iprimitive block and # is imprimitive. 

Conversely, let A be an imprimitive block of Y. By the transitivity of Y on Q, we 


can assume that a € A. Define 


KH ={ne PA =A,rwE FY}. 


Then # < @G. For b,c € A, there is az € Y such that b” = c. Thus c € AN A”. Whence, 
A = A*™ anda € # by definition. Therefore, # is transitive on A. Consequently, 
A=|# : |. Nowifaeé FY, thena =a" € ANA". SoA =A" anda € #. Thereafter, 
P,< # and Y, = H,. Applying Theorem 2.1.1, we know that |Q| = |Y : Y,| and 
Al =|7: Gl =|: A |. SoF% < 4 < Aand J, is not maximal in F. 


Corollary 2.5.1 Let P be a transitive group action on Q. If there is a proper subset 
A Cc Q, |A| > 2 such that 


acA,aeA>A“=A 


forn € Y, then P is imprimitive. 


Proof By Theorem 2.5.4, we only need to prove that Y, < Ay < YP, ie, Y, is 
not maximal of #. In fact, Y, < V4) is obvious by definition. Applying the transitivity 
of Y, for Vb € A there is an element 0 € # such that a” = b. Clearly, 7 € A,4), but 
reg H, Whence, 2, =< Ax. 

Now let c € Q\ A. Applying the transitivity of A again, there is an element T € FY 
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such that a* = c. Clearly, tT ¢ Y but t ¢ Ga). So we finally get that 


Oe Pig 


i.e., A, is not maximal in #. O 


Theorem 2.5.5 Let Y be a nontrivial primitive group action on Q. If W << Y, then V 


is transitive on Q. 


Proof Leta € Qand A = {a"|r € .V}. Notice that (a7 = (a")™ and o” € YW if 
ne P,o € N. Thus A’ is an obit containing a*. Whence, A = A” or aN A” = O, which 
implies that A is an imprimitive block. This is impossible because “ is primitive on Q. 
Whence, A = Q, i.e., VY is transitive on Q. O 


Theorem 2.5.5 also implies the next result for imprimitive groups. 


Corollary 2.5.2 Let Y be a transitive group action on Q with a non-transitive normal 


subgroup 4. Then £ is imprimitive. 


The following result relates primitive groups with simple groups. 


Theorem 2.5.6 Let Y be anontrivial primitive group action on Q. If there is an element 
x € OQ such that Y,, is simple, then there is a subgroup NV <i F action regularly on Q 


unless P is itself simple. 


Proof \f F is not simple, then there is a proper normal subgroup .V < #. Consider 
MN 1 Y,, which is a normal subgroup of Y,. Notice that Y, is simple. We know that 
MN OY, = FY, or {lg}. 

Now if YN Y, = Y,, then Y, < WY. Applying Theorem 2.5.5, we know that -V is 
transitive on Q. Whence, VW < Y, since x° = x for Vo € Y,, i.e., A, is not transitive on 
Q. By Theorem 2.5.4, there must be -V = #, acontradiction. Whence, VY, = {1g}. 
Applying the transitivity of .” on Q, we immediately get that .%, = {1} for Vy € Q, Le., 


AV acts regularly on Q. O 


2.5.3 Regular Normal Subgroup. Theorem 2.5.5 shows the importance of normal 
subgroups of primitive groups. In fact, we can determine all regular normal subgroups of 


multiply transitive groups. First, we prove the next result. 


Theorem 2.5.7 Let (Y;0) be a nontrivial finite group and Y = AuY. 
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(1) If F is transitive, then (¥; 0) is an elementary Abelian p-group for some prime 
p; 

(2) If P is 2-transitive, then either p = 2 or |Y| = 3; 

(3) If P is 3-transitive, then |Y| = 4; 

(4) FY can not be 4-transitive. 


Proof (1) Let p be a prime dividing |¥Y|. Then there exists an element x of order 
p by Corollary 2.4.1. By the transitivity we know that every element in Y \ {1g} is the 
form x", tT € # and hence of order p also. Thus ¥ is a finite p-group and its center 
Z(Y) is nontrivial by Theorem 2.4.6. By definition, Z(Y) is characteristic in (¥; 0) and 
thus is invariant in Y. Applying the transitivity of Y enables us to know that Z(Y) = &. 
Whence, ¥ is an elementary Abelian p-groups. 

(2) If p > 2, let x € Y with x # ly. Thus x # x"!. If there is also an element y € &, 
y # ly, x, x!, then the 2-transitivity assures us of at € FP such that (x,x!)" = (x,y). 
Plainly, this fact implies that y = x~!, a contradiction. Therefore, Y = {ly, x, x~'} and 
[IF | = 3; 

(3) If F is 3-transitive on FY \{1v}, the later must has 3 elements at least, i.e., |G| > 4. 
Applying (2) we know that Y is an elementary Abelian 2-group. Let # = {1, x,y, xo y} 
be a subgroup of order 4. If there is an element z € Y \ #, then xoz, yozandxoyoz 


are distinct. So there must be an automorphism t € Y such that 
x =x0z, y =yozand(xoy)’ =xoyoz 


by the 3-transitivity of Y on Y. However, these relations imply that z = ly, a contradic- 
tion. Whence, .# = @. 
(4) If F were 4-transitive, it would be 3-transitive and |Y| = 4 by (3), which excludes 


the possibility of 4-transitivity. Whence, Y can not be 4-transitive. 


By Theorem 2.5.7, the regular normal subgroups of multiply transitive groups can 


be completely determined. 


Theorem 2.5.8 Let Y be ak-transitive group of degree n with k => 2 and WV anontrivial 


regular normal subgroup of “. Then, 


(1) Ifk = 2, thenn =|W| = p” and WV is an elementary Abelian p-group for some 
prime p and integer m; 


(2) Ifk = 3, then either p = 2 orn = 3; 
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(3) Ifk = 4, thenn = 4; 
(4) k > 5 is impossible. 


Proof Clearly, 1 < k <n. Let Y be a k-transitive group acting on Q with |Q| = n 
and a € Q. By Theorem 2.2.3, we know that Y, is (k — 1)-transitive on Q \ {a}. 

Consider the action of Y, on VY \ {1} by conjugation. Now if 7 € -V \ {14}, by 
the regularity of .Y we know that a* # a. Thus there is a mapping © from -¥ \ {1} to 
Q \ {a} determined by © : a — a*. Applying the regularity of -” again, we know that 
© is injective. Besides, since -V is transitive by Theorem 2.5.5, we know that @ is also 
surjective. Whence, 


0: \ {la} > Q\ {a} 


is a bijection. 

Now letl a #”€ Aando € Y,. Then we have that (a")” = a”, or (O(a))” = 
O(x°). Thereafter, the permutation representations of Y, on -V \ {1} and Q \ {a} are 
equivalent. Whence , is (k — 1)-transitive on WV \ {1 a}. Notice that A, < Aut”. We 
therefore know that Aut./% is (k — 1)-transitive on VY \ {1} also. By Theorem 2.5.7, we 


immediately get all these conclusions (1) — (4). L 


2.5.4 O’Nan-Scott Theorem. The main approach in classification of primitive groups 
is to study the subgroup generated by the minimal subgroups, 1.e., the socle of a group 


defined following. 


Definition 2.5.1 Let (Y;0) be a group. A minimal normal subgroup of (Y;°) is such a 
normal subgroup (.V;°), -Y # {1g} which does not contain other properly nontrivial 


normal subgroup of GY. 


Definition 2.5.2 Let (Y;0) be a group with all minimal normal subgroups ™,-4,°--, 
Nj. The socle soc(Y) of (Y; 0) is determined by 


SOC =. A552 en) 


Then we know the following results on socle of finite groups without proofs. 


Theorem 2.5.9 Let (Y; 0) be a nontrivial finite group. Then 


(1) If K is aminimal normal subgroup and L a normal subgroup of (GY; °), then either 
Ka Lorik ly aK XL; 


Sec.2.5 Primitive Groups 67 


(2) There exist minimal normal subgroups K,, K2,---, Km of (Y;°) such that 
soc(Y) = Ki X Kp X:::X Kn; 


(3) Every minimal normal subgroup K of (Y;°) is a direct product K = T; xX T x 
--+XT,, where these T;, 1 < i < k are simple normal subgroups of K which are conjugate 
under (G; ©); 

(4) If these subgroup K;, 1 < i < min (2) are all non-Abelian, then K,, Ky,-+-, Km 
are the only minimal normal subgroups of (Y; 0). Similarly, if these T;, 1 < i < k in (3) 


are non-Abelian, then they are the only minimal normal subgroups of K. 
Theorem 2.5.10 Let Y be a finite primitive group of Sg and K a minimal normal sub- 


group of Y. Then exactly one of the following holds: 


(1) For some prime p and integer d, K is a regular elementary Abelian group of 
order p4, and soc(P) = K = Zg(K), where Zg(K) is the centralizer of K in P; 

(2) K is a regular non-Abelian group, Zg(K) is a minimal normal subgroup of Y 
which is permutation isomorphic to K, and soc(Y) = K x Zg(K); 

(3) K is non-Abelian, Zg(K) = {1} and soc(#) = K. 


Particularly, for the socle of a primitive group, we get the following conclusion. 
Corollary 2.5.3 Let PY be a finite primitive group of S g with the socle H. Then 


(1) A is a direct product of isomorphic simple groups; 
(2) H is a minimal normal subgroup of Ns,(H). Moreover, if H is not regular, then 


it is the only minimal normal subgroup of s,,(H). 


Let © and A be two sets or groups. Denoted by Fun(Q, A) the set of all functions 
from Q into A. For two groups .“, # acting on a non-empty set Q, the wreath product 
KH wro H of H by # with respect to this action is defined to be the semidirect product 
Fun(Q, ”) x #, where # acts on the group Fun(Q, .#) is determined by 


f(a) = f(a”) forall f € Fun(Q,.%), ae Qandye #. 
and the operation - in Fun(Q, .#) x # is defined to be 


(fi 81) + (fas 82) = Af! . 8199). 


Usually, the group B = {(f, Lz)|f € Fun(Q, %)} is called the base group of the wreath 
product 4% wro #. 
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A permutation group Y acting on Q with the socle H is said to be diagonal type 
if F is a subgroup of the normalizer .%,,(H) such that Y contains the base group H = 
T, X T, X ++: X T,,. Then by Theorem 2.5.9 these groups 7|,7>,---,7,, are the only 
minimal normal subgroups of H and H < #. So ¥ acts by conjugation on the set 
{T\, T2,---, Tm}. Then we know the next result characterizing those primitive groups of 


diagonal type without proof. 


Theorem 2.5.11 Let FY < -%,(H) be a diagonal type group with the socle H = T, x 
T, X-+-+X Ty. Then F is primitive subgroup of S gq either if 


Chi wi= 2; or 
(2) m > 3 and the action of Y by conjugation on {T,,T>,---,Tm} of the minimal 


normal subgroups of H is primitive. 


Now we can present the O’Nan-Scott theorem following, which characterizes the 


structure of primitive groups. 


Theorem 2.5.12(O’Nan-Scott Theorem) Let # be a finite primitive group of degree n 
and # the socle of Y. Then either 


(1) # is a regular elementary Abelian p-group for some prime p, n = p™ = |#| 
and is isomorphic to a subgroup of the affine group AGL,,(p); or 

(2) # is isomorphic to a direct power T™ of a non-Abelian simple group T and one 
of the following holds: 

(i) m=1and FY is isomorphic to a subgroup of AutT; 

(ii) m > 2 and F is a group of diagonal type with n = |T|; 

(iii) m > 2 and for some proper divisor d of m and some primitive group Y witha so- 
cle isomorphic to T“, Y is isomorphic to a subgroup of the wreath product 7 wr Sg, |Q\| = 
m/d with the product action, and n = I'"'“, where 1 is the degree of 7; 


(iv) m> 6, # is regular and n = |T\". 


A complete proof of the O’ Nan-Scott theorem can be found in the reference [DiM1]. 
It should be noted that the O’Nan-Scott theorem is a useful result for research problems 
related with permutation groups. By Corollary 2.5.3, a finite primitive group Y has a 
socle H = T”, a direct product of m copies of some simple group T. Applying this result 


enables one to divide a problem into the following five types in general: 
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1. Affine Type: H is an elementary Abelian p-group, n = p” and Y is a subgroup of 
AGL,,(p) containing the translations. 
2. Regular Non-Abelian Type: H and 7 are non-Abelian, n = |T|"”, m = 6 and the group 


can be constructed as a twisted wreath product. 

3. Almost Simple Type: H is simple and Y < AutH. 

4. Diagonal Type: H = T” with m > 2,n = |T\""' and F is a subgroup of a wreath 
product with the diagonal action. 

5. Product Type: H = 7” with m = rs, s > 1. There is a primitive non-regular group 7 
with socle 7” and of type in Cases 3 or 4 such that Y is isomorphic to a subgroup of the 


wreath product Y wr Sq, |A| = s with the product action. 


All these types are contributed to applications of O’ Nan-Scott theorem, particularly 


for the classification of symmetric graphs in Chapter 3. 


§2.6 LOCAL ACTION AND EXTENDED GROUPS 


Let (G; C) be a multigroup with G = U G,, C = {o,|1 < i < m} and Q= () Q; a set. An 
i=l i=l 
action (y, vt) of (Y; G) on Q is defined to be a homomorphism 


v0): GO)>|JSa 
i=l 
such that glo, : Y — So, is a homomorphism, i.e., for Vx € Q;, p(h) : x > x" with 


conditions following hold, 
x8 = (0) x8, hge H 
for any integer 1 <i < m. We Say gg, the local action of (y, t) on Q for integers 1 <i<m. 


2.6.1 Local Action Group. If the multigroup (Y: O) is in fact a permutation group 7 


with Q = LJ Q;, we call such a Y to be a local action group on Q; for integers | < i < m. 
i=1 


In this case, a local action of on Q is determined by 


Q? =Q; and (Q\Q)” =Q\Q; 


I 


for integers 1 <i<m. 
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If the local action of # on Q; is transitive or regular, then we say it is a locally 
transitive group or locally regular group on Q,; for an integer 1 < i < m. We know the 
following necessary condition for locally transitive or regular groups by Theorem 2.2.1 
and Corollary 2.2.1. 


Theorem 2.6.1 Let Y be a group action on Q= U Q; and # < FY. Then # is locally 
transitive only if there is an integer ky), 1 < ky < aah that |Q,,| | |#@|. Furthermore, if 
it is locally regular, then there is an integer Ip, 1 < lop < m such that |Q,,| = ||. 

Let # be a group locally acting on Q, where Q = UO) If there are integers 
k,i,k > 2,1 <i< msuch that the action of Y on Q,; is i veneuive or sharply k-transitive, 
we Say it is a locally k-transitive group or locally sharply k-transitive group on Q. The 


following necessary condition for locally k-transitive or sharply groups is by Theorems 
223 225s 


Theorem 2.6.2 Let Y be a group action on Q= (JQ; and # < F. Then # is locally 
i=l 
k-transitive only if there is an integer ip, 1 < ig < m such that for Va € Q;, Hy is 


(k — 1)-transitive acting on Q \ {a}. Particularly, |\Qj.|\(\Qiy| — 1) +++ Qi] — k + 1) | IAA. 
Furthermore, if it is locally sharply k-transitive, then there is an integer jo, 1 < jo <m 


such that |Q;,\(IQj)l — 1) ---dQj|-—k + 1) = |A41. 
Theorems 2.6.1 and 2.6.2 enables us to know what kind subgroups maybe locally 
action groups. 
Example 2.6.1 Let Y be a permutation group with 
# = {l»,(1,2,3,4,5),0,4,2,5, 3), 15,45 3,2) 

(2, 3,5, 4), C, 3, 2,5), (1, 5, 4, 3), C1, 2, 4, 3), (1, 4, 5, 2) 

(2,4, 5,3), , 4, 3, 5), C1, 2, 5,4), 1, 5, 2, 3), C1, 3, 4, 2) 

(2, 5)(3, 4), (1, 5)(2, 4), 0, 92, 3), C1, 3)(4, 5), CL, 2)(3, 5)} 
Then 

we = \\e@,(1,2,3,4,5).0,4; 2,5,3),0,5,4,4,2)) 
TF ={l14za, (1,2, 3,4), 1, 3)(2, 4), 1, 4, 3, 2)} 

both are subgroups of Y. Notice that |#| = 5, |.7| = 4. We know that # and 7 are 


transitive acting on Q = {1,2,3,4,5} and A = {1,2, 3,4}, respectively. But none of them 


is k-transitive for k > 2. 


Sec.2.6 Local Action and Extension Groups 71 


m 


Corollary 2.6.1 Let Y be a group action on Q= LQ; 7 < &. For integersi, 1 <i< 
i=l 
mand k > 1, if |Q;|(Qj| — 1)(Q| — 2) --- Qi] — k + 1) is not a divisor of ||, then (7; 0) 


is not locally k-transitive on Q,. 


—_— ~ m 
For a local action group Y on Q with Q = |) Q,, if there is an integer i, 1 <i<m 
i=1 
such that the action of Y on Q; is primitive, we say it is a locally primitive group on Q. 


The following condition for locally primitive group is by Theorems 2.5.4. 


Theorem 2.6.3 Let Y be a local action group on Q= LJ Q; with F? < FY. Then (7; °) 
i=l 
is locally primitive if and only if there is an integer l, 1 < 1 < m such that # action on 


Q, is transitive and HZ, is maximal for Va € Q). 


2.6.2 Action Extended Group. Conversely, let Y be a permutation group action on Q, 
Aa set with AN Q = @. A permutation group P action on QU A is an action extended 
of Y on Qif (FP). = Y, and k-transitive extended or primitive extended if PF action on 
QUA is k-transitive for an integer k > 1 or primitive. Particularly, if |A] = 1, such a action 
extended group is called one-point extended on Y. 


The following result is simple. 


Theorem 2.6.4 Let Y be a permutation group action on Q, AN Q = 0, k = 1 an integer 
and Y an extension of F action on AU Q. If 


(1) P is k-transitive on A; 
(2) there are k elements x, X,+++, x; € A such that for l elements y,, y2,°-+,y, € Q, 


where 1 <1< k there exists an element 7, € P with 
y, =x for 1<isl but xf =x; if l+1<i<k, 


hold, then Dp is k-transitive extended on AU Q. 


Proof Let x;,y;, 1 < i < k be 2k elements in QU A. Firstly, we prove that for any 


choice of x1, %2,-++, x, € QUA, there always exists an element 0 € Y such that all ae EA 
forl1 <i<k. If x1, %,---,x, € A, there are no words need to say. Not loss of generality, 
we assume that x), x2,°-+,X; € QO but x54), Xs42,°++, 4% € A for an integer 1 < s < k. Then 


by the assumption (2), there is an element 7, € P such that a € Afor1 <i<_ s but 


x" = x; fors+1<i<k. Whence, a € Afor1 <i<k,i.., 6 = 24, is for our objective. 


1 


Similarly, there also exists an element T € P such that y eAforl<1<k. 
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Applying the assumption (1), there is an element 7 € P such that Gey = yf for 


integers 1 < i < k. Consequently, we know that 


| : 
a ey; for liek, 


This completes the proof. L 


Particularly, if k = 1, we get the following conclusion for transitive extended by 
Theorem 2.6.4. 


Corollary 2.6.2 Let Y be a permutation group action on Q, AN Q = 0 and P an 
extension of Y action on AU Q. If 

(1) P is transitive on A; 

(2) there is one element x € A such that for any element y € Q, there exists an 
element n € P with y' =x hold, 


then is transitive extended on AU Q. 


Furthermore, if F is one-point extended of P, we get the following result. 


Corollary 2.6.3 Let P be an one-point extension of Y action on Q by x € Q. For 
Vy € Q, if there exists an element m € P such that y" = x, then P is transitive extended 
of 2, 

These conditions in Corollaries 2.6.2—2.6.3 is too strong. In fact, we improve condi- 


tions in them as in the following result. 


Theorem 2.6.5 Let Y be a permutation group action on Q with orbits B,, Ar, ---, Bm, 
AN Q =O and 
FAG 2), 


with 2 = {(x,y;),1 < i < m;(v,z),x € Ax # x}, where x € A, y; € B, z= x ory; 
for 1 <i<m. Then F is transitive extended. Furthermore, if Y is transitive on Q or 


A = {x}, Le, P is one-point extension of Y, then 
P =P xy),(,2), X EAM #x) or (P3(xyi), 1 Si < m) 


with y € Q, z= x ory is transitive extended of Y onQU A orQU {x}. 


Proof We only prove the first assertion since all others are then followed. 
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Firstly, for Vz; € &, z; € &;, let z' = y; and zy = yj, 01,0; € FY. Then 


MMII — 7. Now if x1,x2 € A, by definition x 


org PO = ap or x, I ey iF (tr, 2), ny Dy OF Cig XID: Op te), OF 


ee Se Orr, re a, 


(x1, Yi) (X2, Vi), or (4459); (i. x), (49) (Vj, X2) = B. Finally, if Xj e A and gj € Bi, let 


T(x) 
i 


a —— = 
x? = xand z; = y;. Then x = Zj. 


— 


Therefore, “ is transitive extended on QU A. 


tran 


The k-transitive number w{“"(#; A) of a permutation group Y action on Q by a 
set A with AN Q = Q is defined to be the minimum number of involutions appeared in 
permutations presented by product of inventions added to Y such that P is k-transitive 


extended of Y on QUA. Particularly, if k = 1, we abbreviate a"(P; A) to w"""(F,; A). 


We know the number w(; A) in the following result. 


Theorem 2.6.6 Let Y be a permutation group action on Q with an orbital set Orb(Q), 
AN Q =O and F an extended action of FP on AUQ. Then 


a'""(P; A) = |A| + |OrbQ)| - 1. 
Furthermore, if Y is transitive or P is one-point extension of Y, then 
o"""(P; A) =|A| or |Orb(Q)}. 


Proof Let x € AUQ be a chosen element. denoted by A[x] all elements determined 
by 


— 


A[x] = {yl x7 =y, Vre FY}. 


If isa transitive extended action of A on AU Q, there must be A[x] = AU Q. Enumer- 
ating all inventions appeared in permutations z presented by product of inventions such 
that x” = y € A[x], we know that 


w"""(P; A) = \A| + |Orb(Q)| - 1. 
Applying Theorem 2.6.5, we get that 
wo" (P; A) < |A| + |Orb(Q)| - 1. 


Whence, 
w"'"(P; A) = [A] + |Orb(Q)| - 1. 
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Notice that |Orb(Q)| = 1 or |A] = 1 if A is transitive or Pis one-point extension of FY. 
We therefore find that 
am” "(P; A) =\A| or |Orb(Q)| 


if P is transitive or P is one-point extended. L 


Now we turn our attention to primitive extended groups. Applying Theorem 2.5.3, 


we have the following result. 


Theorem 2.6.7 Let Y be a permutation group action on Q and A a nonempty set with 
AN Q = 90. Then there exist primitive extended permutation groups Dp of Y action on 
QUA if |A| = 2 or |A| = 1 but F is transitive on Q. 


Proof Let A, A2,---, Bm be orbits of Y action on Q. Define 
PAP: (x,y), 1 Sis ms, CA #2), 


where x € A, y; € &;. Then P is 2-transitive extended of P by Theorem 2.6.4 if |A| > 2. 
Notice that Z, = Y. VE A = {x} and A is transitive on Q, we also know that Pis 
2-transitive extended of Y by Theorem 2.2.3. Whence, we know that P is primitive 
extended of Y on QU A by Theorem 2.5.3 in each case. O 


2.6.3 Action MultiGroup. Let Pea permutation multigroup action on Q with F = 


m ~ m 
U Y;,Q = LQ; and for each integer i, 1 < i < m, the permutation group Y; acts on Qj. 
i=1 i=] 


Such a permutation multigroup P is said to be globally k-transitive for an integer k > 1 


if for any two k-tuples x), x2,--+, x, € Q; and yj, y2,-++, yx, € Q;, where 1 < i, j < m, there 
are permutations 71, 7,---,7, such that 
MMI __ MMT MMT __ 
a Vip 29, , a, = yy. 


For simplicity, we abbreviate the globally 1-transitive to that globally transitive of a per- 


mutation multigroup. 


Remark 2.6.1: There are no meaning if we define the globally k-transitive on two k- 
tuples x1, %2,°°+,XxX% € Q, Vis V20° MEE Qina permutation multigroup P because there 


are no definition for the actions x7 if x; ¢ Q; butz ¢ Y;, 1 <i<m, where 1 </<k. 


— ~ — m ~ 
Theorem 2.6.8 Let Y be a permutation multigroup action on Q with PA = J Y;,Q = 
i=l 
m 
LJ Q;, where each permutation group &; transitively acts on Q, for each integers 1 <i < 
i=l 
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m. Then P is globally transitive on Q if and only if for any integer i, 1 < i < m, there 


exists an integer j, 1 < j < m, j #i such that 
Q; () 0, #0. 


Proof If Pis globally transitive action on Q, by definition for x € Q; and y ¢ Q,, 


1 <i<~™m, there are elements 7), 7,---,2, € A such that 
OM 2An _ y. 


Not loss of generality, we assume 71, 7,-+-, 7-1 € Y; but m, M41,°++, An ¢ Fi, 1.e., Lbe 
the least integer such that 2, ¢ Y;. Let 7; ¢ #;. Notice that Y;, Y; act on Q; and Q,, 
respectively. We get that 170°" ¢ 0,9 Q);, 1.€., 


Q;( | 2; #0. 


Conversely, if for any integer i, 1 < i < m, there always exists an integer j, | < j < 


m, j # i such that 
Q;( | 2; #0, 


let x € Q; and y ¢ Q;. Then there exist integers /,, /,,---,/; such that 


Q;( | 2), #0, 1, ( ) Or, #0,---,Q,, ( ) Or, #9. 


Let x, x; € OQ; Q:,, x2 € QQ, ( Sees itt. Ke SG QO), ()\2 ¥ € Q), and 7 € FP, M2 € Fi 


Te = 


s-1? 


m, € FY, such that x" = x,, X77 = Xp ++, ¥7' = XX; = y by the 


transitivity of Y;, 1 <i<m. Therefore, we find that 


XI = yy, 


This completes the proof. 


The condition of transitivity on each permutation Y;, 1 < i < min Theorem 2.6.8 is 
not necessary for the globally transitive of P on Q, such as those shown in the following 


example. 


Example 2.6.2 Let Pea permutation multigroup action on Q with 


P=P, So Py and Q = {1,2,3,4,5, 6,7, 8} J, 2,5,6,9, 10, 11, 12}, 
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where #, = ((1, 2, 3, 4), (5, 6, 7, 8)) and YF = (1,5, 9, 10), (2, 6, 11, 12)), ie., 


FP, = {1a,,(13)(24), (1, 2, 3,4), (1, 4, 3, 2), 
(3, 7)(6, 8),.(5, 8, 7,,6),O, 6, 75:5), 
(13)(24)(5, 7)(6, 8), (13)(24)(5, 6, 7, 8), (13)(24)(5, 8, 7, 6) 
(1, 2, 3, 4)(5, 7)(6, 8), (1, 2, 3, 4), 6, 7, 8), C1, 2, 3, 4)65, 8, 7, 6) 
(1, 4, 3, 2)(5, 7)(6, 8), (1, 4, 3, 2)(5, 6, 7, 8), (1, 4, 3, 2)(5, 8, 7, 6)} 


and 


P» = {ly,,(1,9)5, 10), (1,5, 9, 10), (1, 10,9, 5) 
(2, 11)(6, 12), (2, 6, 11, 12), (2, 12, 11, 6) 
(1, 9)(5, 10)(2, 11)(6, 12), (1, 9)(5, 10)(2, 6, 11, 12), (1, 9)(5, 10)(2, 12, 11, 6) 
(1,5, 9, 10)(2, 11)(6, 12), (1, 5,9, 10)(2, 6, 11, 12), (1,5, 9, 10)(2, 12, 11,6) 
(1, 10, 9, 5)(2, 11), 12), (1, 10, 9, 5)(2, 6, 11, 12), (1, 10, 9, 5)(2, 12, 11,6). 


Calculation shows that F is transitive on Q, i.e., for any element, for example | € Q, 
eae {1,2,3,4,5, 6,7, 8,9, 10, 11, 12}. 


Generally, we know the following result on the globally transitive of permutation 


multigroup, a generalization of Theorem 2.6.8 motivated by Example 2.6.2. 


Theorem 2.6.9 Let P bea permutation multigroup action on Q with P = eee Q= 
i=l 

U Qi, where each permutation group Y; acts on Q, with orbits B;;, 1 < j < |Orb(Q,)| for 

i=l 

integers 1 <i < m. Then F is globally transitive on Q if and only if for integer i, j, 1 < 

i<m, 1 < j < |Orb(Q,)|, there exist integers k, 1 <k <m,1 <1 < |Orb(Q,)|,k # i such 

that 


Qi ( | Qu #0. 


Proof Define a multiset 


_ m m_ (\Orb(Q,)| 
O=| | Ors PU a) 


i=l i=l j=l 


Then Y; acts on each 4; is transitive by definition for 1 <i <m, 1 < j < |Orb(Q,)| and 


the result is followed by Theorem 2.6.8. 
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Counting elements in each Q;, 1 < i < m, we immediately get the following conse- 


quence by Theorem 2.6.9. 


Corollary 2.6.3 Let P bea permutation multigroup globally transitive action on Q 
with P = U iS fe Q= U Qi, where each permutation group PF; acts on Q; with orbits 


i=1 i=1 
Bij, 1 < j < |Orb(Q,)| for integers 1 < i < m. Then for any integer i, 1 <i<m, 
IQ \ Qi] = |Orb)), 
particularly, if m = 2 then 


|Qy| = |Orb(Q2)| and |Qz| > |Orb(Q,))). 
A permutation multigroup P = U P, action on Q = U is said to be globally 
primitive if there are no proper eed Cc Q, |A| > 2 ae that either A = A” or 
ANA*=Ofor¥ne P provided a’ existing for Va € A. 


Theorem 2.6.10 A permutation multigroup PD = U P, action on Q = U is globally 
primitive if and only if FY; action on Q,; is ee any integer 1 <i< ay 

Proof If P action on Q is globally primitive, by definition we know that there are 
no proper subsets A c Q,, |A| => 2 such that either A = A” or AN A* = 0 for Vr € FY, 
where | < i < m. Whence, each Y; primitively acts on Q;. 

Conversely, if each Y; action on Q; is primitive for integers | < i < m, then there 
are no proper subsets A Cc Q,;, |A| > 2 such that either A = A* or AN A* = 0 for Va € FY; 
for 1 < i < m by definition. Now let z € Y; for an integer i, 1 < i < m. Notice that A” 


is existing for VA C Q if and only if A Cc Q;. Consequently, P action on Q is globally 


primitive by definition. 


Combining Theorems 2.6.10 with 2.5.4, we get the following consequence. 


Corollary 2.6.4 Let P= |) Y; be a permutation multigroup action on Q= L), where 
i=l i=l 
PY, is transitive and (Yj), is maximal for Ya € Q;, 1 < i < m. Then F is globally 


primitive action on Q. 


§2.7 REMARKS 


2.7.1 There are many monographs on action groups such as those of [Wiel] and [DiM1]. 


In fact, every book on group theory partially discusses action groups with applications. 
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These materials in Sections 2.1, 2.2 2.3 and 2.5 are mainly extracted from [Wan1], [Rob1] 
and [DiM1], particularly, the O’ Nan-Scott theorem on primitive groups. 


2.7.2 A central but difficult problem in group theory is to classify groups of order n for 
any integer n > 1. The Sylow’s theorem on p-groups enables one to see a glimmer on 
classifying p-groups. However, this problem is also difficult in general. Today, we can 
only find the classification of p-groups with small power (See [Xum1] and [Zhal] for 
details). In fact, these techniques used for classifying p-groups are nothing but the group 


actions, 1.e., application of action groups. 


2.7.3 These permutation multigroups in Section 2.6 is in fact action multigroups, a kind 
of Smarandache multi-spaces first discussed in [Mao21] and [Mao25]. These concep- 
tions such as those of locally k-transitive, locally primitive, k-transitive extended, prim- 
itive extended, globally transitive and globally primitive are first presented in this book. 
Certainly, there are many open problems on permutation multigroups, for example, for a 
permutation group £ action on Q, is there always an extended primitive action of FY on 
QUA for a set A, AQ Q = 0? Can we characterize such permutation groups Y or such 


sets A? 


2.7.4 Theorems 2.6.8 and 2.6.9 completely determine the globally transitive multigroups. 
However, we can also find a more simple characterization by graphs in Chapter 3, in where 
we clarify the property of globally transitive is nothing but the connectedness on graphs. 
In fact, these conditions in Theorems 2.6.8 and 2.6.9 are essentially enables one to find a 


spanning tree, a kind of most simple connected graph on Q. 


CHAPTER 3. 


Graph Groups 


An immediate applying field of action groups is to that of graphs for them 
easily to handle by intuition. By definition, a graph group is a subgroup of 
the automorphism group of a graph viewed as a permutation group of its ver- 
tices. In fact, graphs has a nice mathematical structure on objectives. Usu- 
ally, the investigation on such structures enables one to find new important 
results in mathematics. For example, the well-known Higman-Sims group, 
one of these 26 sporadic simple groups was found by that of graph groups 
in 1968. Topics covered in the first 4 sections including graphs with opera- 
tions, graph properties with results, Smarandachely graph properties, graph 
groups, vertex-transitive graphs, edge-transitive graphs, arc-transitive graphs, 
semi-arc groups with semi-arc transitive graph, ---, etc.. A graph is itself 
a Smarandache multi-space by definition, which naturally provide us a nice 
source for get multigroups. In Section 3.5, we show how to get mutligroups 
on graphs, also find new graph invariants by that of graph multigroups, which 


will be useful for research graphs and getting localized symmetric graphs. 
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§3.1 GRAPHS 


3.1.1 Graph. A graph G is an ordered 3-tuple (V, FE; 1), where V, E are finite sets, V # 0 
and/] : E ~ Vx V. Call V the vertex set and E the edge set of G, denoted by V(G) 
and E(G), respectively. An elements v € V(G) is incident with an element e € E(G) 
if I(e) = (v, x) or (x, v) for an x € V(G). Usually, if (u,v) = (v,u), denoted by uv or 
vu € E(G) for V(u,v) € E(G), then G is called to be a graph without orientation and 
abbreviated to graph for simplicity. Otherwise, it is called to be a directed graph with an 


orientation u — v on each edge (u, v). 


The cardinal numbers of |V(G)| and |E(G)| are called its order and size of a graph G, 
denoted by |G| and e(G), respectively. 


Let G be a graph. We can represent a graph G by locating each vertex u in G by a 
point p(u), p(u) # p(v) if u # v and an edge (u, v) by a curve connecting points p(u) and 
p(v) on a plane R’, where p : G > P is a mapping from the V(G) to R?. 

For example, a graph G = (V,E;/) with V = {v1, v0, v3, v4}, E = {e1, 0, €3, €4, es, 
&6, €7, €g, €9, io} and I(e;) = (vj, v;), 1 S i < 4; Tes) = (V1, v2) = (V2, V1), Meg) = (V3, v4) = 
(v4, v3), 1(é6) = [(e7) = (V2, v3) = (V3, v2), L(es) = (eo) = (V4, v1) = (V1, v4) can be drawn 


on a plane as shown in Fig.3.1.1. 


e} 7) 
€5 


(a) 6 


eg 
e4 €3 


Fig. 3.1.1 


Let G = (V, E; 1) bea graph. For Ve € E, if I(e) = (u,u),u € V, then e is called a loop, 
For example, edges e; — e, in Fig.3.1.1. For non-loop edges e), e2 € E, if I(e;) = Tez), 
then e;, e2 are called multiple edges of G. In Fig.3.1.1, edges eg, e7 and eg, e;9 are multiple 
edges. A graph is simple if it is loopless without multiple edges, i.e., /(e) = (u, v) implies 
that u # v, and I(e,) # I(e2) if e; # eo for Ve;, e2 € E(G). In the case of simple graphs, an 


edge (u, v) is commonly abbreviated to uv. 
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A walk of a graph G is an alternating sequence of vertices and edges 1, €1, U2, é2, 
++, @n,Un With e; = (uj, Ujs1) for 1 < i < n. The number zn is called the length of the 
walk, A walk is closed if u,; = u,,;, and opened, otherwise. For example, the sequence 
V1 €1 V1 C5V2€6V3E3V3E7V2€2V2 iS a Walk in Fig.1.3.1. A walk is a trail if all its edges are 
distinct and a path if all the vertices are distinct also. A closed path is usually called a 
circuit or cycle. For example, v;v2v3v4 and v1v2v3Vv4v; are respective path and circuit in 
Fig.3.1.1. 

A graph G = (V,E; J) is connected if there is a path connecting any two vertices in 
this graph. In a graph, a maximal connected subgraph is called its a component. 

Let G be a graph. For Vu € V(G), the neighborhood Ng(u) of the vertex u in G is 
defined by Ng(u) = {v|V(u, v) € E(G)}. The cardinal number |Ng(u)| is called the valency 
of vertex u in G and denoted by pg(u). A vertex v with pg(v) = 0 is an isolated vertex 
and pc(v) = | a pendent vertex. Now we arrange all vertices valency of G as a sequence 
Pcl), Pg), +++, PGw) with pg(u) = pg(v) = +--+ = pew), and denote A(G) = pg(u), 
6(G) = pc(w) and call then the maximum or minimum valency of G, respectively. This 
sequence Pc(u), PG(V),-+:,PG(w) is usually called the valency sequence of G. If A(G) = 
6(G) = r, such a graph G is called a r-regular graph. For example, the valency sequence 
of graph in Fig.3.1.1 is (5,5, 5,5), which is a 5-regular graph. 


By enumerating edges in E(G), the following equality is obvious. 


>) pal) = IEG). 


ueV(G) 

A graph G with a vertex set V(G) = {v1, v2,---, vp} and an edge set E(G) = {e1, e2,---, 
é,} can be also described by those of matrixes. One such matrix is a p x g adjacency ma- 
trix A(G) = [ajj]pxq, where a;; = U-'W;, v |. Thus, the adjacency matrix of a graph G is 
symmetric and is a 0, l-matrix having 0 entries on its main diagonal if G is simple. For 


example, the matrix A(G) of the graph in Fig.3.1.1 is 


A(G) = 


Ny oO FF Re 
oN RE Re 
= = NO © 
pe Pe Oo WN 


Let G; = (Vi, F1; 1) and G2 = (V2, E2; 2) be two graphs. They are identical, denoted 
by G; = Go if V; = V2, FE; = E, and I; = h. If there exists a 1 — 1 mapping @ : FE, > 
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E, and ¢ : V; — V2 such that ¢/,(e) = hd(e) for Ve € E; with the convention that 
d(u, v) = (d(u), d(v)), then we say that G; is isomorphic to G2, denoted by G; = G2 and 
@ an isomorphism between G, and G>. For simple graphs H,, Hp, this definition can be 
simplified by (u, v) € /;(£;) if and only if (¢(@), d(v)) € h(E) for Vu,v € Vj. 
For example, let G; = (V;, Ei; 1) and G2 = (V2, Ex; I) be two graphs with 
Vi ={v1, V2, V3}, Ey = {e1, €2, €3, ea}, 
T(é1) = 1, v2), L1(e2) = (V2, v3), L1(e3) = (v3, v1), Li (ea) = (V1, V1) 


and 
V2 = {1,U2,U3}, E2= (fi. fas fa, fa}, 


h(fi) = Ma, U2), bGf2) = (a, us), b(fs) = (us, u1), (fa) = (Ua, U2), 
i.e., those graphs shown in Fig.3.1.2. 


&4 4 
e3 e| bi | 2 
v3 2 v2 U3 7 u2 
G, G» 
Fig. 3.1.2 


Define a mapping ¢ : E,;UVi > E, UV» by (21) = fi, b(e2) = fa, bes) = 
fi, 0(e4) = fy and d(v;) = u; for 1 < i < 3. It can be verified immediately that 
ol(e) = hd(e) for Ve € E,. Therefore, ¢ is an isomorphism between G, and Gz, i.e., 
G, and G» are isomorphic. 

A graph H = (V,, £1; 1) is a subgraph of a graph G = (V,E; Dif V; CV, F,; CE 
and J; : EF; — V; x V;. We use H < G to denote that H is a subgraph of G. For example, 
graphs G,, G2, G3 are subgraphs of the graph G in Fig.3.1.3. 


Uj uz uy U2 Uy uz 
U4 3 U3 U4 U3 4 
G G, Go G3 


Sec.3.1 Graphs 83 


For a nonempty subset U of the vertex set V(G) of a graph G, the subgraph (U) of G 
induced by U is a graph having vertex set U and whose edge set consists of these edges 
of G incident with elements of U. A subgraph H of G 1s called vertex-induced if H = (U) 
for some subset U of V(G). Similarly, for a nonempty subset F of E(G), the subgraph (F’) 
induced by F in G is a graph having edge set F and whose vertex set consists of vertices 
of G incident with at least one edge of F. A subgraph H of G is edge-induced if H = (F) 
for some subset F of E(G). In Fig.3.1.3, subgraphs G; and G2 are both vertex-induced 
subgraphs ({u, u4}), ({u2,u3}) and edge-induced subgraphs ({(u1, u4)}), ({(U2, u3)}). For 
a subgraph H of G, if |V(AH)| = |V(G)|, then A is called a spanning subgraph of G. In 
Fig.3.1.3, the subgraph G; is a spanning subgraph of the graph G. 


K(4, 4) Ke 


Fig.3.1.4 


A graph G is n-partite for an integer n > 1, if it is possible to partition V(G) into n 
subsets V;, V2,---, V, such that every edge joints a vertex of V;to a vertex of V;, 7 #i, 1 < 
i, j <n. Acomplete n-partite graph G is such an n-partite graph with edges uv € E(G) for 
Yu € V; and v € V; for 1 < i, 7 < n, denoted by K(p;, p2,---, Pn) if |Vi| = p; for integers 
1 <i<ni. Particularly, if |V;| = 1 for integers 1 < i < n, such a complete n-partite graph 
is called complete graph and denoted by K,,. In Fig.3.1.4, we can find the bipartite graph 
K(4, 4) and the complete graph Kg. Usually, a complete subgraph of a graph is called a 


clique, and its a k-regular vertex-spanning subgraph also called a k-factor. 


3.1.2 Graph Operation. A union G, |) G2 of graphs G; with G2 is defined by 
VGi|_JG)=Vil J V2, BGi|_ JG) = Ei |_J £o, WE: |_) 2) = n(E)|_J bed). 


A graph consists of k disjoint copies of a graph H, k > 1 is denoted by G = kH. As an 


example, we find that 


5 
Ko=|JSui 
i=l 
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for graphs shown in Fig.3.1.5 following 


ss LA A 
1 6, 6 3 6 4 6 
S 1.5 S 1.4 S13 


Si2 


6 
5 
Sia 
Fig. 3.1.5 


and generally, K, = io S,,;. Notice that kG is a multigraph with edge multiple & for any 
integer k,k > 2 and Ae graph G. 

A complement G of a graph G is a graph with vertex set V(G) such that vertices are 
adjacent in G if and only if these are not adjacent in G. A join G, + Gz of G; with G2 is 
defined by 


V(G, + G2) = V(G1) U VG»), 
E(G, + Go) = E(G1) U E(G2) UL, v)|u € V(G), v € V(G2)} 
and 
I(G, + G2) = (G1) U (G2) Ut, v) = (u, v)lu € V(G1), v € V(G2)}. 


Applying the join operation, we know that K(m,n) = K, + K,. A Cartesian product 
G X G2 of graphs G,; with G2 is defined by V(G; x G2) = V(G,) x V(G2) and two vertices 
(uy, U2) and (V1, V2) of Gj XG, are adjacent if and only if either uw, = v; and (uz, v2) € E(G2) 


OF Uz = V2 and (u;,v,) € E(G,). For example, Ky x Ps is shown in Fig.3.1.6 following. 


u 
1 2 a 4 5 6 
K> e + + + 2 od 

Pe 

Vv 
uy uy U3 ug us U6 
al v2 V3 V4 V5 V6 

K> X Ps 


Fig.3.1.6 
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3.1.3 Graph Property. A graph property F is in fact a graph family 
A = (Gj, Go, Ga,°**, Gye} 


closed under isomorphism, i.e., G? € # for any isomorphism on a graph G € Y. We 


alphabetically list some graph properties and results without proofs following. 


Colorable. A coloring of a graph G by colors in @ is a mapping y : @ > 
V(G) U E(G) such that y(u) # y(v) if uw is adjacent or incident with v in G. Usually, a 
coloring gly) : @ — V(G) is called a vertex coloring and ¢|~G) : @ — E(G) an edge 
coloring. A graph G is n-colorable if there exists a color set @ for an integer n > |@|. The 
minimum number n for which a graph G is vertex n-colorable, edge n-colorable is called 
the vertex chromatic number or edge chromatic number and denoted by y(G) or 7\(G), 


respectively. The following result is well-known for colorable of a graph. 


Theorem 3.1.1 Let G be a connected graph. Then 


(1) x(G) < A(+) + 1 and with the equality hold if and only if G is either an odd 
circuit or a complete graph; (Brooks theorem) 
(2) v1(G) = A(G) or A(G) +1; (Vizing theorem) 


Theorem 3.1.1(2) enables one to classify graphs into Class 1, Class 2 by 71(G) = 
A(G) or vi(G) = A(G) + 1, respectively. 


Connectivity. For an integer k > 1, a graph G is said to be k-connected if removing 
elements in X Cc V(G)U E(G) with |X| = k still remains a connected graph G— X. Usually, 
we call G to be vertex k-connected or edge k-connected if X C V(G) or X C E(G) and 
abbreviate vertex k-connected to k-connected in reference. The minimum cardinal number 
of X c V(G) or X Cc E(G) is defined to be the connectivity or edge-connectivity of G, 
denoted respective by x(G), x\(G). A fundamental result for characterizing connectivity 


of a graph is the Menger theorem following. 


Theorem 3.1.2(Menger) Let u and v be non-adjacent vertices in a graph G. Then the 
minimum number of vertices that separate u and v is equal to that the maximum number 


of internally disjoint u — v paths in G. 
Then we can characterize k-connected or k-edge-connected graphs following. 


Theorem 3.1.3 Let G be a non-trivial graph. Then 
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(1) G is k-connected if and only if for Yu,v € V(G), u # Vv, there are at least k 
internally disjoint u— v paths inG. (Whinety) 

(2) Gis k-edge-connected if and only if for Yu, v € V(G), u £ Vv, there are at least k 
edge-disjoint u — v paths in G. 


Covering. A subset W c V(G) U E(G) is independent if any two element in W 
is non-adjacent or non-incident. A vertex and an edge in a graph are said to be cover 
each other if they are incident and a cover of G is such a subset U C V(G) U E(G) such 
that any element in V(G) U E(G) \ U is incident to an element in U. If U Cc V(G) or 
U c E(G), such an independent set is called vertex independent or edge independent and 
such a covering a vertex cover or edge cover. Usually, we denote the minimum cardinality 
of vertex cover, edge cover of a graph G by a(G) an a,(G) and the maximum cardinality 


of vertex independent set, edge independent set by G(G) and f,(G), respectively. 


Theorem 3.1.4(Gallai) Let G be a graph of order p without isolated vertices. Then 
a(G)+B(G)=p and a\(G)+f\(G) = p. 


A dominating set D of a graph G is such a subset D C V(G) U E(G) such that every 
element is adjacent to an element in D. If D Cc V(G) or D Cc E(G), such a dominating set 
D of G is called a vertex or edge dominating set. The minimum cardinality of vertex or 
edge dominating set is denoted by o(G) or o(G), called the vertex or edge dominating 


number, respectively. The following is obvious by definition. 


Theorem 3.1.5 Let G be a graph. Then 


o(G) <a(G) and o\(G) < B\(G). 


Decomposable. A decomposition of a graph G is subgraphs H;; 1 < i < mof Gsuch 
that H; = (E;) for some subset E; C E(G) with E;N E; = 0 for j #i,1 < j < m, usually 


on 
i=] 


If every H; is a spanning subgraph of G, such a decomposition is called a factorization of 


denoted by 


G into factors Hj; 1 <i < m. Furthermore, if every H; is k-regular, such a decomposition 


is called k-factorable and each H; is a k-factor of G. 
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uj uz V1 v2 


U6 U3 


U5 U4 V4 V3 


G, G2 
Fig.3.1.7 


For example, we know that 


G\ = Hi 2 m, and @=F Dr QDr: 


for graphs G;, G» in Fig.3.1.8, where Hy = (uyU4, U2U3, Use), hy = (U{U6, UUs, U3U4) 
and F, = (V1V2, V3V4), F> = (V1V4, V2V3), FP; = (V1V3, V2V4). Notice that every Hi; or F; is 


1-regular. Such a spanning subgraph in a graph G is called a perfect matching of G. 


Theorem 3.1.6(Tutte) A non-trivial graph G has a perfect matching if and only if for 
every proper subset S C V(G), 
w(G —- S) < |S|, 


where w(H) denotes the number of odd components in a graph H. 
Theorem 3.1.7(K6nig) Every k-regular bipartite graph with k = 1 is 1-factorable. 


Theorem 3.1.8(Petersen) A non-trivial graph G is 2-factorable if and only if G is 2n- 


regular for some integer n > 1. 


Embeddable. A graph G is said to be embeddable into a topological space 7 if there 
is a 1 — 1 continuous mapping f : G— 7 with f(p) # f(q) if p,g ¢ V(G). Particularly, if 
TJ is a Euclidean plane R’, we say that G is a planar graph. In a planar graph G, its face 
is defined to be that region F in which any simple curve can be continuously deformed in 
this region to a single point p € F’. For example, the graph in Fig.3.1.8 is a planar graph. 


Vi v2 


Fig.3.1.8 
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whose faces are Fy = Uy;U2V3U4u, Fy = V1 V2V3V4Vq1, FP; = U,V, V2uU2U1, F4 = U2V2V3U3U2, 
Fs = u3V3Vv4ugu3 and F6 = ugvaviu,u4. It should be noted that each boundary of a face 
in this planar graph is a circuit. Such an embedding graph is called a strong embedded 


graph. 


Theorem 3.1.9(Euler) Let G be a planar graph with p vertices, q edges and r faces. Then 
p-qtr=2. 


An elementary subdivision of a graph G is such a graph obtained from G by removing 
some edge e = uv and adding a new vertex and two edges uw, vw. A subdivision of a graph 
G is a graph by a succession of elementary subdivision. Define a graph H homeomorphic 
from that of G if either H = G or H is isomorphic to a subdivision of G. The following 


result characterizes planar graphs. 


Theorem 3.1.10(Kuratowski) A graph is planar if and only if it contains no subgraphs 
homeomorphic with Ks or K(3, 3). 


Theorem 3.1.11(The Four Color Theorem) Every planar graph is 4-colorable. 


Travelable. A graph G is eulerian if there is a closed trail containing all edges and 
is hamiltonian if there is a circuit containing all vertices of G. For example, the graph in 
Fig.3.1.6 is with a hamiltonian circuit C = vj v2v3V4U4U3U2U2V1, but it is not eulerian. We 


know a necessary and sufficient condition for eulerian graphs following. 


Theorem 3.1.12(Euler) A graph G is eulerian if and only if pg(v) = O(mod2), Vv € V(G). 


But for hamiltonian graphs, we only know some sufficient conditions. For example, 


the following results. 


Theorem 3.1.13(Chvatal and Erdés) Let G be a graph with at least 3 vertices. If k(G) = 
B(G), then G is hamiltonian. 


A closure C(G) of a graph G is the graph obtained by recursively joining pairs of 


non-adjacent vertices whose valency sum is at least |G|. Then we know the next result. 


Theorem 3.1.14(Bondy and Chiatal) A graph is hamiltonian if and only if its closure is 


hamiltonian. 


Theorem 3.1.15(Tutte) Every 4-connected planar graph is hamiltonian. 


Sec.3.1 Graphs 89 


3.1.4 Smarandachely Graph Property. A graph property Y is Smarandachely if it 
behaves in at least two different ways on a graph, 1.e., validated and invalided, or only 
invalided but in multiple distinct ways. Such a graph with at least one Smarandachely 
graph property is called a Smarandachely graph. Here, we only alphabetically list some 


Smarandachely graph properties and results with some open problems following. 


Smarandachely Coloring. Let A be a subgraph of a graph G. A Smarandachely 
A-coloring of a graph G by colors in @ is a mapping ya : @ — V(G)U E(G) such 
that y(u) # y(v) if u and v are elements of a subgraph isomorphic to A in G. Similarly, 
a Smarandachely A-coloring galyg : @ — V(G) or galaq : © — E(G) is called 
a vertex Smarandachely A-coloring or an edge Smarandachely A-coloring. A graph G 
is Smarandachely n A-colorable if there exists a color set @ for an integer n > |@|. The 
minimum number n for which a graph G is Smarandachely vertex n A-colorable, Smaran- 
dachely edge n A-colorable is called the vertex Smarandachely chromatic A-number or 
edge Smarandachely chromatic A-number and denoted by y(G) or y\(G), respectively. 
Particularly, if A = P>, i.e., an edge, then a vertex Smarandachely A-coloring or an edge 
Smarandachely A-coloring is nothing but the vertex coloring or edge coring of a graph. 
This implies that y“(G) = y(G) and y\(G) = yi(G) if A = Po. But in general, the 
Smarandachely A-coloring of a graph G is different from that of its coloring. For exam- 
ple, y2(P,) = x1? = 2, v?*(P,) = k, vi'(P,) = k — 1 for any integer 1 < k < nanda 


Smarandachely P3-coloring on P7 can be found in Fig.3.1.9 following. 


Fig.3.1.9 


For the star S';,, and circuit C, for integers 1 < k <n, we can easily find that 


5 if k = 2, 
Sin) =4 n+l if k = 3, 
1 if4<k<n, 


1 if k = 2, 
Sista if k = 3, 
1 if4<k<n 
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and 


eC jay, (C= 


=min{fk+(i-1)+5,1<i<n-—k|n=s(modk+i-1), 0<5s;<k+i-l}. 


The following result is known by definition. 


Theorem 3.1.16 Let H be a connected graph. Then 


(1) y(n) = |V(A)| and y\(nH) = \E(A)|, particularly, y°(G) = |V(G)| and 
MiG) = |E(G)L; 
QaG)=4(G)=1f i 4G. 


Generally, we present the following problem. 


Problem 3.1.1 For a graph G, determine the numbers y(G) and y'\(G) for subgraphs 
A <G. 


Smarandachely Decomposition. Let “, and “, be graphical properties. A 
Smarandachely (Y;, Y)-decomposition of a graph G is a decomposition of G into sub- 
graphs G,, G2,---,G, € FY such that G; € Y, or G; ¢ P for integers 1 <i </. 

If Y; or Py = {all graphs}, a Smarandachely (Y, A2)-decomposition of a graph G 
is said to be a Smarandachely Y-decomposition. Particularly, if E(G;) N E(G;) < k and 
A(G;) < d for integers 1 < i, j < 1, such a Smarandachely “-decomposition is called a 
Smarandache graphoidal (k, d)-cover of a graph G. 

Furthermore, if d = A(G) or k = |G|, 1.e., a Smarandachely graphoidal (k, A(G))- 
cover with Y = {path} or a Smarandachely graphoidal (k, A(G))-cover with Y = {tree} 
is called a Smarandachely path k-cover or a Smarandache graphoidal tree d-cover of a 
graph G for integers k, d > 1. The minimum cardinalities of Smarandachely (Y,, Y2)- 
decomposition and Smarandache graphoidal (k,d)-cover of a graph G are denoted by 
Ilg,,,(G), HG), respectively. 


Problem 3.1.3. For a graph G and properties Y, P|, Px, determine g,,~,(G) and 
(kd) 
mG). 


We only know partially results for Problem 3.1.3. For example, 


k 
TYXO"T) = mT) = 5 
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for a tree T with k vertices of odd degree and 


6 ifn = 4, 


(Wn) = 
= [g/+3  ifn=s 


for a wheel W,, = K, + C,-1 appeared in references [SNM1]-[SNM2]. 


Smarandachely Embeddable. Let 7, and 72 be two topological spaces. A graph 
G is said to be Smarandachely (J, 7 )-embeddable into topological spaces 7 and 7> if 
there exists a decomposition G = F B H; @ Mo, where F is a subgraph of G with a given 
property Y, H,, H, are spanning subgraphs of G with two 1 — 1 continuous mappings 
f : HM, — J, and g : Hy — Fo such that f(p) # f(g) and g(p) # g(q) if p,g € VIG). 
Furthermore, if 7, or 72 = 0, i.e., a Smarandachely (J, 0)-embeddable graph G is such a 
graph embeddable in 7 if we remove a subgraph of G with a property Y. Whence, we 
know the following result for Smarandachely embeddable graphs by definition. 


Theorem 3.1.17 Let 7 be topological space, G a graph and ¥ a graphical property. 
Then G is Smarandachely embedable in T if and only if there is a subgraph H < G such 
that G — H is embeddable inT . 


Particularly, if T is the Euclidean plane R’ and F a 1-factor, such a Smarandachely 
embeddable graph G is called to be a Smarandachely planar graph. For example, al- 
though the graph K33 is not planar, but it is a Smarandachely planar graph shown in 


Fig.3.1.10, where F = {u,v1, U2V2, U3V3}. 


in 


a | 


Fig.3.1.10 


Problem 3.1.4 Let J be a topological space. Determine which graph G is Smaran- 
dachely FT -embeddable. 


The following result is an immediately consequence of Theorem 3.1.10. 
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Theorem 3.1.18 A graph G is Smarandachely planar if and only if there exists a \-factor 


F < G such that there are no subgraphs homeomorphic to Ks or K33 in G — F. 


§3.2 GRAPH GROUPS 


3.2.1 Graph Automorphism. Let G,; and G2 be two isomorphic graphs. If G; = G2 = G, 
an isomorphism between G; and G3 is called to be an automorphism of G. It should be 
noted that all automorphisms of a graph G form a group under the composition operation, 
i.e., PO(x) = 6(O(x)), where x € E(G)\J V(G). Such a graph is called the automorphism 
group of G and denoted by AutG. 


Kiva (m # n) 
Bin 


Table 3.2.1 


It can be immediately verified that AutG < S,, where n = |G|. In Table 3.2.1, we 
present automorphism groups of some graphs. But in general, it is very hard to present 


the automorphism group AutG of a graph G. 


3.2.2 Graph Group. Let (I; 0°) be a group. Then (I; 0) is said to be a graph group if 
there is a graph G such that (I, 0) is isomorphic to a subgroup of AurG. Frucht proved 
that for any finite group (T; °) there are always exists a graph G such that Y = AutG in 
1938. Whence, the set of automorphism groups of graphs is equal to that of groups. 

Let S CT with 1p ¢ S and S$“! = {x"'|x € S} =S. A Cayley graph G = Cay(T : S) 
of [on S Cc Tis defined by 


VG) =T; 
E(G) = {((g,h)lg' ohe S}. 


Then we know the following result. 
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Theorem 3.2.1 Let (I; 0) be a finite group, S CT,S~! =S and 1p ¢ 8S. Then ZF < AutX, 
where X = Cay(T: S). 


Proof For Vg € I, we prove that the left representation t, : x > g™' o x of g for 
Y¥x € Tis an automorphism of X. In fact, by 
(gtoxylo(goy)=x!ogogloy=x'oy, 
we know that 
T p(X, y) = (700), TA): 


i.e., T, € Aut(Cay(G : S)). Whence, we get that 4 < Cay: S). 


A Cayley graph Cay(I : S) is called to be normal if Ze <i Aut(Cay(G : S)), which 
was introduced by Xu for the study of arc-transitive or half-transitive graphs in [Xum2]. 


The importance of this conception on Cayley graphs can be found in the following result. 


Theorem 3.2.2 A Cayley graph Cay(I : S) of a finite group ({;°) on S CT is normal if 
and only if Aut(rmCay(T : S)) = Zr o Aut(l, S), where Aut(G,S) = {a € AutI|S° = S}. 


Proof Notice that the normalizer of “ in the symmetric group S; is Z-o Autl’. We 
get that 


Naut(Cayr:s)) (LZ) = Lr o Aut’ () Aut(Cay(T : S)) = Lr ° (AutD () A,). 


That is Naucayrs) (Zr) = Zr o Aut(l’, S). Whence, Cay(T : S) is normal if and only if 
Aut(Cay(T : $)) = Zo Aut(I, S). 


The following open problem presented by Xu in [Xum2] is important for finding the 


automorphism group of a graph. 


Problem 3.2.1 Determine all normally Cayley graphs for a finite group (T; ©). 


Today, we have know a few results partially answer Problem 3.2.1. Here we only list 
some of them without proof. The first result shows that all finite groups have a normal 


representation except for two special families. 


Theorem 3.2.3([{WWX1]) There is a normal Cayley graph for a finite group except for 
groups Z4 x Z, and Qs x Z;' form = 0. 


For Abelian groups, we know the following result for the normality of Cayley graphs. 
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Theorem 3.2.4([Y YHX]) Let X = Cay(T : S) be a connected Cayley graph of an Abelian 
group (13°) on S with the valency of X at most 4. Then X is normal except for graphs 
listed in Table 3.2.2 following. 


Z4 X Zp = (a) x (b) 


Zo = (a) 
Z; = (uy x (v) x (w) {w, wu, wv, wuv} Ky4 
Za X Zp = (a) x (b) {a, a’, a>, b} Q; 
(complement cube) 
Z4 X Zp = (a) X (b) {a,a~!, a*b, b} Ka 
Lax L, = (ay RD) RLC) {a,a', a>, b} O4 
(4-dimensional cube) 
Zo X Zo = (a) X (b) fa,a',a*, Db} K33 X Ky 
Za & 24 = (a) X% (D) {a,a"', b, b"'} Cy x C4 
Zm X Zy =a) X(b),m>3 | {a,ab,a-',a"b} Cn[2K1] 
Lig (acm 22 aaa ie Com[2K1] 
Zs = (a) \ {Ir} Ks 
Zi0 = (a) {a,a°,a’,a’} Kos = 3K 


Table 3.2.2 


3.2.3. T-Action. Let I be a group of a graph G. Generally, there are three cases of I 


action on G shown in the following. 


T-Action on Vertex Set. In this case, I acts on the vertex set V(G) with or- 
bits V|, V2,---, Vn, where m < |V(G)|. For example, let C,, be a circuit with V(C,,) = 
{V1,Vo,°°*,V,}. We have known its automorphism group by Table 3.2.1 to be 


D, ={p't/]0 <i<n-1,0<j<V} 


with 
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such as the presentation in Example 1.2.4. Now let 
I, = (p) and I, = (7). 


Then we know that there are only one orbit of I; action on C,, i.e., {vj,V2,°°*, Vn}. But 
there are 5 | orbits if nm = 1(mod2) or 5 | + 1 orbits n = O(mod2). For example, let t 
a reflection joining the vertex v, with its opposite vertex if n = O(mod2) or midpoint of 
its opposite edge if nm = 1(mod2). Then we know the orbits of I) action on V(C,,) to be 
Vi = {vi}, V2 = {wna} Vi = (i, Vn} for 1 <i < 5 ifn = 0(mod2) or V; = {v1}: V; = 


1 
if nm = 1(mod2). 


A graph G is called to be [-transitive or l-semiregular for its a group T if I is 


_ nt 
{v;, v,-i} for 1 <i < 


transitive or semi-regular action on V(G). Particularly, if ! = AutG, a I-transitive graph 
G is called a transitive graph. By definition, a I’-transitive graph G for any subgroup 
YI < AutG must be a transitive graph. But the inverse is not always true. For example, 
I’, is transitive action on C,, in the previous example. Consequently it is a transitive graph 
but [> is not transitive on V(G). 

A simple calculation shows that the order of a [-semiregular graph G is multiple of 
length of its orbits. Let n = O(mod2). If we choose Tf to be a reflection joining the midpoint 
v1v, with that midpoint of v,/2V,/2+1 in the previous example, then I’, is [,-semiregular 


action on V(G). In this case, there are , orbits of length 2, ie., Vi = {Vj, Vy-i+i} for 
n 


2° 
I-Action on Edge Set. The I-action on E(G) is an action 


Lars 


p(x, ¥) = (Y(x), 9) € E(G) for V(x, y) € E(G) 


induced by an automorphism y € I with orbits FE), F>,---, E;, where / < |E(G)|. Naturally, 
all orbits of T action on E(G) form a partition of E(G). 

Consider the graph G, shown in Fig.3.1.5. In this case, it is easily find that Dg = 
{o'T|0 <i < 5,0 < jf < 1} withp® = 1p,,7? = 1p,, 7 pt =e! is its a graph group, where 
T is a reflection joining the midpoint uw; v6 with that midpoint of u3u4. The orbits F,, E> of 


Dg action on E(G;) are listed in the following. 
Ey = {Uj U2, U2U3, U3U4, U4Us, UsU6, Up}, Ey = {Uy Ug, U2Us, U3U4}. 


A graph G is called to be edge I -transitive for its a group T if T is transitive on E(G). 
Particularly, if ! = AutG, an edge [-transitive graph G is called an edge-transitive graph. 
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Certainly, an edge I’-transitive graph G for any subgroup VI’ < AutG must be an edge- 
transitive graph. But the inverse is not always true. For example, the complete graph K,, 
for an integer n > 3 is an edge-transitive graph with AutK, = S,. Let ! = (a7), where a € 

mre) = EK, 


AutK,, with 0” = 1s . Then K,, is not edge I’-transitive since || = n < 
n g 


By Theorem 2.2.1, [can not be transitive on E(K,). 


T-Action on Arc Set. Denoted by X(G) = {(u, v)|uv € E(G)} the arc set of a graph 
G. The T-action on X(G) is an action on X(G) induced by 


(x, y) = (Y(x), gy) € X(G) for V(x,y) € X(G) 


for an automorphism y € [’. Similarly, a graph G is called to be arc [-transitive for its a 
graph group I if I is transitive on X(G), and to be arc-transitive if AutG is transitive on 


X(G). The following result is obvious by definition. 


Theorem 3.2.5 Any arc I-transitive graph G is an edge -transitive graph. Conversely, 
an edge I -transitive graph G is arc .-transitive if and only if there are involutions 0 € T 
such that (x, y)* = (y, x) for V(x, y) € E(G). 


§3.3 SYMMETRIC GRAPHS 


3.3.1 Vertex-Transitive Graph. There are many vertex-transitive graphs. For example, 


by Theorem 3.2.1 we know that all Cayley graphs is vertex-transitive. 


Theorem 3.3.1 Any Cayley graph Cay(T : S) on S CT is vertex-transitive. 


Denoted by (Z,; +) the additive group module n with Z, = {0,1,2,---,n—- 1}. A 
circulant graph is a Cayley graph Cay(Z, : S) for S Cc S,. Theorem 3.3.1 implies that 
Cayley graphs are a subclass of vertex-transitive graphs. But if the order |V(G)| of a 
vertex-transitive graph G is prime, Turner showed each of them is a Cayley graph, 1.e., 


the following result in 1967. 
Theorem 3.3.2 If G is a vertex-transitive graph of prime order p, then it is a circulant 
graph. 


Proof Let V(G) = {uo, u1,°++,Up-1} and H the stabilizer of up. Suppose that a; € 
AutG is such an element that o(uo) = u;. Applying Theorem 2.2.1, we get that |AutG| = 
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|A||u5""°| = p|H|. Thus p||AutG|. By Sylow’s theorem, there is a subgroup K = {1,0,---, 
6?-'} of order p in AutG. Relabeling the vertices uo, u1,---, Uy-1 by Vo, Vj,°**,Vp-1 SO that 
A(v;) = Vi+1 and O(v,_1) = Vo for 0 < i < p—2. Suppose (vo, v1) € E(G). Then by definition, 
(Vi, V2i) = (Vo, vi)", (Vj, V3) = (Vj, Vai)", mek, (Vip-1)is Vo) = (Vep-2yis Mp1)” € E(G). Thus 
VoViV2i *** V(p-1yi forms a circuit in G. Now if we write v; as i and define S = {i|(vo, vi) € 


E(G)}, then G is nothing but the circulant graph Cay(Z, : S). 


It should be noted that not every every vertex-transitive graph is a Cayley graph. For 
example, the Petersen graph shown in Fig.3.3.1 is vertex-transitive but it is not a Cayley 


graph (See [Yap1] for details). 
Uy 


Fig.3.3.1 


However, there is a constructing way shown in Theorem 3.3.4 following such that every 
vertex-transitive graph almost likes a Cayley graph, found by Sabidussi in 1964. For 


proving this result, we need the following result first. 


Theorem 3.3.3 Let # be a subgroup of a finite group ({;°) and S a subset of T with 
S'=S8, SA # = 0. If Gis a graph with vertex set V(G) = T/# and edge set 
E(G) ={(xo H, yo H)|x oye HS H}, called the group-coset graph of /H respect 
to S and denoted by GT/.# : S), then G is vertex-transitive. 


Proof First, we claim the graph G is well-defined. This assertion need us to show 
that if (xo #,yo #) € E(G) and x, € x0 #, y, € yo #, then there must be 
(x, 0 #,y, 0 #) € E(G). In fact, there are h,g € # such that x} = xohandy, =yog 
by definition. Notice that 


x! oye HSH => (xoh)' o(yog)Ee HSH Sx! oy ce HSH. 


Whence, (xo #, yo #) € E(G) implies that (x, 0 #,y, 0 #) € E(G). 
Now for each g € I, define a permutation ¢, on V(G) = I/# by ¢,(x0 #) = 
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goxo # forxo # €T/#. Then by 
x! oye HSH = (gox)! o(goye HSH = G,\(x) ob) € HSH, 


we find that (xo #, yo) € E(G) implies that (¢,(x)oH, bo(y)oH) € E(G). Therefore, 
¢, is an automorphism of G. 

Finally, for any xo #,yo # € V(G), let g =yox"'. Then (x0 H#) =yox!o 
(xo 7?) =yo #7. Whence, G is vertex-transitive. O 


Now we can prove the Sabidussi’s representation theorem for finite groups following. 


Theorem 3.3.4 Let G be a vertex-transitive graph and # = (AutG), the stabilizer of a 
vertex u € V(G) with the composition operation 0. Then G is isomorphic with the group- 
coset graph G(AutG/7/ : S), where S is the set of automorphisms o of G such that 
(u, o(u)) € E(G). 

Proof By definition, we are easily find that S“' = S and S01 # = Q. Define 
x: AutG/# — G by a(xo #&) = x(u), where x0 # € T/#. We show that zis a 
mapping. In fact, let xo #” = yo #. Then there ish € # such that y = xoh. So 


Myo A) = yu) = (xo hu) = x(h(u)) = x(u) = a(x 0 (A). 


Now we show that z is in fact a graph isomorphism following. 

(1) x is 1 — 1. Otherwise, let r(x 0 #) = n(yo ). Then x(u) = y(u) > y"! 0 x(u) = 
uspyloxEeHayexoH axrcKH=yoH. 

(2) z is onto. Let v € V(G). Notice that G is vertex-transitive. There exists z € AutG 
such that z(u) = v, 1.e., 7(z 0 #) = Zu) = v. 

(3) a preserves adjacency inG. By definition, (x0, yo) € E(G(AutG/.77,S)) © 
xloye HSH @x'oy=hozogforsomeh,geH,zES Sh'!ox!oyog!= 
26 (uh ox! oyog!(u)) € E(G) © (u, x"! o y(u)) € EG) © (xu), yu) € EG) © 
(1(x0 #), myo #)) € E(G). 

Combining (1)-(3), the proof is completes. il 


Theorem 3.3.4 enables one to know which vertex-transitive graph G is a Cayley 
graph. By Theorem 2.1.1(2), we know that any two stabilizers (AutG),, (AutG), for u,v € 
V(G) are conjugate in AutG. Consequently, (AutG), is normal if and only if (AutG), = 
{lauc}. By definition, the group-coset graph G(AutG/.# : S) in Theorem 3.3.4 is a 
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Cayley graph if and only if AutG/.# is a quotient group. But this just means that 7 < 
AutG by Theorem 1.3.2. Combining these facts, we get the necessary and sufficient 


condition for a vertex-transitive graph to be a Cayley graph by Theorem 3.3.4 following. 


Theorem 3.3.5 A vertex-transitive graph G is a Cayley graph if and only if the action of 
AutG on V(G) is regular. 


Generally, let ((; 0) be a finite group. A graph G is called to be a graphical regular 
representation (GRR) of if AutG = T and AutG acts regularly transitive on V(G). Such 


a group [ is called to have a GRR. We needed to answer the following problem. 


Problem 3.3.1 Determine each finite group T with a GRR. 


A simple case for Problem 3.3.1 is finite Abelian groups. We know the following 
result due to Chao and Sabidussi in 1964. 


Theorem 3.3.6 Let G be a graph with an Abelian automorphism group AutG acts transi- 
tively on V(G). Then AutG acts regularly transitive on V(G) and AutG is an elementary 
Abelian 2-group. 


Proof According to Theorem 2.2.2, we know that AutG acts regularly transitive 
on V(G). Now since AutG acts regularly on V(G), G is isomorphic to a Cayley graph 
Cay(AutG : S). Because AutG is Abelian, tT : g — g! is an automorphism of AutG 
and fixes S setwise. It can be shown that this automorphism is an automorphism of 
Cay(AutG : S) fixing the identity element of AutG. Whence, g = t(g) = g”! by the fact 


of regularity for every g € AutG. So AutG is an elementary 2-groups. 


Theorem 3.3.6 claims that an Abelian group I has a GRR only if = Z} for some 
integers n > 1. In fact, by the work of McAndrew in 1965, we know a complete answer 


for Problem 3.3.1 in this case following. 


Theorem 3.3.7 An Abelian group T has a GRR if and only if = Z} forn = 1 orn> 5. 


A generalized dicylic group (T; ©) is anon-Abelian group possing a subgroup (.#; ©) 
of index 2 and an element y of order 4 such that y"!ohoy = h! for Wh € #. By following 
the work of Imrich, Nowitz, Watkins, Babai, etc., Hetzel and Godsil respective answered 
Problem 3.3.1 for solvable groups and non-solvable groups. They get the following result 
(See [God1]-[God2] and [Cam1] for details) independently. 
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Theorem 3.3.8 A finite group (T; ©) possesses no GRR if and only if it is an Abelian group 
of exponent greater than 2, a generalized dicyclic group, or one of 13 exceptional groups 
following: 

(UZ 4.2: 

(2) De, Dg, Dio; 

(3) Ag; 

(4) (a,b, cla? = b =(~?= Ir,acboc=bocoa=coaob), 

(5) (a, bla’ = b = Ip,boacb =); 

(6) (a,b, cla* =b? = =(aoby =(coby = lpaoc= coa); 

(7) (a,b, cla’ =h=C=1lp,a0c=coa,boc=cobc=a'ob"' oaob),; 


(8) Og X Z3, Og X Zy. 


3.3.2 Edge-Transitive Graph. Certainly, the edge-transitive graphs are closely related 


with vertex-transitive graphs by definition. We can easily obtain the following result. 


Theorem 3.3.9 Let G be an edge-transitive graph without isolated vertices. Then 


(1) G is vertex-transitive, or 
(2) G is bipartite with two vertex-orbits under the action AutG on V(G) to be its 


vertex bipartition. 


Proof Choose an edge e = uv € E(G). Denoted by V; and V; the orbits of u and 
v under the action of AutG on V(G). Then we know that V; U V) = V(G) by the edge- 


transitivity of G. Our discussion is divided into toe cases following. 
Case 1. If V; N V> # @, then G is vertex-transitive. 


Let x and y be any two vertices of G. If x, y € V; or x,y € V;, for example, x, y € Vj, 


' is such an 


then there exist 0,¢ € AutG such that o(u) = x and ¢(u) = y. Thus co 
automorphism with ¢o!(x) = y. If x € V; and y € V5, let w € V; N V>. By assumption, 
there are ¢, y € AutG such that ¢(x) = y(y) = w. Then we get that y'¢(x) = y, ie., G is 


vertex-transitive. 
Case 2. If Vj MN V2 = @, then G is bipartite. 


Let x, y € V,. If xy € E(G), then there are 0 € AutG such that o(uv) = xy. But this 
implies that one of x,y in V; and another in V2, a contradiction. Similarly, if x,y € V2, 
then xy ¢ E(G). Whence, G is a bipartite graph. L 
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We get the following consequences by this result. 


Corollary 3.3.1 Let G be a regular edge-transitive graph with an odd degree d > 1. If 


|G| = 1(mod2), then G is vertex-transitive. 


Proof Notice that if G is bipartite, then |V;|d = |V2|d = e(G). Whence, |G| = 


1Vi| + |V2| = OGmod2), a contradiction. 


Corollary 3.3.2 Let G be a regular edge-transitive graph of degree d > |G|/2. Then G is 
vertex-transitive. 


uy uz 


u4 U3 


Fig.3.3.2 


In fact, there are many edge-transitive but not vertex-transitive graphs, and vertex-transitive 
but not edge-transitive graphs. For example, the complete graph K,,,,, with nj # no 1s 
edge-transitive but not vertex-transitive, and the graph shown in Fig.3.3.2 is a vertex- 


transitive but not edge-transitive graph. 


3.3.3 Arc-Transitive Graph. An s-arc of a graph G is a sequence of vertices vo, v1, °-*, Vs 
such that consecutive vertices are adjacent and v;_; # v;,; for 0 <i < s. For example, a 
circuit C;, is s-arc transitive for all s < n. A graph G is s-arc transitive if AutG is transitive 
on s-arcs. For s > 1, itis obvious that an s-arc transitive graph is also (s—1)-arc transitive. 
A 0-arc transitive graph is just the vertex-transitive, and a l-arc transitive graph is usually 
called to be arc-transitive graph or symmetric graph. 

Tutte proved the following result for s-arc transitive cubic graphs in 1947 (See in 


[Yap1] for its proof). 
Theorem 3.3.10 Let G be a s-arc transitive cubic graph. Then s < 5. 


Examples of s-arc transitive cubic graphs for s < 5 can be found in [Big2] or [GoR1]. 
Now we turn our attention to symmetric graphs. 


Let Z, = {0, 1,---, p — 1} be the cyclic group of order p written additively. We know 
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that AutZ, is isomorphic to Z,_;. For a positive divisor r of p—1, let H, denote the unique 


subgroup of AutZ, of order r, H, ~ Z,. Define a graph G(p, r) of order p by 
ViG(p,r)) = Zp, E(G(p,7r)) = {xylx — y € H,}. 


A classification of symmetric graph with a prime order p was obtained by Chao. He 


proved the following result in 1971. 


Theorem 3.3.11 Let p be an odd prime. Then a graph G of order p is symmetric if and 
only if G = pK, or G = G(p,r) for some even divisor r of p — 1. 


In the reference [PWX1] and [WaX1], we can also find the classification of symmet- 
ric graphs of order a product of two distinct primes. For example, there are 12 classes 
of symmetric graphs of order 3p, where p > 3 is a prime, including 3pK,, pK3, 3G(p, r) 
for an even divisor r of p — 1, G(3p,r) for a divisor of p — 1, G(p,7r)[3Ki], K3, and 
other 6 classes, where G(3p,r) is defined by V(G(3p,r)) = { x1 | 7 € Z3,x € Z, } and 
E(G(3p,7) = { Oi yt) |i € Zs, x,y € Zp and y — x € H,}. 

A graph G is half-transitive if G is vertex-transitive and edge-transitive, but not arc- 


transitive. Tuute found the following result. 


Theorem 3.3.12 [fa graph G is vertex-transitive and edge-transitive with a odd valency, 


then G must be arc-transitive. 


Proof Let uv € E(G). Then we get two arcs (u, v) and (v, uv). Define Q; = (u, v)AU = 
{(u, v)8|g € AutG} and Q, = (v,u)A"" = {(v,u)’|g € AutG}. By the transitivity of AutG 
on E(G), we know that Q; U Q, = A(G), where A(G) denote the arc set of G. If G is 
not arc-transitive, there must be Q) N Q, = 0. Namely, there are no g € AutG such that 
(x, y)® = (y, x) for V(x, y) € A(G). Now let X, = {x|(v, x) € Q;} and Y, = f{ylQ, v) € Qi}. 
Then X, Y, = 0. Whence, Nc(v) = X, U Y,. This fact enables us to know the valency 
of Gis k = |X,| + |Y,|. By the transitivity of AutG on V(G), we know that |X,| = |X,| and 
lY,| = |¥,,| for Vu € V(G). So |E(G)| = [X,||[V(G)| = |Y,||V(G)|. We get that |X,| = |Y,], ie., 


k is an even number, a contradiction. L 


By Theorem 3.3.12, a half-transitive graph must has even valency. In 1970, Bouwer 
constructed half-transitive graphs of valency k for each even number k > 2 and the mini- 
mum half-transitive graph is a 4-regular graph with 27 vertices found by Holt in 1981. In 
1992, Xu proved this minimum half-transitive graph is unique (See [XHLL1] for details). 


Sec.3.4 Graph Semi-Arc Groups 103 


§3.4 GRAPH SEMI-ARC GROUPS 


3.4.1 Semi-Arc Set. Let G be a graph, maybe with loops and multiple edges, e = uv € 
E(G). We divide e into two semi-arcs e;, e, (or e;,e;), and call such a vertex u to be the 


ur~u u? 


root vertex of e*. Here, we adopt a convention following: 


Convention 3.4.1 Let G be a graph. Then for e = uv € E(G), 


+ 


CHa wer 
e, Fe, 


ifu=vy. 


Denote by X:(G) the set of all such semi-arcs of a graph G. We present a few 
examples for Xi1(G). Let Do3.0,B3,K4 be the dipole, bouquet and the complete graph 
shown in Fig.3.4.1. 


e 
uy, ur 
al 
O U3 U4 
Do3,0 B3 K4 
Fig.3.4.1 


Then, we know their semi-arc sets as follows: 


X1(Do30) = {ey et et elt et et} 


u?~UuU 2 ~U X~p 2 “yp XY 
= 1+ (2+ (3+ (1- ,2- (3- 
X1(B3) = {eo »€0 »€oO »€o »€60 »€oO 7 
+ - + - + - + - + - + - 
X1 (Ka) = {Uj Uz, Up Uy, UU; , UjUz , UjUy, UU, UU; , U2Uy , UrUy, U2, UZ3Uy, ZU}. 


Notice that the Convention 3.4.1 and these examples show that we can represent all 
semi-arcs of a graph G by elements in V(G) U E(G) U {+, —} in general, and all semi-arcs 
of G can be represent by elements in V(G) U E(G) U {+} or by elements in V(G) U {+} 
if and only if G is a graph without loops, or neither with loops or multiple edges, i.e., a 
simple graph G. 


Two semi-arc e° 


u? 


J? with o, e € {+,—} are said incident if u = v,e # f witho =e = 
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+,ore= f,u#vwitho =e,ore= f,u =v witho = +, e = —. For example, e?* and 


e;* in Do30, eo and e% in B3 in Fig.3.4.1 both are incident. 


3.4.2, Graph Semi-Arc Group. We have know the conception of automorphism of a 
graph in Section 3.1. Generally, an automorphism of a graph G on V(G)\) E(G) is an 
1 — 1 mapping (€, 7) on G such that 


£2 ViG) => ViG), n: E(G) > E(G) 


satisfying that for any incident elements e, f, (€,7)(e) and (€,7)(f) are also incident. Cer- 
tainly, all such automorphisms of a graph G also form a group, denoted by AutG. 

We generalize this conception to that of the semi-arc set X 1(G). The semi-arc auto- 
morphism of a graph was first appeared in [Maol1], and then applied for the enumeration 
maps on surfaces underlying a graph Tin [MaL3] and [MLW1], which is formally defined 


following. 


Definition 3.4.1 Let G be a graph. A 1 -— 1 mapping & on X1(G) is called a semi-arc 
automorphism of the graph G if for Ve", f° € Xi (G) with o,@ € {+, —}, E(e,) and E(f?) are 
incident if and only if e; and f° are incident. 

By Definition 3.4.1, all semi-arc automorphisms of a graph form a group under the 
composition operation, denoted by Aut 1G, which is important for the enumeration of 
maps on surfaces underlying a graph and determining the conformal transformations on a 
Klein surface. 

The Table 3.4.1 following lists semi-arc automorphism groups of a few well-known 


graphs. 


K, 
Kina(m # n) hee x ee mn! 
So[S 7] 2n!? 


SnLS 2] 2"n! 

Sox Sy, 2n! 
Dazikk #D | SolSe1X Sn X SafSi] | 2 nti! 
Dik SX S8nX (SalSel)? | 2 nik? 


Table 3.4.1 
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In this table, Dono is a dipole graph with 2 vertices, n multiple edges and D,,;; is a 
generalized dipole graph with 2 vertices, n multiple edges, and one vertex with k bouquets 
and another, / bouquets. This table also enables us to find some useful information for 
semi-arc automorphism groups. For example, Aut 1 K, = AutK, = S,, Aut: B, = $,[S2] 
but AutB, = S,, 1.e., Aut: B, # AutB,, for any integer n > 1. 

Comparing semi-arc automorphism groups in Table 3, 4, 1 with that of Table 3.2.1, it 
is easily to find that the semi-arc automorphism group are the same as the automorphism 
group in the first two cases. Generally, we know a result related the semi-arc automor- 
phism group with that of automorphism group of a graph, i.e., Theorem 3.4.1 following. 


For this objective, we introduce a few conceptions first. 


For Vg € AutG, there is an induced action gl? on x1 (G), g: Xi (G) > x1 (G) 
determined by 
Ven € X1(G), g(eu) = (8 )ew- 
All induced action of the elements in AutG on X 1 (G) is denoted by AutG|?. Notice that 
AutG = AutG|?. We get the following result. 


Theorem 3.4.1 Let G be a graph without loops. Then AutiG = AutG|?. 


Proof By the definition, we only need to prove that for Vé 1€ AutiG, Ee Se 1 Ic € 
AutG and é1 = él, In fact, Let 2,7; € X1(G) with o,e € {+,—}, where e = uv € E(G), 
f =xy€ EG). Now if 

file.) =f 
by definition, we know that é1 (= Ips Whence, € 4 (e) = f. That is, é1le € AutG. 

By assumption, there are no loops in G. Whence, we know that € 1 lc = lauag if and 

only if é1 7 TautyG- So é1 is induced by é1lg on Xi (G). Thus, 


AutsG = AutG|?. Oo 


We have know that Aut: B, # AutB, for any integer n = 1. Combining this fact with 


Theorem 3.4.1, we know the following. 


Theorem 3.4.2 Let G be a graph. Then AutiG = AutG|? if and only if G is a loopless 
graph. 


3.4.3, Semi-Arc Transitive Graph. A graph G is called to be semi-arc transitive if 


Aut 1 G is action transitively on X 1 (G). For example, each of K,, B,-; and Dono for any 
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integer n > 2 is semi-arc transitive. We know the following result for semi-arc transitive 


graphs. 
Theorem 3.4.3 A graph G is semi-arc transitive if and only if it is arc-transitive. 


Proof A semi-arc transitive graph G is arc-transitive by the definition of its preserv- 
ing incidence of semi-arcs. 

Conversely, let G be an arc-transitive graph. Let e* and f* « X 1(G) with e = (u, x) 
and f = (v,y). By assumption, G is arc-transitive. Consequently, there is an automor- 


phism ¢ € AutG such that ¢(u, x) = (v, y). Then it is easily to know that ¢(e*) = f(*, 1.e., 


G is semi-arc transitive. 


§3.5 GRAPH MULTIGROUPS 


3.5.1 Graph Multigroup. There is a natural way for getting multigroups on graphs. Let 
G be a graph, H < Gando ¢€ AutG. Consider the localized action o|y of o on H. In 
general, this action must not be an automorphism of H. For example, let G be the graph 


shown in Fig.3.5.1 and H = (v1, v2, V3)g. 


vy V6 


v2 V5 


V3 V4 


Fig.3.5.1 


Let a; = (1, V3)(V4, V6)(V2)(vs) and G2 = (11, V6)(¥2, ¥5)(¥3, V4). Then it is clear that 


1,07 € AutG and 
H® = (v1,¥2,V3)g =H and A”! = (v4, V5, V6)g # HA. 


Whence, o is an automorphism of H, but o is not. In fact, let V¢ € (AutG)y,. Then 


HS = H,i.e., |y is an automorphism of H. Now define 


AutGy = (Sli |¢ € (AutG), ). 


Then AutGy is an automorphism group of H. 
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An extended action g|° for an automorphism g € AutH; is the action of g on G by 
introducing new actions of g on G \ V(H;), 1 < i < m. The previous discussion enables 


one to get the following result. 


m 


Theorem 3.5.1 Let G be a graph and G = @ H;, a decomposition of G. Then for any 
i=l 
integer i, 1 < i < m, there is a subgroup Y; < AutH; such that A\° < AutG, i.e., 


P = ) FY; is a multigroup. 
i=l 


Proof Choose Y; = AutGy, for any integer i, 1 < i < m. Then the result follows. 


For a given decomposition G = G) H; of a graph G, we can always get automorphism 
i=l 
multigroups Aut™G = U 4, % < AutH; for integers 1 < i < m, which must not be 


i=l 
m 


an automorphism group of G. For its dependence on the structure of G = @) H;, such 
i=l 
a multigroup Aut”G is denoted by (-) .%@ in this book. Generally, the automorphism 
i=l 
multigroups of a graph G are not unique unless G = K;. The maximal automorphism 


m 


multigroup of a graph G is Aut™G = () AutH; and the minimal is that of Aut”’G = 
i=l 


Or lautz,}. We first determine automorphism groups of G in these multigroups following. 
ag Let G be a graph, H < Gando € AutH, t € Aut(G \ V(A)). They are called to be 
in coordinating with each other if the mapping g : G > G determined by 
o(v), ifve VA), 
g(v) = 
Tv), ifveG\V(A) 
is an automorphism of G for Vv € V(G). If such a g exists, we say T can be extended to 
G and denoted g by r°. Denoted by Aut°H = { o% |o € AutH }. Then it is clear that 
AutGy = Aut°H|, < AutH. We find the following result for the automorphism group of 
a graph. 
Theorem 3.5.2 Let G be a graph and H < G. Then the mapping ¢g : AutG — AutH 
determined by ¢¢(g) = gly is a homomorphism, i.e., AutG/Kerdg ~ AutGy. 


Proof For any automorphism g € AutG, by Theorem 3.5.1, there is a localized action 
gly such that H® = H, g = g|y, € AutGy, 1.e., such a correspondence ¢g is a mapping. We 
are needed to prove the equality ¢¢(ab) = ¢¢(a)dcg(b) holds for Va, b € AutG. In fact, 


bc(a)bc(b) = alf, bIg, = (ab)|f, = bc (ab) 
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by the property of automorphism. Whence, ¢g is a homomorphism. Applying the homo- 
morphism theorem of groups, we get AutG/Kerd@g ~ Kerdg. Notice that Ker@g = AutGy. 
We finally get that AutG/Kerdg ~ AutGy. L 


If ég is onto or 1—1, then Ker@g = lauc or AutH. We get the following consequence 
by Theorem 3.5.2. 


Corollary 3.5.1 Let G be a graph and H < G. If the homomorphism ¢ : AutG — AutH 
is onto or 1 — 1, then AutG/Kergé ~ AutH or AutG ~ AutGy. 


For example, Let G be the graph shown in Fig.3.5.1 and H = (v1, v3, v4, vo6)g. Then 
Oily = (V1, V3)(V4, Vo) and Orly = (V1, Vo)(V3, V4), 1-e., the homomorphism ¢g : AutG > 


AutG;, is 1 — 1 and onto. Whence, we know that 
AutG ~ AutGy = (Oily, O24) : 


Although it is very difficult for determining the automorphism group of a graph G in 
general, it is easy for that of automorphism multigroups if the decomposition G = @ H; 


i=] 
is chosen properly. The following result is easy obtained by definition. 


Theorem 3.5.3 For any connected graph G, 


AutgG = (-) Staai 
(u,v)EE(G) 
is an automorphism multigroup of G, where Sy, is the symmetric group action on the 
vertices u and v. 
Proof Certainly, any graph G has a decompositionG = @_ (u,v). Notice that 


(u,v)EE(G) 
the automorphism on each edge (u,v) € E(G) is that symmetric group S$ y,,,._ Then the 


assertion is followed. O 


The automorphism multigroup Aut,G is a graphical property by Theorem 3.5.3. 


Furthermore, we know that Aut,G is a graph invariant on G by the following result. 


Theorem 3.5.4 Let G, H be two connected graphs. Then G is isomorphic to H if and 
only if AutgG and AutgH are permutation equivalent, i.e., there is an isomorphism ¢ : 
AutgG — AutgH anda 1-1 mapping t: E(G) — E(A) such that ¢(g)(u(e)) = t(g(e)) for 
Vg € AutG ande € E(G). 
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Proof If G ~ H, we are easily getting an isomorphism 0 : V(G) — V(A), which 
induces an isomorphism ¢ : AutgG — AutgH and a1 -— 1 mapping: : E(G) — E(A) by 
o(u, v) = (o(u), o(v)) for Ve = (u,v) € E(G). 

Now if there is an isomorphism ¢ : AutgG — AutgH anda 1-1 mapping: : E(G) > 
E(#A) such that ¢(g)(u(e)) = u(g(e)) for Vg € AutG and e € E(G), by definition 


AutgG = (-) S (evs 
(u,v)EE(G) 
we know that 


S: (-) S tux = (-) S tyy}s 
(u,x)€E(G) for xeV(G) (v,y)€E(A) for yeV(A) 


where u : (u, x) € E(G) > (v, y) € E(A). Whence, ¢ and z induce a 1 — 1 mapping 


o: Ba (u, x) > CB (v, y). 
(u,x)EE(G) for xeV(G) (v,y)€E(A) for yeV(A) 
This fact implies that 7 : u € V(G) — v € V(A) if we represent the vertices u, v re- 


spectively by those of u = B (u, x) and vy = a (v, y) in graphs 
(u,x)EE(G) for xeV(G) (v,y)€E(A) for yeV(A) 
G and H, where the notation a = b means the definition of a by that of b. Essentially, 


such a mapping 7 : V(G) — V(#) is an isomorphism between graphs G and H for easily 
checking that 


o(u, x) = (o(u), 7(x)) 


for V(u, x) € E(G) by such representation of vertices in a graph. Thus G ~ H. 


The decomposition G = €_ (u,v) is a Ky-decomposition. A clique decomposi- 
(u,v)EE(G) 


m 
tion of a graph G is such a decomposition G = @ K,,, where K,,, is a maximal complete 


i=] 
subgraph in G for integers | < i < m. We have know AutK,, = S,, from Table 3.2.1. 
Whence, we know the following result on automorphism multigroups of a graph. 


m 


Theorem 3.5.5 Let G = @ K;, be a clique decomposition of a graph G. Then Aut”™'G = 
i=l 

CG) % is an automorphism multigroup of G, where 4 < Sy Ky,)* 

i=l 


m 
Proof Notice that AutK,, = S,,. Whence, Aut,,.~G = GC) A; is an automorphism 
i=1 


multigroup of G for each #7 < S vxx,,). 
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Similar to that of Theorem 3.5.4, we also know that the maximal automorphism 


m 
multigroup AutyG = G) Sy k,,) 18 also a graph invariant following. 
i=l 


Theorem 3.5.6 Let G, H be two connected graphs. Then G is isomorphic to H if and 


only if Aut.;G and Aut,;H are permutation equivalent. 


Proof This result is an immediately consequence of Theorem 3.5.4 by applying the 
fact S yx,) = (V1, V2), (V1, V3),°°*, (Vi, Vn) If V(Ky) = (11, ¥2,°++, Vn}. 


3.5.2 Multigroup Action Graph. Let P bea multigroup action on a set Q. For two 
elements a,b € Q, if there is an element oe DP such that a” = b, we can represent this 


relation by a directed edge (a, b) shown in Fig.3.5.2 following: 


oO 


Fig.3.5.2 


Applying this notion to all elements in Q, we get the action graph. An action graph 
GP: Q] of P on Qisa directed graph defined by 


V(GLP; Q) = Q, 
E(GlP; Q)) = { (a,b) | Ya, b € Qand Ac € Y such that a” =D}. 


Since a! always exists in a multigroup P, we also get that b7' =a. So edges between 
aand bin GF: Q] must be the case shown in Fig.3.5.3. 


Oo 


ao! 


Fig.3.5.3 


Such edges (a, b) and (b, a) are called parallel edges. For simplicity, we draw each parallel 
edges (a, b) and (b, a) by a non-directed edge ab in the graph GLP: Q], 1.€., 


V(GLFP; Q) = Q, 


E(G| PY; Q)) = { ab| Va, b € Qand Jo € YF such that a” = b }. 
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Example 3.5.1 Let Y = {(1), C1, 2)(3, 4), C1, 3)(2, 4), C1, 4)(2, 3)} be a permutation group 
action on Q = {1,2,3,4}. Then the action graph G[Y; Q] is the complete graph K, with 
labels shown in Fig.3.5.4, 


Fig.3.5.4 
in where @ = (1, 2)(3,4), 6 = C1, 3)(2, 4) and y = (1, 4)(2, 3). 


Example 3.5.2 Let Pea permutation multigroup action on Q with 
P = P,|)A and O = {1,2,3,4,5,6,7,8}(_}{1,2,5,6,9, 10, 11, 12}, 


where Y,; = (1,2, 3,4), (5,6, 7, 8)) and WY, = ((1,5,9, 10), (2,6, 11, 12)). Then the ac- 
tion graph G[Y; Q] of F on Q = {1,2, 3, 4,5, 6, 7, 8,9, 10, 11, 12} is shown in Fig.3.5.5, 
in where labels on edges are removed. It should be noted that this action graph is in fact 


a union graph of four complete graphs K, with intersection vertices. 


Fig.3.5.5 


These Examples 3.5.1 and 3.5.2 enables us to find the following result on the action 


graphs of multigroups. 
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Theorem 3.5.7 Let P bea multigroup action on a set Q with 
P= JF and Q=| Ja, 
i=l i=l 
where each permutation group Y; acts on Q,; with orbits Q, Qi2, +++, Qis, for each integer 


Si 
a, Kio, 
jl 


with intersections Kig,,n0,) only if for integers | <i#ksmilsjss,l sl wy 


i, 1<i<m. Then 
m 


GF Ors | J 


i=l 


Particularly, ifm = 1, i.e., P is just a permutation group, then its action graph GLP: Q] 
is a union of complete graphs without intersections. 

Proof Notice that for each orbit Q;; of A; action on Q;, the subgraph of the action 
p=. 
This result follows by definition. L 


graph is the complete graph Kj, and Q;;,, 0 Qi;, = O if fj; # jo, Le.,, Ko,;,| N Kio 


ij 


By Theorem 3.5.5, we are easily find the automorphism groups of the graph shown 


in Fig.3.5.5, particularly the maximal automorphism group following: 


AutG[Y; Q] = $4123,4) (-) S (5,6,7,8} (-) S(1,5,9,10} (-) S (2,6,11,12}: 


Generally, we get the following result. 


Theorem 3.5.8 Let P bea multigroup action on a set Qwith P = LJ P; and Q= LU Q:;, 
i=l i=l 
where each permutation group Y; acts on Q,; with orbits Q, Qi2, +++ , Qis, for each integer 


i, | <i<m. Then the maximal automorphism group of GLP: Q] is 


AutyGlP; Q] = UJ © Sax 


i=l j=l 


Particularly, if |\Qi); NA Qu| = 1 fori#k, l<i,k<m, 1< j< si, 1<1< sg, then 


AutyG[F; Q] = C) © Sis 


i=l j=l 


Proof Notice that if |Q;;N Qy| = 1fori#k,l<i.k<m,l<sj<s,l<1< sy, then 


m 


F.5)= DO Kay. 


i=l j=l 


This result follows from Theorems 3.5.5 and 3.5.7. 
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3.5.3 Globally Transitivity. Let P bea permutation multigroup action on Q. This 


permutation multigroup P is said to be globally k-transitive for an integer k > 1 if for 


any two k-tuples x1, x2,-++, x, € Q; and y), y2,-++, yx € Q;, where 1 < i, j < m, there are 
petmutations 7),.7,+*+,7%, € & such that 7°" = y,, 40" = yi, os, a =e 


We have obtained Theorems 2.6.8-2.6.10 for characterizing the globally transitivity of 
multigroups. In this subsection, we characterize it by the action graphs of multigroups. 
First, we know the following result on globally 1-transitivity, i.e., the globally transitivity 


of a multigroup. 


Theorem 3.5.9 Let F bea multigroup action on a set Q with 
P =|) A, and Q=| Ja, 
i=l i=l 


where each permutation group Y; acts on Q, for integers 1 < i < m. Then P is globally 


transitive action on Q if and only if G[Y; Q] is connected. 


Proof Let x,y € Q. If P is globally transitive action on Q, then there are elements 
M1, 02,°°+ Hy E P such that <2" = y for an integer n > 1. Define vy) = x",v2 = 
XN ee yy = TNR T1_ Notice that vj, V2,°°-,Vy_-1 € Q. By definition, we conse- 
quently find a walk (path) xv, v2 ---v,_;y in the action graph GP: Q] for any two vertices 
x,y € ViG[P; Q)), which implies that GLY; Q] is connected. 

Conversely, if GLP: Q] is connected, for Vx, y € V(G|P: Q)) = Q, let xu} +++ Un—1y 
be a shortest path connected the vertices x and y in GP; Q] for an integer n > 1. By 
definition, there are must be 771, 7,°--,7), € P such that x" = Uy, Uy? = Ua,+**, We, =. 
Whence, 


x2 Tn = y. 


Thus F is globally transitive action on Q. 


For a multigroup action P action on Q with 
= m _ m 
P =| JA and A=| Jo, 
i=] i=1 
where each permutation group ”; acts on Q; for integers 1 < i < m, define 


OF = { (a1, 2,°+ +, x0) | 4 € QD} and af = Jar 


i=l 
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for integers k > 1 and 1 < i < m. Then we are easily proved that a permutation group 
P action on Q is k-transitive if and only if F action on OF is transitive for an integer 
k = 1. Combining this fact with that of Theorem 3.5.9, we get the following result on the 
globally k-transitivity of multigroups. 


Theorem 3.5.10 Let P bea multigroup action on a set Q with 
P= JF and Q=| Ja, 
i=] i=] 


where each permutation group “; acts on Q; for integers 1 < i < m. Then Pis globally 


k-transitive action on Q for an integer k > 1| if and only if GLP: foal is connected. 


Proof Replacing Q by OF in the proof of Theorem 3.5.9 and applying the fact that a 


permutation group Y action on Q is k-transitive if and only if Y action on QF is transitive 


for an integer k > 1, we get our conclusion. O 


Applying the action graph GP; Q] and GP; Q*], we can also characterize the 
globally primitivity or other properties of permutation multigroups by graph structure. 


All of those are laid the reader as exercises. 


§3.6 REMARKS 


3.6.1 For catering to the need of computer science, graphs were out of games and turned 
into graph theory in last century. Today, it has become a fundamental tool for dealing 
with relations of events applied to more and more fields, such as those of algebra, topol- 
ogy, geometry, probability, computer science, chemistry, electrical network, theoretical 
physics, --- and real-life problems. There are many excellent monographs for its theo- 
retical results with applications, such as these references [ChL1], [Whil] and [Yap1] for 
graphs with structures, [GrT1], [MoT1] and [Liu1] for graphs on surfaces. 


3.6.2 The conception of Smarandachely graph property in Subsection 3.1.4 is presented 
by Smarandache systems or Smarandache’s notion, i.e., such a mathematical system in 
which there is a rule that behaves in at least two different ways, 1.e., validated and in- 
valided, or only invalided but in multiple distinct ways (See [Mao2]-[Mao4], [Mao25] 


and [Smal ]-[Sma2] for details). In fact, there are two ways to look a graph with more 
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than one edges as a Smarandachely graph. One is by its graphical structure. Another 
is by graph invariants on it. All of those Smarandachely conceptions are new and open 


problems in this subsection are valuable for further research. 


3.6.3, For surveying symmetries on graphs, automorphisms are needed, which is permu- 
tations on graphs. This is the closely related place of groups with that of graphs. In fact, 
finite graphs are a well objectives for applying groups, particularly for classifying sym- 
metric graphs in recent two decades. To determining the automorphism groups AutG of 
a graph G is an important but more difficult problem, which enables one to enumerating 
maps on surfaces underlying G, or find regular maps on surfaces (See following chapters 
in this book). Sections 3.2-3.3 present two ways already known. One is the GRR of finite 
group. Another is the normally Cayley graphs for finite groups. More results and exam- 
ples can be found in references [Big2], [GoR1], [Xum2], [XHL1] and [Yap1] for further 


reading. 


3.6.4 A hypergraph A is a triple (V, f, E) with disjoints V, E and f : E > A(V), 
where each element in V is called the vertex and that in E is called the edge of A. If 
f : E — Vx, then a hypergraph A is nothing but just a graph G. Two elements 
x € V,e € E of a hypergraph (V, f, E) are called to be incident if x € f(e). Two hy- 
pergraphs A, = (V,, f,, £;) and A, = (V2, fo, Ez) are isomorphic if there exists bijections 
p:E, > Ex,q: Vi; — V2 such that g[fi(e)] = fo(p(e)) holds for Ve € E. Particularly, 
if Ay = Ag, i.e., isomorphism between a hypergraph A, such an isomorphism is called 
an automorphism of A. All automorphisms of a hypergraph A form a group, denoted 
by AutA. For hypergraphs, we can also introduce conceptions such as those of vertex- 
transitive, edge-transitive, arc-transitive, semi-arc transitive and primitive by the action of 
AutA on A and get results for symmetric hypergraphs. As we known, there are nearly 


none such results found in publication. 


3.6.5 The semi-arc automorphism of a graph is firstly introduced in [Maol] and [Mao2] 
for enumerating maps on surfaces underlying a graph. Besides of these two references, 
further applications of this conception can be found in [Mao5], [MaL3], [MLW1] and 
[Liu4]. It should be noted that the semi-arc automorphism is called semi-automorphism 
of a graph in [Liu4]. In fact, the semi-arc automorphism group of a graph G is the induced 
action of AutG on semi-arcs of G if G is loopless. Thus is the essence of Theorems 3.4.1 


and 3.4.2. But if G has loops, the situation is very different. So the semi-arc automorphism 
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group of a graph is valuable at least for enumerating maps on surface underlying a graph G 
with loops because we need the semi-arc automorphism group, not just the automorphism 


group of G in this case. 


3.6.6 Considering the local symmetry of a graph, graphs can be seen as the sources of 
permutation multigroups. In fact, automorphism of a graph surveys its globally symmetry. 
But this can be only applied for that of fields understood by mankind. For the limitation 
of recognition, we can only know partially behaviors of World. So a globally symmetry 
in one’s eyes is localized symmetry in the real-life World. That is the motivation of 
multigroups. Although to determine the automorphism of a graph is very difficult, it is 
easily to determine the automorphism multigroups in many cases. Theorems 3.5.3 and 
3.5.5 are such typical examples. It should be noted that Theorems 3.5.4 and 3.5.6 show 
that the automorphism multigroups Aut,G and Aut,;G are new invariants on graphs. So 
we can survey localized symmetry of graphs or classify graphs by the action of AutgG 
and Aut,;G. 


CHAPTER 4. 


Surface Groups 


The surface group is generated by loops on a surface with or without bound- 
ary. There are two disguises for a surface group in mathematics. One is the 
fundamental group in topology and another is the non-Euclidean crystallo- 
graphic group, shortly NEC group in geometry. Both of them can be viewed 
as an action group on a planar region, enables one to know the structures of 
surfaces. Consequently, topics covered in this chapter consist of two parts 
also. Sections 4.1.-4.3 are an introduction to topological surfaces, includ- 
ing topological spaces, classification theorem of compact surfaces by that 
of polygonal presentations under elementary transformations, fundamental 
groups, Euler characteristic, ---, etc.. These sections 4.4 and 4.5 consist a 
general introduction to the theory of Klein surfaces, including the antiana- 
lytic functions, planar Klein surfaces, NEC groups and automorphism groups 
of Klein surfaces, ---, etc.. All of these are the preliminary for finding au- 
tomorphism groups of maps on surfaces or Klein surfaces in the following 


chapters. 
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§4.1 SURFACES 


4.1.1 Topological Space. Let 7 be a set. A topology ona set 7 is a collection @ of 


subsets of .7, called open sets satisfying properties following: 


(Tl OE@andZ EG; 
(T2) if U;, U2 € @, then U,; NU, € ©; 
(T3) the union of any collection of open sets is open. 


For example, let 7 = {a,b,c} and @ = {0, {b}, {a, b}, {b,c}, 7}. Then @ is a topology 
on 7. Usually, such a topology on a discrete set is called a discrete topology, otherwise, 
a continuous topology. A pair (7,@) consisting of a set Y and a topology @ on 7 is 
called a topological space and each element in 7 is called a point of 7. Usually, we also 
use 7 to indicate a topological space if its topology is clear in the context. For example, 
the Euclidean space R” for an integer n > 1 is a topological space. 

For a point u in a topological space 7, its an open neighborhood is an open set U 
such that u € U in Y and a neighborhood in 7 is a set containing some of its open 
neighborhoods. Similarly, for a subset A of .7, a set U is an open neighborhood or 
neighborhood of A if U is open itself or a set containing some open neighborhoods of 
that set in 7. A basis in 7 is a collection Z of subsets of Y% such that ZY = UgegB and 
Bi, By € Bx € B, N By implies that 4B; € 4 with x € Bs C By NO B hold. 

Let 7 be a topological space and J = [0,1] Cc R. Anarc ain 7 is defined to be a 
continuous mapping a : 1 > 7. We call a(0), a(1) the initial point and end point of a, 
respectively. A topological space 7 is connected if there are no open subspaces A and B 
such that S = A U B with A, B # 0 and called arcwise-connected if every two points u, v 
in 7 can be joined by an arc ain 7, i.e., a(O0) = uand a(1) = v. Anarca: 1 > 7 is 
a loop based at p if a(0) = a(1) = pe FY. A —it degenerated loop e, : 1 > x € S,ie., 
mapping each element in / to a point x, usually called a point loop. 

A topological space 7 is called Hausdorff if each two distinct points have disjoint 
neighborhoods and first countable if for each p € 7 there is a sequence {U,,} of neigh- 
borhoods of p such that for any neighborhood U of p, there is ann such that U,, c U. The 
topology is called second countable if it has a countable basis. 

Let {x,} be a point sequence in a topological space 7. If there is a point x € Y such 
that for every neighborhood U of u, there is an integer N such that n > N implies x, € U, 


then {u,} is said converges to u or u is a limit point of {u,} in the topological space 7. 
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4.1.2 Continuous Mapping. For two topological spaces .7, and % anda pointue %, 
a mapping gy: % — % is called continuous at u if for every neighborhood V of y(u), 
there is a neighborhood U of u such that y(U) Cc V. Furthermore, if y is continuous at 
each point u in 4%, then g is called a continuous mapping on J. 

For examples, the polynomial function f : R — R determined by f(x) = a,x" + 
yx"! + +++ + a,x + do and the linear mapping L : R” — R" for an integer n > 1 are 


continuous mapping. The following result presents properties of continuous mapping. 


Theorem 4.1.1 Let 2, Y and J be topological spaces. Then 


(1) A constant mapping c: & — SF is continuous; 

(2) The identity mapping Id: 2 — & is continuous; 

(3) If f : @ > F is continuous, then so is the restriction f|y of f to an open subset 
U of &; 

(Diff: B27 Sf andg: + > F are continuous at x € & and f(x) € -Y, then so 
is their composition mapping gf :#% > JF at x. 


Proof The results of (1)-(3) is clear by definition. For (4), notice that f and g are 
respective continuous at x € R and f(x) € -”. For any open neighborhood W of point 
2(f(x)) € 7, g'(W) is opened neighborhood of f(x) in.%. Whence, f~-'(g~!(W)) is an 


opened neighborhood of x in Z& by definition. Therefore, g(f) is continuous at x. 


A refinement of Theorem 4.1.1(3) enables us to know the following criterion for 


continuity of a mapping. 


Theorem 4.1.2 Let & and .Y be topological spaces. Then a mapping f : & > F is 


continuous if and only if each point of & has a neighborhood on which f is continuous. 


Proof By Theorem 4.1.1(3), we only need to prove the sufficiency of condition. Let 
f :&— SF be continuous in a neighborhood of each point of Z and U c .Y. We show 
that f~'(U) is open. In fact, any point x € f~'(U) has a neighborhood V(x) on which f 
is continuous by assumption. The continuity of fy; implies that (f|y,))"'(U) is open in 


V(x). Whence it is also open in @. By definition, we are easily find that 


(flv) 'W) = (x € Bf) € U} = FW) VO0, 


in f~'(U) and contains x. Notice that f~'(U) is a union of all such open sets as x ranges 
over f-'(U). Thus f~!(U) is open followed by this fact. 
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For constructing continuous mapping on a union of topological spaces 2’, the fol- 


lowing result is a very useful tool, called the Gluing Lemma. 


Theorem 4.1.3 Assume that a topological space & is a finite union of closed subsets: 
n 

X = UX;. If for some topological space Y, there are continuous maps f, : X; > Y that 
i=l 

agree on overlaps, i.e., filx;- x; = filx;q.x,for alli, j, then there exists a unique continuous 


f: % -—Y with flx, = f for alli. 
Proof Obviously, the mapping f defined by 
f(x) = fi), XE Xi 


is the unique well defined mapping from 2 to Y with restrictions fly, = f; hold for all i. 
So we only need to establish the continuity of f on 2. In fact, if U is an open set in Y, 
then 


ff") 


x( \f'W) = CU X)( £0) 

i=l 
Lex ()f'wy = Lex ()#'w)y _ UJ rw. 
ae i=] i=l 


By assumption, each /; is continuous. We know that 5 ae 8 ) is open in X;. Whence, 
f-‘(U) is open in 2. Thus f is continuous on 2. oO 


Let 2 be a topological space. A collectionC c A(.2’) is called to be a cover of 2 


Jes 2. 


CeC 
If each set in C is open, then C is called an opened cover and if |C| is finite, it is called 


if 


a finite cover of 2. A topological space is compact if there exists a finite cover in its 
any opened cover and locally compact if it is Hausdorff with a compact neighborhood for 
its each point. As a consequence of Theorem 4.1.3, we can apply the gluing lemma to 


ascertain continuous mappings shown in the next. 


Corollary 4.1.1 Let Let 2 and Y be topological spaces and {A,,A>,---,A,} be a fi- 
nite opened cover of a topological space 2. If a mapping f : 2 — Y is continuous 


constrained on each Aj, 1 < i <n, then f is a continuous mapping. 


4.1.3 Homeomorphic Space. Let .~% and 7 be two topological spaces. They are 


homeomorphic if there is a 1 — 1 continuous mapping y : -% — 7 such that the inverse 
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maping gy! : ZY — .Y is also continuous. Such a mapping yg is called a homeomorphic 
or topological mapping. A few examples of homeomorphic spaces can be found in the 


following. 


Example 4.1.1 Each of the following topological space pairs are homeomorphic. 


(1) A Euclidean space R” and an opened unit n-ball B” = { (x1, .x2,+++, Xn) | xy $405 + 
te <1}; 

(2) A Euclidean plane R"*! and a unit sphere S” = { (x1, X2,°++, Xne1) [ap tag tet 
x2, = 1} with one point p = (0,0,---,0, 1) on it removed. 


In fact, define a mapping f from B” to R” for (1) by 


(x1, X2,°°"* 5 x) 
J Rieke 5 hy) So ———————— 
Ds Bid aaa She 4 
Li aft eae ete oe 
for V(x), X2,°++, Xn) € B". Then its inverse is 
= (X15 4937? *5 Xp) 
f (415-%.°°*2,) = 
De Oe Ae 
Lt gle ee ee 
for V(x), X2,++*,X,) € R”. Clearly, both f and f~! are continuous. So B” is homeomorphic 


to R". For (2), define a mapping f from S$” — p to R"*! by 


F(X, 23° a) = (Ri, Ros 


1 Xn+1 


Its inverse f~' : R"*! > S$" — p is determined by 
FV ts Xap Mast) = COD Mn, L - 109), 


where 
2 


2 24... 2 
La ey ay +244 


t(x) = 
Notice that both f and f~! are continuous. Thus S$” — p is homeomorphic to R"™*!. 


4.1.4 Surface. For an integer n > 1, an n-dimensional topological manifold is a second 
countable Hausdorff space such that each point has an open neighborhood homeomorphic 
to an open n-dimensional ball B” = {(x), x2,-++, x, lay +5 +--+ -+2x5 < 1} in R". We assume 
all manifolds is connected considered in this book. A 2-manifold is usually called surface 


in literature. Several examples of surfaces are shown in the following. 
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Example 4.1.1 These 2-manifolds shown in the Fig.4.1.1 are surfaces with boundary. 


plane torus rectangle cylinder 


Fig.4.1.1 


Example 4.1.2 These 2-manifolds shown in the Fig.4.1.2 are surfaces without boundary. 


S© 


sphere torus 


Fig.4.1.2 


By definition, we can always distinguish the right-side and left-side when one object 
moves along an arc on a surface S. Now let N be a unit normal vector of the surface S. 
Consider the result of a normal vector moves along a loop L on surfaces in Fig.4.1.1 and 
Fig.4.1.2. We find the direction of N is unchanged as it come back at the original point uw. 


For example, it moves on the sphere and torus shown in the Fig.4.1.3 following. 


SS 


sphere torus 


Fig.4.1.3 
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Such loops L in Fig.4.1.3 are called orientation-preserving. However, there are also loops 
L in surfaces which are not orientation-preserving. In such case, we get the opposite 
direction of N as it come back at the original point v. Such a loop is called orientation- 
reversing. For example, the process (1)-(3) for getting the famous Mobius strip shown in 


Fig.4.1.4, in where the loop L is an orientation-reversing loop. 


A B’ A Xv 
ae 
: fa E E 
B rN B B’ 
(1) (2) 


A 


L 


(3) 


Fig.4.1.4 


A surface S is defined to be orientable if every loop on S is orientation-preserving. 
Otherwise, non-orientable if there at least one orientation-reversing loop on S$. Whence, 
the surfaces in Examples 4.1.1-4.1.2 are orientable and the Mobius strip are non-orientable. 
It should be noted that the boundary of a M6bius strip is a closed arc formed by AB’ and 
A’B. Gluing the boundary of a Mobius strip by a 2-dimensional ball B”, we get a non- 


orientable surface without boundary, which is usually called crosscap in literature. 


4.1.5 Quotient Space. A natural way for constructing surfaces is by the quotient space 
from a surface. For introducing such spaces, let 2, Y be a topological spaces and 
ma: 2 — Y bea surjective and continuous mapping. A subset U c ¥& is defined to be 
open if and only if z~'(U) is open in 2. Such a topology on Y is called the quotient 
topology induced by z, and z 1s called a quotient mapping. It can be shown easily that the 


quotient topology is indeed a topology on Y. 


Let ~ be an equivalent relation on 2. Denoted by [g] the equivalence class for each 
q € & and let 2/ ~ be the set of equivalence classes. Now letz: 2 — 2% / ~ be 
the natural mapping sending each element q to the equivalence class [g]. Then 27/ ~ 


together with the quotient topology determined by z is called the quotient space and x 
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the projection. For example, the Mobius strip constructed in Fig.4.1.4 is in fact a quotient 
space 2 / ~, where 2 is the rectangle AEBA’ E’ B’, and 


(2) x if |xA’| = |x’A’|,x€ AB, ye A'B’, 
wx) = 
ifxe 2% \ (ABUA'B’). 


Applying quotient spaces, we can also construct surfaces without boundary. For ex- 
ample, a projective plane is defined to be the quotient space of the 2-sphere by identifying 
every pair of diametrically opposite points, ie., 2° = {(x1, x2, x3)|a7 + x5 + x3 = 1} with 
M(—X1, —X2, —X3) = (11, X2, X3). 

Now let 2 be a rectangle ABA’ B’ shown in Fig.4.1.5. Then different identification 
of points on AB with A’B’ and AA’ with BB’ yields different surfaces without boundary 
shown in Fig.4.1.5, 


b 
ra A ea NX 
a a a a 
| Ze : ZA 
sphere 7 torus T? © 
b 
Ae b AX ‘ee aN 
a a a a 
BE cl B’ B Va B’ 
projection plane P? Klein bottle K? 
Fig.4.1.5 


where the projection z is determined by 


(x) x if |xA’| = |x’A’|, x € AB’B, y € A’AB, 
(Xx) = 
x ifxe & \(ABUA'B UAA’' U BB’) 
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in the sphere, 
x if |xA’| = |x’ B’|,x € AA’, x’ © BB’, 
mx)=4 x” if |xA| =|x’A’|,x € AB, x’ € A’B’, 
x ifxe 2% \ (ABUA'B’ UAA’' U BB’) 
in the torus, 
(x) x if |xB| = |x’A’|,x € BAA’, x’ € A’B’B, 
n(x 
ifxe 2% \ (ABUA'B UAA’' U BB’) 
in the projection plane and 
x if |xA’| = |x’ B’|,x € AA’, x’ © BB’, 
™Mx)=4 x” — if |xA| = |x’B’|,x € AB, x’ € A’B’, 
x ifxe % \ (ABUA'B’ UAA’' U BB’) 


in the Klein bottle, respectively. 


$4.2 CLASSIFICATION THEOREM 


4.2.1 Connected Sum. Let S;, 52 be disjoint surfaces. A connected sum of S$; and S>, 
denoted by S$, #5 is formed by cutting a circular hole on each surface and then gluing the 


two surfaces along the boundary of holes. 


Neg - ae. ee 

ZZ —" I~ 78 ZAZA. 

B ZN 3 Pala Ze 
(1) (2) 


Fig.4.2.1 


For example, we show that a Klein bottle constructed in Fig.4.1.5 is in fact the connected 
sum of two Mobius strips in Fig.4.2.1, in where, (1) is the Klein bottle in Fig.4.1.5. It 
should be noted that the rectangles CDC’ D’ and DACC’ B’ D’ are two M6bius strips after 
we cut ABA’B’ along CC’, DD’ and then glue along AB, A’B’ in (3). 
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For a precise definition of connected sum, let D; C S$; and D2 C S> be closed 2- 
dimensional discs, i.e., homeomorphic to B = {(x1, X2)lx7 + x5 < 1} with boundary 6D), 
dD, homeomorphic to S$! = {(x;, x2)|xj +.x5 = 1}. Notice that each 0D; homeomorphic to 
S! fori = 1,2. Let hy : 0D, — S' and h, : dD) — S' be such homeomorphisms. Then 
hy'hy : OD, — ODy, 1.e., there always exists a homeomorphism 0D; — OD . Chosen 
a homoeomorphism h : 0D; — OD», then S\#S> is defined to be the quotient space 
(S; US2)/h. By definition, S,#S, is clearly a surface and does not dependent on the 
choice of D;, D2 and h. 


Example 4.2.1 The following connected sums of orientable or non-orientable surfaces 
are orientable or non-orientable surfaces. 


(1) A connected sum T7#7T7#---#T? of n toruses is orientable. Particularly, T?#T* 


n 


is called the double torus. 


(2) A connected sum P*#P?#- - -#P° of k projection planes is non-orientable. Partic- 
k 
ularly, K* = P°#P? as we shown in Fig.4.2.1. 


4.2.2 Polygonal Presentation. A triangulation of a surface S consisting of a finite 
family of closed subsets {7|, T>,---,7,,} that covers S with T; 1 T; = 0, a vertex v or an 
entire edge e in common, and a family of homeomorphisms ¢; : T/ — T;, where each T’ 
is a triangle in the plane R’, i.e., a compact subset bounded by 3 distinct straight lines. 
The images of vertices and edges of the triangle 7; under ¢; are called also the vertices 
and edges, respectively. For example, a triangulation of the M6bius strip can be found in 
Fig.4.2.2. 


VI v2 V3 V4 V5 
uy uz U3 U4 Us 
Fig.4.2.2 


In fact, there are many non-isomorphic triangulation for a surface, which is the central 
problem of enumerative theory of maps (See [Liu2]-[Liu4] for details). T.Rad6 proved 
the following result in 1925. 
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Theorem 4.2.1(Rad6) Any compact surface S admits a triangulation. 


The proof of this theorem is not difficult but very tedious. We will not present it 
here. The reader can refers references, such as those of [AhS1] and [Lee1] for details. 


The following result is fundamental for classifying surfaces without boundary. 


Theorem 4.2.2 Let S be a compact surface with a triangulation J. Then S is homeo- 


morphic to a quotient surface by identifying edge pairs of triangles in T . 


Proof Let T = {T;; 1 < i<nbea triangulation of S. Our proof is divided into two 


assertions following: 


(Al) Let v be a vertex of J. Then there is an arrangement of triangles with v as a 


vertex in cyclic order T;,T;,---,T*,,. such that T; and T;,, have an edge in common for 


v) 
integers 1 <i < p(v) (modp(v)). . 
Define an equivalence on two triangles T;, T; by that of T7 and T; have exactly an 
edge in common in 7. It is clear that this relation is indeed an equivalent relation on 7. 
Denote by [J] all such equivalent classes in J. Then if |[7']| = 1, we get the assertion 
(A1). Otherwise, |[T7 ]| = 2, we can choose [T}], [77] € [7] such that [T3] N [77] = {v} in 
J . Whence, there is a neighborhood W, of v small enough such that W,—v is disconnected. 
But by the definition of surface, there is a neighborhood W” of vy homeomorphic to an open 
sphere B? in S. Consequently, W’ — v is connected for any neighborhood W, of v small 


enough, a contradiction. 


(A2) Each edge is an edge of exactly two triangles. 


First, each edge is an edge of two triangles at least in 7, 1.e., there are no vertices 
x on an edge of 7; for an integer, 7, 1 < i < n with a neighborhood W, homeomorphic 
to an open ball B?. Otherwise, a loop L encircled x in T; — W, can not be continuously 
contracted to the point in 7;. But it is clear that any loop in 7; — W, for neighborhoods W, 
of x small enough can be continuously contracted to a point in 7; — W, for any point x on 
an edge of T,., a contradiction. 

Second, each edge is exactly an edge of two triangles. Notice that we can continu- 
ously subdivide a triangulation such that triangles T with a common edge e are contained 
in an €-neighborhood of a point in 7. Not loss of generality, we assume 7 is such a trian- 
gulation of S. By applying Jordan curve theorem, 1.e., the moving of any closed curve C on 


S? reminds two connected components W,, Wz with W1NW2 = C, we know that each edge 
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is exactly an edge of two triangles in 7. In fact, let ee); e2), e€)2€22,- ++ , C€s1@s) be trian- 
gles contained in an e-neighborhood W with a common edge e, where e, é1;, €2;, | <i<s 
are edges of these triangles. Then W — ee,;e2, has two connected components by Jordan 
curve theorem. One of them is the interior of triangle ee,;e2, and another is W—T,, where 


T, is the triangle with boundary ee);e2;. So there must be s = 2. 


Combining assertions (A1)-(A2), we consequently get the result. OO 


According to Theorem 4.2.2, we know that a compact surface can be presented by 
identifying edges of triangles, where each edge is exactly an edge of two triangles. Gen- 
erally, let </ be a set. A word is defined to be an ordered k-tuple of elements a € & with 


the form a or a“!. A polygonal presentation, denoted by 
W=(f | Wi, Wo,--+, We) 


is a finite set </ together with finitely many words W,, W2,---, W; in & such that each ele- 
ment of .Y appears in at least one words. A polygonal presentation (.7|W,, W2,---, W;) is 
called a surface presentation if each element a € & occurs exactly twice in W,, W2,---, W; 
with the form a or a~'. We call elements a € & to be edges, W;, 1 < i < k to be faces 
of S and vertices appeared in each face vertices if each words is represented by a poly- 
gon on the plane R’. It can be known that a surface is orientable if and only if the two 
occurrences of each element a € & are with different power, otherwise, non-orientable. 
For example, let S be the torus T” with short side a and length side b in Fig.4.1.5. 
Then we get its polygonal presentation T? = (a, blaba~'b"'). Generally, Theorem 4.2.2 
enables one knowing that the existence of polygonal presentation for compact surfaces S, 


at least by triangles, i.e., each words W is length of 3 in /. 


4.2.3 Elementary Equivalence. Let ./ be a set of English alphabets, the minuscules 
a,b,c,-+- € & but the Greek alphabets a, 8, y,--- ¢ YW, S = (A|W, W2,---, Wx) be a 
surface presentation and let the capital letters A, B,--- be sections of successive elements 
in order and A~!, B™!,--- in reserving order in words W. For two words W,, W> in S, the 
notation W, W, denotes the word formed by concatenating W, with W, in order. We adopt 


the convention that (a~!)~! = a in this book. 


Define operations El.1—El.6, called elementary transformations on S following: 


El.1(Relabeling): Changing all occurrences of a by a ¢ &, interchanging all oc- 


Sec.4.2 Classification Theorem 129 


currences of two elements a and b, or interchanging all occurrences a and a", i.e., 


(@|aAbB, W2,--+, We) 2 (@\bAaB, W2,--:, Wi), 
(AlaAa'B, W,---, We) o (“la"'Aa, Wo,--', Wi.) or 
(c/|aA,a7'B,--+,W,) @ (of \a-'A,aB,---, We). 
EI.2(Subdividing or Consolidating) Replacing every occurrence of a by aB and a“! 
by B'a“", or vice versa, i.e., 
(AlaAa |B, Wo,---, Wr) (A \aBAB'a™'B, Wo,---, We) 
(laA,a-'B,--+,Wy) @ (o/\aBA,B'a7'B,--», Wi). 


El.3(Reflecting) Reversing the order of a word W = a\a2°-- An, i.é., 


(A \ay, dy ++ An, Way -++, We) (A May! +++! a;!, We, ++, We). 


m 


El.4(Rotating) Changing the order of a word W = a,a2°++ Qn by rotating, i.e., 
(fay, Az +** Am, Wo, ->+, We) > (@|amay * ++ Am—1, Wo, ++, We) - 
E].5(Cutting or Pasting) If the length of W,, Wz are both not less than 2, then 
(|W, Wo,-++, We) > (of |Wiy, y "Wo, +++, We). 
El.6(Folding or Unfolding) [f the length of W, is at least 3, then 
(oS |W155"', Wo,-++, We) 2 (|W, Wo, +++, We) 


Let S; and S> be two surface presentations. If S; can be conversed to that of S2 by 
a series of elementary transformations 7, 72,-+-,,» in El.1 — —El.6, we say S; and S 
to be elementary equivalent and denote by S; ~g S2. It is obvious that the elementary 
equivalence is indeed an equivalent relation on surface presentations. The following result 


is fundamental for applying surface presentations to that of classifying compact surfaces. 


Theorem 4.2.3 Let S; and S, be compact surfaces with respective presentations S,, S>. 


If S| ~~ S2, then S, is homeomorphic to S >. 


Proof By the definition of elementary transformation, it is clear that each pairs of 
cutting and pasting, folding and unfolding, subdividing and consolidating are inverses of 


each other. Whence, we are only need to prove our result for one of such pairs. 
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Cutting. Let P, and P be convex polygons labeled by W,y and y~! Wo, respectively 
and P be a convex polygon labeled by W; W2. Not loss of generality, we assume these are 
the only words in their respective presentations. Let a: P; U P)/ ~— S, andz’ : P/ ~> 
S»> be the quotient mappings. The line segment going from the terminal vertex of W; in 
P to its initial vertex lies in P by convexity, labeled this line segment by y. Such as those 


shown in Fig.4.2.3 following. 


pasting 
—— 
cutting 


Fig.4.2.3 


Applying the gluing lemma, there is a continuous mapping f : P; U P, — P that takes 
each edge of P; or P2 to the edge in P with a corresponding label, and whose restriction 
to P; or P2 is ahomeomorphism, i.e., f is a quotient mapping. Because f identifying two 
edges labeled by y and y~! but nothing else, the quotient mapping 7 o f and x’ makes the 


same identifications. So their quotient spaces are homeomorphic. 


folding 
— 
unfolding 


Fig.4.2.4 


If k > 3, extending f by declaring it to be the identity on the respective polygons and 


processed as above, we also get the result. 


Folding. Similarly, we can ignore the additional words W2,---, W;. If the length of 
W, is 2, subdivide it and then perform the folding transformation and then consolidate. 
So we can assume the length of W, is not less than 3. First, let W; = abc and P, P’ be 


1 


convex polygons with edge labels abcee™* and abc, respectively. Let 7 : P — S, and 


m’ : P’ — S> be the quotient mappings. Now adding edges in P, P’, turns them into 
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polyhedra, such as those shown in Fig.4.2.4. There is a continuous mapping f : P > P’ 
that takes each edge of P to that the edge of P’ with the same label. Then z’ o f and z are 
quotient mappings that make the same identifications. 

If the length> 4 of W,, we can write W; = Abc for some section A of length at least 


2. Cutting along a we obtain 
(a, b,c, el\Abcee™') ~EI (a, a, b,c, e|Aa"', abcee ') 


and processed as before to get the result. 


1 


Subdividing. Similarly, let P;, P, be distinct polygons with sections a or a~* and 


P’, P’, with sections replacing a by af and a“! by B"'a™! in P, and P). Such as those 


shown in Fig.4.2.5. 
pf 
B 
subdividing 
— 
consolidating ‘ 
a 


Fig.4.2.5 


Certainly, there is a continuous mapping f : P; U P; — P’ U P*, that takes each edge of 
P,, P2 to that the edge of P|, P, with the same label, and the edge with label a to the edge 
with label a@@ in P| U P). Then a’ o f : P; UP2/ ~—> S, anda: P| UP,/ ~— S> are 
quotient mappings that make the same identifications. 


If a or a! appears twice in a polygon P, the proof is similar. Thus S , is homeomor- 


phic to S', in each case. 


4.2.4 Classification Theorem. Let S be a compact surface with a presentation S = 
(|W,, W>,---, W,) and let A, B,--- be sections of successive elements in a word W in S. 


Theorems 4.2.1—4.2.3 enables one to classify compact surfaces as follows. 


Theorem 4.2.4 Any connected compact surface S is either homeomorphic to a sphere, 
or to a connected sum of tori, or to a connected sum of projective planes, i.e., its sur- 
face presentation S is elementary equivalent to one of the standard surface presentations 


following: 


132 Chap.4 Surface Groups 


(1) The sphere S* = (alaa~ ae 
(2) The connected sum of p tori 


P 
THT? #-.-#T? = (a,b 1 SiS 7 | [ Jarre"): 
Pp i=l 


(3) The connected sum of g projective planes 


q 
P°#P? ...#P? =(ait <i<q| []«). 
qd 
Proof Let S = (o/|W,, W2,---,W,). For establishing this theorem, we first prove 


several claims on elementary equivalent presentations of surfaces following. 
Claim 1. There is a word W in & such that 
S=( DB |W, W2,--:,Wi) ~ ( W|W). 


If k => 2, we can concatenate W,, W2,---, W, by elementary transformations El.1 — 
E1.6. In fact, by definition, there is an element a only appears once in W;. Thus W, = Aa 
and a does not appears in A. Not loss of generality, let a or a7! 


W, = Ba or Wy = a"'B. Applying El.1 — El.6, we know that 


appears in W), ie., 


S = ( & | Aa, Ba, W3,---, We) 
~e (of |Aa,a'B', Ws,-++, We ) ~ ( of |AB, Ws,---, We). 


S = (of | Aa,a™'B, Ws,+++,We) ~1 (| AB, Ws,-++, We): 


Furthermore, by induction on k we know that S is elementary equivalent to a surface just 
with one word W if k > 2. Thus 


S= (|W, Wo,--+,We) ~e1( D|W). 
Claim 2. ( of | AaBbCa"'Db"'E ) ~g) { & | ADCBEaba"'b" ). 
In fact, by El.1 — El.6, we know that 
(oA mane ) ~z1 ( of U {5} | Db"! EAad, 5"'BbCa"! ) 
~n ( A b} | EAadDCa™'5"'B ) ~) ( of U {5} | Aadb, b"'DCa"'5"' BE ) 
~p) ( | bAaBEb™'DCa"! ) ~,) { of U {5}| AaBE6, &'b-'DCa"'b ) 
(a a} | BE5Abo"'b-'DC ) ~~ { of U {5} | Aba, a-'5-'b"' DCBES ) 
(a b} | ADCBESa5"'a™ ) ~5 ( | ADCBEaba"'b"' ). 


~EL 


~El 
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Claim 3. (.o/ | AcBcC ) ~z ( oA | AB“'Ccc Ve 


By El.1 — E1.6, we find that 


( of | AaBaC ) ~x { / U{6}| Aad, 5'BaC ) 

~p) { of U{5}| bAa, a'B'5C™! ) ~4) (  U {5} \ {a} | SAB-'SC™ ) 
~g) { of U {6} | AB'5a,a-'C'5 ) ~ (  U{5}| GAB™5, 5'Ca ) 
~El ( & | AB'Caa Me 


Claim 4. ( of | Accaba"'b™ ) ~n) ( @ | Accaabb ). 
Applying E/.1 — El.6 and Claim 3, we get that 


( of | Accaba 'b™! ) ~El ( A J{5}| a 'b'Acé, 5‘cab ) 
— ( @ V15}| 6a bAc, c 6b“ ae! ) apy ( A {5} \ {c} | da-'b"'Adb“'a' ) 
se ( D165} \ {c} | Adb a 6a! b ). 


Applying Claim 3, we therefore have 


( of | Accaba'b™ ) — ( A V6} \ {ce} | Adad ab! b7! ) 
ae ( A V6} \ {ce} | A65b baa ) ~n) (. @ | Accaabb ) . 


Now we can prove the classification for connected compact surfaces. If |.c/| = 1, let 
A = {a}, then we get 
S=(alaa') or <alaa), 


i.e., the sphere or the projective plane. If |.| > 2, by Claim 1 we are only needed to 
prove the classification for compact surfaces with one word, i.e., S = ( a| W ). Our proof 


is divided into two cases following. 
Case 1. There are no elements a € & such that W = AaBaC. 


In this case, there are sections A, B,C, D, E of W such that W = AaBbCa™!Db"'E 
or W = AaBbCb"'Da"'E. If there are no elements a,b such that W = AaBbCa™!Db"'E, 
then W must be the form of - -- cG(a,H,b,by;'H{'a;')- +: (a)Hibjb;'H7'a;')Gu'd7' ---. By 
the elementary transformation E/.5, we finally get that S ~z; ( A | aa"), the sphere. Not 


loss of generality, we will assume that this case never appears in our discussion, i.e., for 
Va € &, there are always exists b € / such that W = AaBbCa™'Db"'E. In this case, by 
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Claim 2 we know that S ~,; ( & | ADCBEaba"'b"! : Notice that elements in ADCBE 
also satisfy the condition of Case 1. So we can applying Claim 2 repeatedly and finally 


P 
S ~EI { BD | [| cuba 


i=l 


get that 


for an integer p > 1. 
Case 2. There are elements a € & such that W = AaBaC. 


In this case, by Claim 3 we know that S ~¢; (i |AB“'Caa). Applying Claim 3 to 
AB™'C repeatedly, we finally get that 


S~n( 1H] Jaa) 
i=l 


for an integer s > 1 such that there are no elements b € H such that H = DbCbE. Thus 
each element x € ./ \ {a;;1 < i < s} appears x at one time and x! at another. Similar to 


the discussion of Case 1, we know that 


AY S t 
S ~z1 ( A | A| | aai ~El ( A\ | | aa; | | xau5'y"' 


i=l i=1 i=l 


for some integers s, t by applying Claim 2. Applying Claim 4 also, we finally get that 


Sa ( 1H] Ja) ~m (0 []ea). 
i=l i=l 


for an integer g = s + 2t. This completes the proof. L 


Notice that each step in the proof of Theorem 4.2.4 does not change the orientability 


of a surface S with a presentation S. We get the following conclusion. 


Corollary 4.2.1 A surface S is orientable if and only if it is elementary equivalent to the 


sphere S? or the connected sum T*#T7# - --#T? of p tori. 
P 


4.2.5 Euler Characteristic. Let S = (. & | W,, W2,---,W,) be a surface presentation 
and m : «| Wi, W2,---,W.) > Sa projection by identifying a with a“! for Va € &. 
The Euler characteristic of S is defined by 


MS) = |V(S)| - |E(S) + IFS) 
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where V(S), E(S) and F(S) are respective the set of vertex set, edge set and face set of the 
surface S. We are easily knowing that |E(S)| = |.|, |F(F)| = k and |V(S)| the number of 
orbits of vertices in polygons W;, W2,---, W, under z. The Euler characteristic of a sur- 


face is topological invariant. Furthermore, it is unchange by elementary transformations. 


Theorem 4.2.5 If S; ~~ S2, then x(S\) = y(S2), i.e., the Euler characteristic is an 


invariant under elementary transformations. 


Proof Let ( & | Wi, W2,---, W, ) be a presentation of a surface S. We only need 
to prove each elementary E/.1 — E/.6 on S does not change the value y(S). Notice the 
elementary transformations E/.1(Relabeling), E/.3(Reflecting) and E/.4(Rotating) leave 
the numbers of vertices, edges and faces unchanged. Consequently, 7(S) is invariant 
under El.1, El.3 — El.4. We only need to check the result for elementary transforma- 
tions E/.2(Subdividing or Consolidating), £/.5(Cutting or Pasting) and E/.6(Folding or 
Unfolding). In fact, E/.2(Subdividing or Consolidating) increase or decrease both the 
number of edges and the number of vertices by 1, leaves the number of faces unchanged, 
El.5(Cutting or Pasting) increases or decreases both the number of edges and the number 
of faces by 1, leaves the number of vertices unchanged and £/.6(Folding or Unfolding) 
increases or decreases the number of edges and the number of vertices, leaves the number 
of faces unchanged. Whence, x(S) is invariant under these elementary transformations 
El.1 — El.6. This completes the proof. 


Applying Theorems 4.2.4 and 4.2.5, we get the Euler characteristic of connected 


compact surfaces following. 
Theorem 4.2.6 Let S be a connected compact surface with a presentation S. Then 


ps if S ~z S?, 


2-2p, if S~— T7#T?#---#T?, 
X(S) = . 


P 
2-q, if S~x P°HP?#-.-#P*. 
— 
q 
Proof Notice that the numbers of vertices, edges and faces of a surface S are re- 


spective |V(S)| = 2,|E(S)| = 1, |F(S)| = 1 if S = (alaa™') (See Fig.4.1.5 for de- 
tails), |V(S)| = 1,|E(S)| = 2p, |F(S)| = lif S = (a,b. 1 <i=p| [ets 'b;") and 
i=1 


IV(S)| = 1, |E(S)| = g, |F(S)| = 1if S = (ait <i<q| ll a) By definition, we know 
i=] 


136 Chap.4 Surface Groups 


that 
2, if S ~_ S’, 
2-2p, if S ~p T?#T?#---#T?, 
XS) = D 
2-q, if S ~g PPHP?#..-#P? 
qd 
by Theorem 4.2.5. Applying Theorems 4.2.4, the conclusion is followed. L 


The numbers p and q is usually defined to be the genus of the surface S$, denoted 
by g(S). Theorem 4.2.6 implies that g(S) = 0, p or gq if S is elementary equivalent to the 


sphere, the connected sum of p tori or the connected sum of q projective plane. 


$4.3 FUNDAMENTAL GROUPS 


4.3.1 Homotopic Mapping. Let %, .% be two topological spaces and let |, y.: 4% 
Z, be two continuous mappings. If there exists a continuous mapping H: %xIl— GY 
such that 

A(x,0) = g(x) and A(x, 1) = ¢2(x) 
for Vx € %, then y; and g are called homotopic, denoted by yg; ~ y2. Furthermore, if 
there is a subset A C 7 such that 


H(a,t)= g(a) = 92a), aeA, tel, 
then y, and > are called homotopic relative to A. Clearly, y; is homotopic to y if A = 0. 


Theorem 4.3.1 For two topological spaces 7, Y%, the homotopic ~ on the set of all 
continuous mappings from 7 to Y is an equivalent relation, i.e, all homotopic mappings 


to a mapping f is an equivalent class, denoted by [f)]. 


Proof Let f, g, h be continuous mappings from 7 to Y, f ~ g and g ~ h with 


homotopic mappings H, and H>. Then we know that 


(1) f= fifchooseH:IxI—- J by H(t, s) = f(t) for Vs € I. 
(2) g = f if choose H(t, s) = H,(t, 1 — s) for Vs, t € J which is obviously continuous. 
(3) Define H(t, s) = HH, (t, s) for Vs, t € I by 


Hi, (x, 21), nOsts 


H(t, s) = HH(t, s) = 
= feu if 
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Notice that Hy (x, 2t) = Hy(x, 1) = g(x) = Ad(x, 2t- lift = 5. Applying Theorem 4.1.3, 


we know the continuousness of H,H. Whence, f = h. 


Theorem 4.3.2 /f fi,f2: 7 > JY and g1,9.: Y — & are continuous mappings with 
fi = fo and g) ~ 8, then f, ° 8) ~ fo © 82. 

Proof Assume F : f; ~ f, andG: g; = go are homotopies. Define a new homotopy 
H: FXII L by H(x,t) = G(F(x, f), 1). Then A(x, 0) = G(fi(x), 0) = g1(fi(x)) for 
t = O and A(x, 1) = G(fa(x), 1) = g2(fo(%)) for t = 1. Thus A is a homopoty from g o f, 
to 2° fo. 


We present two examples for homotopies of topological spaces. 


Example 4.3.1 Let f, ¢ : R > R’ determined by 


fO=G2),. 20 =Ga) 
and H(x, ft) = (x, x? — tx? + tx). Then H : Rx J — R is continuous with A(x, 0) = f(x) 
and (x, 1) = 9(x).. Whence, Ht f = 2. 


Example 4.3.2 Let f, g: 7 — R’ be continuous mappings from a topological space .7 
to R’. Define a mapping H: 7 x I > ZF by 


A(x,th=(1-pf(x%)+tg(x), xe 7. 


Clearly, H is continuous with H(x,0) = f(x) and H(x, 1) = g(x). Therefore, H : f =~ g. 
Such a homotopy A is called a straight-line homotopy between f and g. 


4.3.2 Fundamental Group. Particularly, let a,b: 1 > 7 be two arcs with a(O) = b(0) 
and a(1) = b(1) in a topological space .7. In this case, a = b implies that there exists a 
continuous mapping 

H:IxI-8$ 


such that A(t, 0) = a(t), H(t, 1) = b(t) for Vt € I by definition. 
Now let a and b be two arcs in a topological space Y with a(1) = b(O). A product 
arc a: b of a with D is defined by 


and an inverse mapping of a by a = a(1 — 1). 


138 Chap.4 Surface Groups 


Notice thata-b: 1 — Z anda: 1I— J are continuous by Corollary 4.1.1. Whence, 
they are indeed arcs by definition, called the product arc of a with b and the inverse arc 
of a. Sometimes it is needed to distinguish the orientation of an arc. We say the arc a 
orientation-preserving and its inverse a orientation-reversing. 

Let a, b be arcs in a topological space .7. Properties on product of arcs following 


are hold obviously by definition. 
(Pl) a =a; 
(P2) b-a =a: b providing ab existing; 
(P3) €, = e,, where x = e(0) = e(1). 


Theorem 4.3.3 Let a,b,c and d be arcs in a topological space S. Then 


(1) a@~bifaxb; 


(2) a-b=c:-difaz~b,c=dwitha-canate. 


proof Let H, be a homotopic mapping from a to b. Define a continuous mapping 
H’:IxI-S by A'(t,s) = WH, -¢,s) for Vt, s € I. Then we find that H’(t,0) = a(t) 
and A’(t, 1) = b(t). Whence, we get that a ~ b, i.e., the assertion (1). 

For (2), let H, be a homotopic mapping from c to d. Define a mapping H: /xI > S$ 
by 
H,(@21,8), if O<t< 


H(t, s) = 
— ee if 


Notice that a(1) = c(O) and A,(1, s) = a(1) = c(O) = A2(0, s). Applying Corollary 4.1.1, 


we know that AH is continuous. Therefore, a:b ~c-d. im 


For a topological space 7, xo € 7, let m(.7, Xo) be a set consisting of equivalent 


classes of loops based at x9. Define an operation o in 7;(.7, xo) by 
[a] o [b] = [a- b] and {a}! = [a"'). 


Then we know that 7,(.7, xo) is a group shown in the following result. 


Theorem 4.3.4 7, (.7, xo) is a group. 


Proof We check each condition of a group for 7(.7, xo). First, it is closed under 
the operation o since [a] o [b] = [a- b] is an equivalent class of loop a- b based at xo for 
V[a], [b] € m (7, Xo). 
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Now let a,b,c : 1 > 7 be three loops based at x9. By definition we know that 


a(4t), if O<r<i, 
(a-b)-c(t)h=4 b(4t-1), if 4+<t< 5, 
c(2t-1), if $<t<1 


and 
a(2t), if O<ts 

a-(b-c)(t)=4 b(4t-2), if 5 
c(4t-3), if #<r< 


Define a function H: 1x I— 7 by 


4t 1 
a —), if o27e 
ee +1 +2 
H(t,s)=4 b(4t—-1-5), if — <t< i, 
41-?t), .. st+2 
1- f <t<l 
c(l-———), # —7-sts 


Then AH is continuous by applying Corollary 4.1.1, H(t,0) = ((a- b)- c)() and A(t, 1) = 
(a- (b-c))(t). Thereafter, we know that ([a] © [b]) 0 [c] = [a] 9 ({b] © [c]). 
Now let e,, : 1 > xo € J be the point loop at xo. Then it is easily to check that 


and 


Cy ° Axa, a-e,, ~ a. 


We conclude that 2\(.7, xo) is a group with a unit [e,,] and an inverse element [aq!] 
for any [a] € 7(S, xo) by definition. 


Let 7 be a topological space, x,x, € Y and £ an arc from Xo to x;. For V[a] € 
m(.7, xo), we know that £ 0 [a] o £7! € m,(.7, x) (see Fig.4.31.1 below). Whence, the 
mapping £4 = £0 [a]o £7! : 2,(.7,x9) > m C7, x}). 


== 2 


ea 


x) 


la] 


Xo 
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Then we know the following result. 


Theorem 4.3.5 Let 7 be a topological space. If x9, x; € Y and £ is an arc from Xo to x, 
in J, thenn(7,x0) =~ (7, x}). 


Proof We have known that £4 : 2\(.7,%0) > 1(7%, 4%). For [a], [b] € 2(7, x0), 
[a] # [b], we find that 


£,([a]) = £0 [a]o£' #£0[b]o£™ = £4([b]), 


i.e., £, is a 1 — 1 mapping. Choose [c] € 7,(.7, xo). Then 


£o0[alo£! o£o[b]o£! =£o0faloe, ofalo£! 
= £0[alo[b]o£! = £4({a]o [b)). 


£,([a]) o £4([c]) 


Therefore, £4 is a homomorphism. 
Similarly, £;! = £7! o [a] 0 £ is also a homomorphism from 7 (.7, x) to (7, xo) 


and £,! 0 £4 = [e,,], £0 £;' = [e,] are the identity mappings between 7,(.7, xo) and 


m1 (7, x;).Hence, £4 is an isomorphism form 7(.7, xo) to 1(7, x1). 


Theorem 4.3.5 implies the fundamental group of a arcwise-connected space 7 is 
independent on the choice of base point x9. Whence, we can denote the fundamental 
group of 7 by m (7). If (7) = {[e,]}, then 7 is called to be a simply connected 
space. For example, the Euclidean space R”, n-ball B” are simply connected spaces for 
n > 2. We determine the fundamental groups of graphs embedded in topological spaces 


in the followiing. 


Theorem 4.3.6 Let G be an embedded graph on a topological space S and T a spanning 
tree in G. Thenm,\(G) =(T+el|lee E(G\T)). 


Proof We prove this assertion by induction on the number of n = |E(T)|. Ifn = 0, 
G is a bouquet, then each edge e is a loop itself. A closed walk on G is a combination of 
edges e in E(G), i.e., 7\(G) = ( e | e € E(G) ) in this case. 

Assume the assertion is true for n = k, 1.e., 7(G) = (T +e|ee€ E(G\ T)). Con- 
sider the case of n = k + 1. For any edge e € E(T), we consider the embedded graph 
G/e, which means continuously to contract @ to a point v in §. A closed walk on G 
passes or not through @ in G is homotopic to a walk passes or not through v in G/e for 
k(T) = 1. Therefore, we conclude that 7;(G) = (T +e|e¢ E(G \ T) ) by the induction 


assumption. L 
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4.3.3 Seifert-Van Kampen Theorem. For a subset A of B, an inclusion mapping i : 
A — Bis defined by i(a) = a for Va € A. A subset A of a topological space X is called a 
deformation retract of X if there exists a continuous mapping r : X — A and a homotopy 
f:XxI-—- X such that 


f@W=x, 7@,1)=7@), Vx e X and f(a,t)=a4,¥aeA and ie J. 
we have the following result. 


Theorem 4.3.7 Jf A is a deformation retract of X, then the inclusion mapping i: A > X 


induces an isomorphism of 7(A, a) onto ™(X, a) for any a € A. 
Proof Let i, : m(A,a) — 7(X,a) and r, : 1,(X,a) — 7(A, a) be induced homo- 


morphisms by i and r. We conclude that r,i,. is the identity mapping of (A, a). Notice 
that ir is homotopic to the identity mapping X — X relative to {a}. We know that i,.r, 1s 


the identity mapping of 7, (X, a). Thus i, : (A, a) — 7 (X, a) is an isomorphism. 


Generally, to determine the fundamental group 7 (.7) of a topological space 7 is not 
easy, particularly for finding its presentation. For this objective, a useful tool is the Seifert- 


Van Kampen theorem. Its modern form is presented by homomorphisms following. 


Theorem 4.3.8(Seifert and Van-Kampen) Let X = UU V with U, V open subsets and let 
X, U, V, UNV be non-empty arcwise-connected with x» € UN V and H a group. If there 


are homomorphisms 
$, > ™(U, x0) > H and $7): 7 (V,x0) 7 H 


and 


ty py 


mas 
| ij 


m™(U 2 V, xo) —+>71(X, x0)----- +H 


| a 
71(V, Xo) o 


2. 2 


with om ‘ ly = 2 : lo, where ly . m(U NM V, x0) = 1, (U, xo), Ip : m(U fa) V, Xo) = 11 (V, Xo), 


Ji: ™mU, x0) 2 m(X, Xo) and jz : ™(V, x0) > ™(X, X90) are homomorphisms induced by 
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inclusion mappings, then there exists a unique homomorphism ® : 1\(X, x9) — H such 
that ® - j, =o, and ® - jz = ¢>. 


The classical form of the Seifert-Van Kampen theorem is by the following. 
Theorem 4.3.9(Seifert and Van-Kampen theorem, Classical Version) Let X = UUV 
with U, V open subsets and let X, U, V, UN V be non-empty arcwise-connected with 
xo € UNV, inclusion mappings i,, j\, i2, jz as the same in Theorem 4.3.7. If 

J: ™(U, Xo) * 1 (V, x0) > MX, Xo) 


is an extension homomorphism of j, and jz, then j is an epimorphism with kernel Kerj 
generated by i, '(g)ir(g), gem (UN V, x0), ie, 

7m (U, Xo) * MV, Xo) 
i@)-b@lg € m(UNV,x0)] | 


where [A] denotes the minimal normal subgroup of a group G included A c Y. 


m1 (X, Xo) = 


A complete proof of the Seifert-Van Kampen theorem can be found in references, 
such as those of [Lee1] [Mas1] or [Mun1]. By this result, we immediately get the follow- 


ing conclusions. 


Corollary 4.3.1 Let X,, X2 be two open sets of a topological space X with X = X, U Xo, 
X> simply connected and X, X, and Xo = X, N X2 non-empty arcwise-connected, then for 


VXxo € Xo, 
71 (X1, Xo) 


[ Gi)e(LaD Ila] € 1 (Xo, x0) 1 
Corollary 4.3.2 Let X,, X> be two open sets of a topological space X with X = X, UX. 


71 (X, Xo) = 


If there X, X,, Xy are non-empty arcwise-connected and Xj = X, M Xz simply connected, 
then for Vxo € Xo, 
M(X, X0) = (Xi, Xo) (Xo, Xo). 

Corollary 4.3.2 can be applied to find the fundamental group of an embedded graph, 
particularly, a bouquet B, = U L; consisting of n loops L;,1 < i < n again following, 
which is the same as in Theron: 4.3.6. 

Let xp be the common point in B,,. Forn = 2, let U = By —{x,}, V = By — {x2}, where 
x; € L; and x, € L,. Then UN V is simply connected. Applying Corollary 3.1.2, we get 
that 

7) (Bo, Xo) = ™(U, xXo)m(V, x0) = (L1) (Lo) = (Li, La). 
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Generally, let x; € L;, W; = L; — {x;} for 1 <i<nand 


u=Li| Jw J---Jw, and vewil| Jol). 


Then U() V = S,,,, an arcwise-connected star. Whence, 
71(B,,O) = 1 (U, O) * m(V, O) = (Ly) * 1 (Bn-1, O). 
By induction induction, we finally find the fundamental group 
(By 0) = 1.12 HK) 


4.3.4 Fundamental Group of Surface. Applying the Seifert-Van Kampen theorem and 
the classification theorem of connected compact surfaces, we can easily get the funda- 
mental groups following, usually called the surface groups in literature. 


Theorem 4.3.10 The fundamental groups m(S ) of compact surfaces S are respective 


(1), the trivial group if S ~z S’; 


1, b1,-*,4p, bp | [Labjartbs! = 1 if S ~py T2#T?#H--- #72; 
m(S) = i=l = 
(crenessseql Hee =1 | if S ~p, P°HPPH---#P?, 
q 

Proof If S ~ S”, then it is clearly that 7,(S) is trivial. Whence, we consider S is 
elementary equivalent to the connected sum of p tori or g projective planes following. 
Casel. S ~g, T°#T?#---#T°. 

Pp 

Let S = ( a1,b1,°++, ap, by | FT a;bia;'bs! be the surface representation of S. By 
Theorem 4.2.2, we can represent Sby a 4p-gon on the plane with sides identified in pairs 
such as those shown in Fig.4.3.2(a). By the identification, these edges a, b;, a2, bz, +++, ay, Dp 
become circuits, and any two of them intersect only in the base point xo. Now let 
U = S \ {y}, the complement of the center y and let V be the image of the interior of 
the 4p-gon under the identification. Then U, V both are arewise-connected. Furthermore, 
the union of circuits a), b;, a2, bz, +++, a), b, is a deformation retract of U, and V is simply 


connected. Therefore, 


m(V,x1) =(110),  mi(U,x0) = ( 21,81, 02,B2,°++,0p,Bp 10), 
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where @1, 61, @2,B2,°++,@p, Bp are circuits represented by ay, bj, az, bz, +++, dp, by, respec- 


tively. 


N , 
ee -----e# 


Fig.4.3.2 


Notice that UM V has the homotopy type of circuit. Whence, 7,(U NM V, x;) is an 
infinite cyclic group generated y, the equivalent class of a loop c around the point y once 
with 

P 
by) = | | UB(ai) Bi) 
i=1 


where a = d"'a;d, B’ = d~'Bd for integers 1 <i < p. 


Applying Corollary 4.3.1, we immediately get that 


P 
oo ae (a. Bosse Ay [ [eisai @yt = 1 


i=1 


(a1.d1 dy Bp | | aibiar'o7" =] ). 


i=1 


I 


Case 2. S ~ ; P’#P?#.--#P?. 
P 
The proof is similar to that of Case 1. In this case, S is presented by identify- 


ing in pairs sides of a 2g-gon with sides aj, a), 42,d7,--++,g,dg, Such as those shown 
in Fig.4.3.2(b). Similarly choose U,V as them in Case 1. Then the union of circuits 


a, 42,***, Ag iS a deformation retract of U, and V is simply connected. Therefore, 
mV, x1) =(110), mm (U, x0) = ( a1,02,-++,a4|0), 


where @,Q@,-+-,@ are circuits represented by da), d2,---,d,, respectively and 7(U 


V, x,) is an infinite cyclic group generated y, the equivalent class of a loop c around the 
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point y once with 
q 
d= |e, 
i=1 


where a, = d“'a;d for integers 1 < i < g. Whence, 
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q 
mS) = (aian-sagl | Joop? =1] 
i=] 


sal [a=] 


I 
i 
© 
9 
Y 
TI 
He 


by applying Corollary 4.3.1. 


Corollary 4.3.3 The fundamental groups of the torus T* and projective plane P? are 
m(T?) =(a,b|ab=ba) and m(P’) = ( al@ =1 ys respectively. 


$4.4 NEC GROUPS 


We show how to construct a polygon used in last section on a Klein surface, i.e., funda- 


mental region of a non-Euclidean crystallographic group, abbreviated to NEC group in 


this section. Thus will be used in next chapter. 


4.4.1 Dianalytic Function. Let C be the complex plane, A c C a open subset and 


f :A— Ca mapping. As usual, we writez=x+iyeC, xyeR i= V-1zZ=x-iy 


and f(z) = u(x, y) + iv(x, y) for certain functions u,v : A > R of C?. Then by definition, 


we know that 
Of _ Te: Ov _ du dx | .Ju dy 


dz az "Oz Ox Oz "ay Oz 


+1 


| 


OF x OU OV OU ON, OUOY sn 
O G Ix HK 
Notice that x = = and y = He? we know that 
Ox Ox _ 1 Oy ds sad 
a a 
Whence, 
Of 1fdu ou dv Ov Of 
ai pe) ic MR cg pr ae 
az (5 Rites) OM 


Ov Ox ‘ ov Oy 
Oxdz Odydz}’ 
Ov Ox n ov Oy 

Ox 0z Oy dz) 


(3 Ou Ov Ov 
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Particularly, let f : A > C be determined by fizaxtiy > f@ = u(x,y) — ivy). 


Then we get the fundamental equalities following: 


0 0 0 0 
Let C* = { z| Imz => 0}. A mapping f : A — C (or C*) is called to be analytic 
on A if “ = 0 (Cauchy-Riemann equation) and antianlytic on A if “ = 0. A mapping 
f : A —- C (or C*) is dianalytic if its restriction to every connected component of A 
is analytic or antianalytic. The following properties of dianalytic mappings is clearly by 


formulae (4-1) and definition. 


(P1) A mapping f : A > C (or C*) is analytic if and only if f is antianalytic; 

(P2) Ifa mapping f : A > C (or C*) is both analytic and antianalytic, then f is 
constant; 

(P3) If f : A > Bc C (or C*) and g : B > C (or C*) are both analytic or 
antianalytic, then the composition g 0 f : A > C (or C*) is analytic. Otherwise, go f is 


antianalytic. 


Example 4.4.1 Let a,b,c,d € R, c # 0 and A = C \ {-d/c}. Clearly, the mapping 


f :A-—- C determined by f(z) = = +2 for Vz € A is analytic. Whence, the mapping 
f :A— C determined by f(z) = = +? for Vz € A is antianalytic by (P1). 
Let f(z) = u(x, y) + iv(x, y). Calculation shows that 
a a ou\ (avy 
det y 3 = «($) (2) | 
Ox Ody 


where € = 1 if f is analytic and —1 if f is antianalytic. This fact implies that an analytic 


function preserves orientation but that an antianalytic one reverses the orientation. 


4.4.2 Klein Surface. A Klein surface is a topological surface S together with a family 
x = { (U;, d;) |i € A } such that 

(1) { U;|i¢ A } is an open cover of S; 

(2) ¢; : U; —- A; is a homeomorphism onto an open subset A; of C or C*; 


(3) the transition functions of X defined in the following are dianalytic: 


bij = Pid; > (Ui () Uj) — > dG; () U;), je A. 
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Usually, the family & is called to be an atlas and each (U;, ¢;) a chart on S , which is 
positive if 6(U;) C C*. The boundary of S is determined by 


OS = {x € S| there exists i € I, x € Uj, 6j\(x) € R and 6(U;) C C*}. 


Particularly, if each transition function ¢;; is analytic, such a Klein surface is called a 
Riemann surface in literature. Denote respectively by k(S), g(S) and y(S) the number 
of connected components of 0S, the genus and the Euler characteristic of S, where if 
OS # 0, we define its genus g(S) to be the genus of the compact surface obtained by 
attaching a 2-dimensional disc B to each boundary component of S. Then by applying 


Theorem 4.2.6, we know the following result. 


Theorem 4.4.1 Let S be a Klein surface. Then 


(S) = 2-—2g(S)-—k(S) if S is orientable, 
2-—g9(S)—-—k(S) if Sis non -— orientable. 


Proof Let S be a surface without boundary, 1.e., 0S = 0 with a definite triangulation. 
We remove the interior of one triangle T to form a new surface S$’. Clearly, V(S’) = 
V(S), EWS’) = E(S) and F(S’) = F(S) \ {7}. Whence, y(S’) = v(S) — 1. Continuous 
this process, we finally get that y(S’) = y(S) — k if we remove k triangles on S. Then we 


know the result by Theorem 4.2.6. 
Some important examples of Klein surfaces are shown in the following. 


Example 4.4.2 Let H ={z¢C|Imz>0}and D={zeC||z| < 1 } be respectively the 
upper half plane and the unit disc in C shown in Fig.4.4.1 following. 


Imz 


PR BO 
Pe is Be 
BO Op ide oh 


Rez 


Fig.4.4.1 


Choose atlas {(U = H,¢ = 1y)} and {(U = D,¢ = 1p)} on H and D, respectively. Then 
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we know that both of them are Klein surfaces without boundary. Such Klein surfaces will 
be always denoted by H and D in this book. 


Example 4.4.3. The surface C* with a structure induced by the analytic atlas {(C, 1¢)} is 


a Klein surface with boundary 0C* = R. 


Example 4.4.4 Let C=Cu {co} and A = C*U {oo}. Then they are compact Klein surfaces 


with atlas 


x) ={(U, = C, 6) = Ie), (U2 = C{0}, 62 = 2"), 


XY) = (UU; = Ct, bd) = 1¢4), (U2 = A{0}, do =Z')}, 


respectively. Clearly, OC = 0 and 0A = RU {oo}. 


4.4.3 Morphism of Klein Surface. Let A be a subset of C*, define A={zeEClzEA}. 
A folding mapping is the continuous mapping ® : C — C* determined by ®(x + iy) = 


x + ily|. Clearly, ® is an open mapping and ®~!(A) = A U A. Particularly, ®"'(R) = R. 


Let S and S’ be Klein surfaces. A morphism f : S — S’ from S to S’ is a continuous 


mapping such that 


(1) f(dS) ¢ dS’; 
(2) for Vs € S, there exist charts (U, ¢) and (V, w) at points s and f(s), respectively 
and an analytic function F : é(U) — C such that the following diagram 


y a 


V 


w (4-2) 


gu) —= Cc ® ct 


commutes. It should be noted that in the case of Riemann surfaces, we only deal with 
orientation-preserving morphisms, in which the diagram (4—2) is replaced by the diagram 
(4 — 3) following. 


b w (4 — 3) 


@(U) i WV) 
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Let S and S’ be Klein surfaces and f : S — S’ amorphism. If f is a homeomor- 
phism, then S and S’ are called to be isomorphic. Such a morphism f is isomorphism 
between S and S’. Particularly, if S$ = S$’, sucha f is called automorphism of a Klein sur- 
face S. Similarly, all automorphisms of S form a group with respect to the composition 
of automorphisms, denoted by AutS. We present an example of automorphisms between 


Klein surfaces following. 


Example 4.4.5 Let H and D be Klein surfaces constructed in Example 4.4.2 and a map- 

ping by p(z) = (z+ 1)/(iz+ 1). Then p : D > H is well-defined because if z = x + iy € D, 

so there must be x” + y” < 1 and consequently 

2 eile 7) 
x+(1-y) 

Furthermore, it is analytic, particularly continuous by definition. For s € D, we choose 

(U = D,1p) and (V = H,1,) to be charts at s € D and p(s) € H, respectively. Then 


plz) e H. 


®p = pe for p(D) Cc H c C* and the following diagram is commute. 


U V 
ly ly 


o(U) 


(? 


Whence, p is a morphism between from Klein surfaces D to H. Now if g : H > Cis 
defined by g(z) = =. then gop = ly. Because p is onto, Img C D and pg = 1x, we 
— iz 


know that pe is an isomorphism of Klein surfaces. 


4.4.4 Planar Klein Surface. Let H = { z € C|Imz > 0} be a planar Klein surface 
defined in Example 4.4.2 and let PGL(n, G) be the subgroup of GL(n, R) determined by 


€ PGL(, R) with real entries, 
Cc 


we associate a mapping f, : H — H determined by 


all A € GL(n,R) with DetA # 0. Now for A = | 7 


az+b 


fa@=4 BTS 


Clearly, f4 € AutH and f, = f-4 for any non-zero c € R. Hence, the mapping A > fy 


embeds PGL(2, R) in AutH. We prove this mapping is also surjective. In fact, let f € 
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AutH and let p : D — H be the isomorphism determined in Example 4.4.5. Notice that 


f is analytic, and so the same holds true for g = p"' o f op. Applying the maximum 
=a 


—- az 


principle of analytic function, g(z) = = for some a € D, uw € C with |u| = 1. Hence, 


az+b 


for some a,b,c,d€C. 
cz+d 


f@= 


Because f(H) = H, we know that f(R \ {-d/c}) Cc R by continuity, and it is easy to 
see that we can choose real numbers a, b,c,d. Notice that f(i) € H implies that DetA = 
ad — be > 0. 

If f reverses the orientation, let h : H — H be a mapping determined by hA(z) = 
=F@): Notice that h is an automorphism of H, i.e., h € AutH and it preserves the orienta- 
tion. We know that 


f(Z@= for some a,b,c,d €R with DetA = ad — be < 0. 


az+b 
CZ 


Whence, we get the following result for the automorphism group of H. 


Theorem 4.4.2 Let H ={z¢C|Imz> 0}. Then 


(1) AutH = PGL(2, R); 
(2) AutH is a topological group, i.e., AutH is both a topological space and a group 


with a continuous mapping V f o g! for f,g € AutH. 


4.4.5 NEC Group. A subgroup I of AutH is said to be discrete if it is discrete as a 
topological subspace of AutH. Such a discrete group T is called to be a non-Euclidean 
crystallographic group (shortly NEC group) if the quotient space H/T is compact. 
Notice that there exist just two matrixes A,B € GL(2,R) such that f,, fg for any 
f €€ AutH with [DetA| = [DetB| = 1, i.e., B = —A, DetA = —DetA and TrB = -TrA. 
Define Detf = DetA and Trf = TrA, respectively. Then we classify f € AutH into 3 


classes with conditions following: 


Hyperbolic. Detf = 1 and |Trf| > 2. 
Elliptic. Detf = 1 and |Trf| < 2. 
Parabolic. Detf = 1 and |Trf| = 2. 


Furthermore, f is called a glide refection if Detf = —1, |Trf| # 0 or a refection if 
Detf = —-1, |Trf| = 0. Denote by Aut’H the subgroup of AutH formed by all orien- 
tation preserving elements in AutH. Then it is clear that [AutH : Aut"H] = 2. Call 
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an NEC group [ to be Fuchsian if [ < Aut*H. Otherwise, a proper NEC group. For 
any NEC group I, the subgroup [* = ['N Aut‘ is always a Fuchsian group, called the 
canonical Fuchsian subgroup. 


Calculation shows the following result is hold. 


Theorem 4.4.3 Extend each f, € AutH to fon C U {co} in the natural way for A = 


: 


€ PGL(2, R) by 


-d/c ifz=o, 
fore) if z=-—d/c, 
fi(z) = b 
JAR = 4 2” af Death = te Hs. 
ee 
az + . 
iad if Detf, =-l, zZ#00,-d/c. 


Let f € AutH and Fixf = {z € CU {oo}| f(z) = z}. Then 


two points on R U {oo} if f is hyperbolic or glide ref ection, 


Fix f one point on R U {ox} if isparabolic, 
ixf = 
two non — real conjugate points if f is elliptic, 


a circle or a line perpendicular to Rif f is a reflection. 


Let T be an NEC group. A fundamental region for T is a closed subset F of H 


satisfying conditions following: 


(1) If z € H, then there exists g € I such that g(z) € F; 
(2) Ifz¢ H and f,g €T verify f(z), g(z) € IntF, then f = g; 


(3) The non-Euclidean area of F \ IntF is zero, i.e., 


u(F \ IntF) = i { la = 0. 
F\inF Y 


The existence of fundamental region for an NEC group can be seen by the following 


construction for the Dirichlet region with center p. 


Construction 4.4.1 Let be an NEC group. We construct its fundamental region in the 


following. First, we show that there exists a point p € H such that g(p) # pforlp #g eT. 


In fact, we can assume the existence of an upper half Euclidean line / perpendicular to R 


such that / # Fix(y) for every y € IT. Otherwise, we can get a sequence {x,|n € N} 
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convergent to a point a € H, lying on a Euclidean line parallel to IR, and the upper half 


Euclidean line /,, perpendicular to R and passing through x, verifies /,, = Fix(y,) for some 


Yn € I. Consequently, y, # Ym ifn # m and lim{y,(a)} = lim{y,(x,)} = lim{x,} = a, 
contradicts to the continuity of the mapping o : AutH x H — H determined by o(f, x) = 
F(x) for f ¢ AutH, x € H. 

Choose a sequence {y,|” € N} of points H lying on / convergent to some point b € H. 
By assumption, there exists a sequence of pairwise distinct transformations {g,|n € N} cT 


such that g,(¥,) = yn for every n € N, which leads to a contradiction as before. 
Now it is easy to check that 
F =F, ={z€ Ald(z, p) < d(g(z), p) for each g eT} 
is a fundamental region of I’, where d(u, v) is the non-Euclidean distance between u 


2 2\1/2 
i= { ere 
Cis y 


C,,, being the geodesic joining u and vy, 1.e., a circle or a line orthogonal to R. Then F,, 


and y, 1.e., 


verifies conditions (1)-(3): 

(1) Let z be a point in H. Since I is discrete, the orbit O, of z under Tis closed. Thus 
there exists w € O, such that d(w, p) < d(w’, p) for each w’ € O,. If w = g(z), g € T, then 
it is clear that g(z) =we F,. 

(2) Obviously that 


IntF,, = {z € Ald(z, p) < d(g(z), p), for each g €T \ {1y}}. 
Then z € H, f,g € T and f(z), g(z) € IntF, imply that for f # g, 


d(f(z), p) < d(gf'(f(2), p)) = d(g(z), p), A(g(z), p) < d(fg™'(g(z), p)) = af (2), p), 


a contradiction. Thus, f = g. 

(3) This is follows easily from the fact that the boundary of F,, is a convex polygon 
with a finite number of sides in the non-Euclidean metric. 

Usually, a fundamental region F of an NEC group verifying conditions following is 


called regular: 


(1) F is a bounded convex polygon with a finite number of sides in the non-Euclidean 


metric; 
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(2) F is homeomorphic to a closed disc; 

(3) F \ IntF is a closed Jordan curve and there are finite vertices on F \ IntF which 
divide it into the following classes e of Jordan arcs: 

(3.1) e= FN gF, where g €T is a reflection; 

(3.2) e=F NgF, where g ET, 2? # 1y; 

(3.3) e for which there exists an elliptic transformation g € I, g? = 1p such that 
eUge=FgF; 

(4) If F, gF do not have an edge in common for a g € I, then F / gF has just one 


point. 


Then we know the following conclusion. 


Theorem 4.4.4 For any NEC group I, there exist regular fundamental regions, such as 


F, for example. 


Construction 4.4.2 Let F be a regular fundamental region of an NEC group I. For a 
given g € I, gF is said to be a face. Clearly, the mapping T — {faces} determined by 


g — gF isa bijection and H = |) gF. In fact, {gF|g € T} is a tessellation of H. 
gel 


(1) Given a side e of F, let g. be the unique transformation for which g.F meets F 
in the edge e, 1.e.,e = FM g.F. then {g,|e € sides of I} is a set of generators of y. In 
fact, for Vg € T there exists a sequence of elements g, = ly, g — 2,-++, 8n4, in F such 
that g;F meet g;,;F one to another in a side, say g;(e;), where e; is a side of F. Clearly, 
8i(8ef) = Siri and so gix1 = Bie, for 1 < i < n. Consequently, g = g¢,8-, +++ 8e, for 
some sides €1, €2,---,é, of F. 

(2) First, we label sides of type (3.1). Afterward, if we label e a side of type (3.2) 
or (3.3), the side ge is labeled e’ if g € I", and e* if g ¢  \ *. We write down the labels 
of the sides in counter-clockwise order and say (e, e’), (e, e*) pair sides. In this way, we 
obtain the surface symbols, which enables one to determine the presentation of T’ and the 
topological structure H/T, such as those claimed in Theorem 4.2.2. 

(3) Let a and @ be pair sides and let g € I be an element such that g"!(a) = @. 
For a hyperbolic are f joining two vertices of F and splitting F into two regions A and B 
containing a and @, respectively, AU gB is a new fundamental region of T which has a new 
pair sides b and b with b = g'(b) instead of a and @ and suitably relabeled other sides. 


Repeating this procedure in suitable way one can arrive to a fundamental region with the 
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following side labelings 
1G EEE IO Vi Eh EKV KO Ves EAB iM By °° Op p@ 8, (4-4) 


E1€, ++ EEEEVV 10+ Vis Ey * EKKO * + * Ves E,0104 ** 596, (4=5) 


according to H/T orientable or not. 

(4) Identify points on pair side, we get that H/T is a sphere with k disc removed and 
p handles or q crosscups added if (4 — 3) or (4 — 4) holds. 

(5) For getting the defining relations for ’, consider the faces meeting at each vertex 
of F. Notice that I is discrete. The number of these faces is finite. Choose one of vertices 
of I and let / = Lo, L1,---, Ln, L241 = L be the corresponding chain faces. Obviously, 


there exist g),---,2, of elements of I such that 
Ly = gL, Ly = gogih,+++,L = Last = 8n°+* gil. 
Whence, every vertex induces a relation 


8n8n-1°** 8281 = ly. 


It turns out that these relations of this type and g? = 1, coming from such sides of F fixed 
by a unique nontrivial element g, € I form all defining relations of T. 
(6) As we get a surface symbol (4 — 4) or (4 — 5) and using procedures described in 


(1) and (5), we find the presentation of I following: 


Generators: x, l<i<nr; 
e;,, 1 <i<k; 
Gy leiek, lejes; 
a;, b;, 1 <i < p inthe case (4 — 4); 
d;, 1 <i<q in the case (4-5). 


Relations: 
at =lp1il<i<r; 

-1 = . : 

€; CioiCis, = lp, LS isk; 

2 


fii 


X1+++xX,e,+++e[a1, b1]---[ap, bp] = 1 incase (4 — 4); 


2 ij : 
st a (Ci4cay" = 15 


y+ Xe, ++ ed; --- dz = 1 in case (4 — 5), 
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where a, b, c, d, e, x correspond to these transformations induced by edges a, f, y, 6, €, &, 
[a;, b;] = a;bia,'b;' and m;, n; are numbers of faces meeting F at common vertices for 
sides (€;, €;) and (7;,;-1, Vij), respectively. 
For an NEC group [' with the previous presentation, we define the signature o(I) of 
I by 
OU) = (ore) tgs 92 tis Mags? <5 ads? Mea) 
and its hyperbolic area (1) by 


k 


i 1 
wD) =]ag+k- 2+ Na- 45) veo 
i=l j=l WJ 


where g = p, the sign + and a = 2 in (4 — 4) or g = g, the sign — and a = 1 in (4-5), 1.e., 
orientable in the first and non-orientable otherwise. It has been shown that p(T) is just the 
hyperbolic area of the fundamental of T and independent on its choice. 

Usually, if r = 0, s; = 0 or k = 0, we denote these [m,---,m,], (Ni,°++,Nis,) by [—], 


(—) or {—}, respectively. For example, 


oT) = (g545[-h{C)°°:. OO) 


if r = O and s; = 0. Such an NEC group is called to be a surface group. Partic- 
ularly, if k = 0, ie., these fundamental groups in Theorem 4.3.10, the signature is 


o(T) = (g; +; [-]; (—)). Clearly, the area of a surface group Tis u() = 27(ag + k — 2). 


Theorem 4.4.5(Hurwitz-Riemann formula) Let T be a NEC subgroup of a NEC group 


I”. Then 
MT) 
MI”) 
Proof Notice that I is a discrete as a subgroup of I’. By definition, H/I” and H/T 


= (i sr], 


are compact, so I” and Tl have compact fundamental regions F’ and F. Let h,---,h, € 1” 
be the coset representatives of T, where k = [I” : TJ. Then It is easily to know that 
F =h,(F’)U---Uh,(F’). Consequently, 

k 


(LD) = area(F) = be area(h;(F’)) = k x area(F’) = k x p(T”). 


i=l 


Thus, 


HO) 
HI”) 


=([I’:T). 
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$4.5 AUTOMORPHISMS OF KLEIN SURFACES 


4.5.1 Morphism Property. We prove the automorphism group of a Klein surface is finite 
in this section. For this objective, we need to characterize morphisms of Klein surfaces in 
the first. 


Theorem 4.5.1 Let f : S — S’ be a non-constant morphism and (U,¢), (V,W) two 
charts in S and S' with f(U) Cc V, WV) Cc C*. Then there exists a unique analytic 
mapping F : ¢(U) > C such that the following diagram 


i 


gu) —= Cc ® WV) 


commutes. 


Proof First, if there are two non-constant analytic mappings F, F’ : é(U) > C such 
that ODF = ®F’, then F = F’ or F = F’. Let Y c F-\(C \ R) be a nonempty connected 
set. Choose M, = {x € Y|F(x) = F’(x)} and M> = {x € Y|F(x) = F’(x)}. Then M, and M, 
are closed and disjoint with Y = M, U My, which enables one to get M, = Y or M2 = Y. 


If M, = Y, F must be both analytic and antianalytic on Y. Thus Fy is constant, and so F 
is constant by the properties of analytic functions, a contradiction. Whence, F = F’. 
Now suppose that we can cover U by {U | j € J} such that there are analytic mappings 


F, : &(U;) > C with the following diagram 


y ‘a 


b w 


gy He Ge Bes a 


commutes. Then these mappings F’; glue together will produce a function F' that we are 
looking for. So we only need to find such mappings F’;. 
By definition, for x € U and y = f(x) € V, there exist charts (U*, 6, and (V”, wy) and 


an analytic mapping F’, with U* c U, V” Cc V such that the following diagram commutes: 
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U* 


v 


px Wy 


6x(U*) 


Cc Ds WV) 


We construct a mapping F’, such that the following diagram also commutes: 


U* f 


v 


px Wy 


$(U*) 


Wy(V") 


In fact, for any given u € #(U*), we know that F,.¢,¢ !(u) € O | (Imy,) = W(V")UW,(V”). 
Consider (Wy!) : Wy(V") UW (V*) — C. Then according with ¢,¢~' and yy," were 
analytic or antianalytic, we take F* or F* to be (WWF rp» '. Then we get such F; as 


one wish. 


A fundamental result concerning the behavior of morphisms under composition is 


shown in the following. 


Theorem 4.5.2 Let S,S’ and S” be Klein surfaces and f : S > S’, g: SS’ > 8S” 
continuous mappings such that f(OS) Cc OS’, g(0S’) Cc AS”. Consider the following 


assertions: 


(1) f is a morphism; 

(2) g is a morphism; 

(3) go f is a morphism. 
Then (1) and (2) imply (3). Furthermore, if f is surjective, (1) and (3) imply (2), and if f 
is open, (2) and (3) imply (1). 


The proof of Theorem 4.5.2 is not difficult. Consequently, we lay it to the reader as 


an exercise. 


Corollary 4.5.1 Let S and S’ be topological surfaces and f : S — S’ a continuous 
mapping. Then 
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(1) If S’ is a Klein surface, then there is at most one structure of Klein surface on $ 
such that f is a morphism. 
(2) If f is surjective and S is a Klein surface, then there exists at most one structure 


of Klein surface on S' such that f is a morphism. 


4.5.2 Double Covering of Klein Surface. Let S be a Klein surface with atlas }) = 


{(u;, ¢;)|i € I}. Suppose S is not a Riemann surface and define 
U; = U; x {i} x {1} and Uy =U; x {i} x {-}, 


where i runs over J. We identify some points in 


X= U u So U u!. 
iel iel 

(1) Fori¢ J and D; = 0S 0 U,, identify D; x {i} x {1} with D; x {i} x {-1}. 

(2) For (j,k) € I x J such that U; meets U;, let W be a connected component in 
U;M Ug. Identify W x {j} x {6} with W x {k} x {6} for 6 = +1 if 6)¢;' : &(W) > C 
is analytic, and W x {j} x {6} with W x {k} x {-6} for 6 = +1 if 0; : &(W) > Cis 
antianalytic. 

Put Sc = X/{identificationsabove}. For each i € J, let ¢; : U; — C determined by 
f(x, i, 1) = Ox) and ¢/’ : U;’ — C determined by ¢/(x,i,-1) = Oj(x). Obviously, if 
p : X — Scdenotes the canonical projection and U; = p(U; U U”’), the family {Uli € T} 
is an open cover of Sc. Furthermore, each mapping @; : U; > C defined by 6(u) = ¢'(u) 
ifu € U; or $;(U) = ’(u) if u € U;’ is a homeomorphism onto its image. Thus >)c = 
{(U;, bili € J)} is an analytic atlas on Sc. Clearly, 0Sc = @. Whence, Sc is a Riemann 
surface by construction. 

We claim that there exists a morphism f : Sc — S and an antianalytic mapping 
ao : Sc — Sc such that fo = f and 0” = 1s. In fact, it is suffices to determine 
f:Sc 7S by f :u= pd,i,6) — v for v € U; and 6 = +1. It should be noted that each 


fibers of f has one or two points and we define 


u if|f-'(f(W)I = 1, 


>So CO Sciu7 
pe ae we iff Cf @))| = 2. 


Such a triple (Sc, f, ~) is called the double cover of S. 
We know the following result due to Alling-Greenleaf ([BEGG]): 
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Theorem 4.5.3 Let g be a morphism from a Riemann surface S onto a Klein surface S’ 


with the double cover (S¢, f’,a). Then there exists a unique morphism g’ : S > S¢ such 


that f’g’ = g. 


4.5.3 Discontinuous Action. Let S be a Klein surface and G < AutS. We say G 
acts discontinuously on S if each point x € S possesses a neighborhood U such that 
Gy is finite. Furthermore, G is said to be acts properly discontinuously on S§ if it acts 


discontinuously on S satisfying conditions following: 


(1) For Vx,y € S with x ¢ y®%, there are open neighborhoods U and V at points x 
and y such that there are no f € G with UN f(V) #9; 

(2) Forx € S, 1s # f € G, and the mapping ¢,f¢@;' is analytic restricted suitably, x 
is isolated in Fix(/). 

For the existence of properly discontinuously groups, we know the following result 


as an example. 
Theorem 4.5.4 Every discrete subgroup TY of AutH acts properly discontinuously on H. 


Proof First, the stabilizer T of each x € H is finite. Otherwise, let { f,|n € Z*} Cc Ty 
such that f, # fn ifn # mand so lim{ f,(x)|n € Z*} = x. But then I must be not discrete. 

Now let N be the set of narara onic m such that H contains the Euclidean ball 
B,, with center x and radius 1/m. Let T,, = 'g,,. Then there must be 

ree Te 
neZ* 

In fact, if f ¢ T’,, take open disjoint neighborhoods U and V of x and f(x). If m is bigger 
enough, B,, Cc U, f(B») C V. Thus there must be f ¢ I,,. On the other hand, if f € T,, 
then there is an integer mp such that for any integer m > no, By = f(B»). This establishes 
the previous equality. 

(1) I acts discontinuously on H. Assume that each I, is infinite. Then the finiteness 


of I’, and the above equality imply that 


Tim 32 Vin, 3 


m = = ee 


for some sequence {m,|k € Z*} c Z*. Choose f; € Tin, \ Tiny,,- Clearly, fp # frif k # 1. 
However, if we take x € Bn, A fx(Bm,) and y € Bn, with x, = f(%), then 


lim {axlk a2 = a= lim tyxlk € Z*}. 
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So lim{ f(x )|k € Z*} = x, which contradicts the discreteness of I. 

(2) For x,y € H, x ¢ y*"”, there are neighborhoods U of x and V of y such that 
there are no f € G with UN f(V) # @. In fact, let P be the set of numbers m € Z* such 
that the balls B,, and By, of radius 1/m with centers x and y, respectively, are contained 
in H. We prove that there are no f € T with B,, N f(B),) # 0 for all m € P. Denoted by 
Dn = {f € TB O f(B,,) # O}. Clearly, () D,, = 0. Otherwise, for some f € I there 


meP 
are points x, € B, and y» € BY, with fm) = Xm, m € P, which implies f(y) = x, Le., 


m 


AutH 


xe yo a contradiction. So we have 


2D 


Dry - 


Discs 
my, 


for some sequence {mk € Z*} Cc P. Choose f, € Dm, \ Dm,,,.. then we know that 
lim{ Kk € Z*} = x, f, # fr if k # 1, contradicts the discontinuousness of I. 
(3) Given 1, # f €T, f has the form 


+b 
f@= 2, (b,c,d-a) # (,0,0). 
cz +d 
Thus Fix(/) \ {x} is finite, i.e., x is isolated in Fix(/). CJ 


The importance of these properly discontinuously groups on Klein surfaces is im- 


plied in the next result. 


Theorem 4.5.5 Let G be a subgroup of AutS which acts properly discontinuously on the 
Klein surface S. Then S'’ = S/G admits a unique structure of Klein surface such that 


m:S — S’ isa morphism. 


A complete prof of Theorem 4.5.5 can be found in [BEGG1]. Applying Theorems 


4.5.4 and 4.5.5 to the planar Klein surface H, we know the following conclusion. 


Theorem 4.5.6 For a discrete subgroup T of AutH, the quotient H/T admits a unique 
structure of Klein surface such that the canonical projection H — H/T is a morphism of 


Klein surfaces. Particularly, this holds true if T is an NEC group. 
Generally, we also know the following result with proof in [BEGG1], which enables 


one to find Klein surfaces on topological surfaces with genus> 3. 


Theorem 4.5.7 Jf S is a Klein surface and 2g(S)+k(S) = 3 if S is orientable, or 
g(S) + k(S) > 3 otherwise. Then there exists a surface NEC group T such that S and 
A/T are isomorphic Klein surfaces and Sc = H/\*, where Y* is a subgroup formed by 
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orientation preserving elements in T. In fact, |TV : T*| = 2. Furthermore, ifm’ : H — H/T 
be the canonical projection, i.e, T = (f € AutH|z’' f = 7’). 
According to this theorem, we can construct Klein surfaces on compact surfaces S 


unless S' is the sphere, torus, projective plane or Klein bottle. 


4.5.4 Automorphism of Klein Surface. Let S and S’ be compact Klein surfaces. Denote 
by Isom(S’, S) all isomorphisms from S’ to S. If they satisfy these conditions in Theorem 
4.5.6, then they can be represented by H/I”, H/T for some NEC group I’ and I. Let 
am: H — A/T anda’ : H = H/T" be the canonical projections and 


A(I’,T) = {g € AutA|z’ (x) = 2’(y) if and only if zg(x) = mg(y)}. 
Then we know the following result. 


Theorem 4.5.8 Let g € AutH. The following statements are equivalent: 
(1) g € AM”,T); 
(2) there is a unique g € Isom(A/I", H/T) with the following commutative diagram: 


H g H 


Tn T 
<7 —___-__,. § 
Gls ele 


Proof (1) = (2). For x = n’(x) € S’, define g(x’) = gen’(x) = mg(x). Applying 
Theorem 4.5.2, we know that g is a homeomorphism on H by the definition of A(T, I”). 
(2) => (3). Applying Theorem 4.5.7, if f ¢ I’ andh = gfg™!, then 


th=ngfg' =@en' fg! =@n'g! =ngg! =n, 


ie.,h €T andsol’ c gg. Conversely, if h € g-'Tg, then ghg! €T,ie., mghg! = 7. 
So gn’h = gn’. Notice that g is bijective. We know 7’h = 7’, i.e.,h ET. 

(3) => (1). Let x,y € A with 2’(x) = n’(y) and y = f(x) for some f € I” = g'Tg. 
Now h = gfg”! €T. Notice that hg = gf and zh = x. We find that 


m(g(y)) = a(g(f(~))) = a(h(g(a))) = m(g(%)). 


The converse is similarly proved. 
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Theorem 4.5.9 Let S = H/T and S’ = H/T". Then 


(1) S and S’ are isomorphic if and only if T and 1” are conjugate in AutH. 
(2) AutS ~ Nauw()/T, where Nauy(1) is the normalizer of T in AutH. 


Proof Obviously, S and S’ are isomorphic if and only if AU’, I’) # 0. By Theorem 
4.5.8, we get the assertion (1). 

For (2), we prove first that the mapping A(I,I’) — Isom(S’,S) is surjective. In 
fact, if S and S’ are Riemann surfaces, let 6 € Isom(S’,S) and (H,7) and (H’, pi’) be 
the universal coverings of S and S’, respectively. Then by the Monodromy theorem and 


Theorem 4.5.2, there exists g € AutH such that the following diagram is commutative. 


H g H 


nr’ 1 


si —__¢@ >, S 


It is clear that g € A(I,I’). So ¢ = g by Theorem 4.5.8. 
Generally, let f : Sc — S and f’ : Si. — S’ be the double coverings with the 
corresponding antianalytic involutions 7 : Sc > Sc ando’ : Si — S¢. By Theorem 


4.5.3, there exists w € Isom($7, Sc) such that the following diagram 


—— re 


is commutative. Let p : H — S¢ and p’ : H — S¢ be the canonical projections. As we 


shown for Riemann surfaces, there exists g € AutH such that the following diagram 


H g H 


, 


P P 
— ere Sc 


is commutative. Now up to the identifications of S§ with H/T and S’ with H/T’, the 
mappings 7’ = f’p’: H > S’' anda = fp: H — S are the canonical projections, which 


enables us to obtain a commutative diagram following. 
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H g H 


/ 


Tv T 


———— re AY 


Applying Theorem 4.5.8 again, we know that g € A(I,I’) and ¢ = g. Now let S = S’. It 
follows that AI, IT’) = Nay). Thus 


Hw: Nauw() > Aut(S) determined by u(g) = 


is a surjective mapping. We prove it is also an epimorphism. In fact, let g), g2 € A(T, I”) 
with 2), 2> such that mg, = g \7 and mg = gon. Then 2(g1 92) = 21722 = (21282)a. But 
2182 €T, we know that 2(g122) = g1g27. Whence, 2122 = 2122 by Theorem 4.5.8. Thus yu 
is an epimorphism. Finally, we check that Ker = I. Clearly, if g ¢ T, we have zg = z, 
L.€s 


H g H 


T T 


—— | re \ 


By Theorem 4.5.8, we get g = 1s. So g € Kery. Conversely, g = 1s implies that zg = z. 


Thus g € I’. This completes the proof. 


Theorem 4.5.10 Let f,g € Aut*A \ {1y}. If fg = gf, then Fix(f) = Fix(g). 


Proof Not loss of generality, we assume that | < |Fix(f)| < |Fixl(g) < 2. By 
fg = ef, we conclude that g(Fix(f)) = Fix(f) and f(Fix(g)) = Fix(g). 

Now if Fix(f) = {xo}, then g(xo) = xo, and if g(y) = y we know f(y) = y, .i.€., y = Xo. 
Thus Fix(/) = Fix(g) in this case. 

If Fix(f) = xo, yo, then {g(xo), g(v0)} = {X0, Yo}. Whence, either Fix(f) = Fix(g) or 
Fix(f) # Fix(g) with g(xo) = yo, g(vo) = Xo. In the second case, choose zp) € Fix(g) \ 
Fix(f). Notice that x9, yo and zo are distinct fixed points of g?. We know that g* = ly. 
Let A € GL(2,R) with DetA = 1 such that g = fy. Then by g* = ly, we get that 
A* = +/ and so the minimal polynomial of A # +/ is x? + 1. Consequently, g(z) = —1/z 
and Fix(g) = {+i}. Since f(H) = H and f(Fix(g)) = Fix(g), we get f(i) = i, and so 
fi) = -i. Thus Fix(f) = Fix(g). 


The following result shows that Nautz(1) is also an NEC group. 
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Theorem 4.5.11 LetT be an NEC group. Then Nauxy(1) in AutH is also an NEC group. 


Proof Notice z : H — H/T. We immediately find the compactness of H/Naun() 
from H under z. Because AutH is a topological group, we only need to check that the 
identity {1} is an open subset in Nauw(T). 

We claim that there exist 14 # h,,h. € I* such that Fix(h,) # Fix(h). In fact, let 
h, € I* defined by h\(z) = roz for some ro € R. Then Fix(h,) = {0, co}. If there are 
another h € I'*, h # h, such that Fix(h) = {0, co}, then 


I*cA={f:H-Alf(2 =rzreR*,ze Ch. 


Since H/I* is compact, the same holds for H/A ~ (0, 1), a contradiction. 

Now let Cautw(M1, 42) = {h € AutA|hh; = hjh,i = 1,2}. We prove that Caua(M, M2) 
is trivial. Applying Theorem 4.5.10, if there are ly # h € Cau(Ay,h2) M Aut*H, 
then Fix(h,;) = Fix(h) = Fix(h2), a contradiction. On the other hand, if there are h € 
Caun(h, hz) \ Aut*H, then h? = 1y, and so h(z) = -z. Now hh; = hjh implies that 
hz) = -1/z for i = 1,2, also a contradiction. Thus the mapping ¢ : Nauw() — T by 
g — ghig™! are well-defined and continuous with Z(14) = h;. 

Since T is discrete, we can find open neighborhoods V;, V2 of ly in Nauty() such 
that ¢,(V;) ¢ {h;}, ie., ghig7! = h;, i = 1,2 for each g € V = V, N Vp. In other words, 
VC Cauta(M1, h2) = {14}. Thus {14} = V is open in Naua(). i 


A group of automorphism of a Klein surface S$ is a subgroup of AutS. We get the 


following consequence by Theorem 4.5.11. 
Corollary 4.5.2 A group G < AutS with S = H/T if and only if G ~ I’ /T for some NEC 
group I" withT <I”. 


Proof Applying Theorem 4.5.11, G is a subgroup of Nauw()/T. So there is a 
subgroup I” of Nauw() containing I such that H/T” is compact. Notice I” is also discrete. 
Whence, I” is a NEC group. L 


Now we prove the main result of this section. 


Theorem 4.5.12 Let S be a compact Klein surface with conditions in Theorem 4.5.7 hold. 
Then Aut is finite. 


Proof Let S = H/T. By Theorem 4.5.10, Nau) is an NEC group. Applying 
Theorem 4.4.5, we know Auts is finite by that of the group index [Nautw(1) : VT). O 
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$4.6 REMARKS 


4.6.1 Topology, including both the point topology and the algebraic topology has become 
one of the fundamentals of modern mathematics, particularly for geometrical spaces. 
Among them, the simplest is the surfaces fascinating mathematicians in algebra, geome- 
try, mathematical analysis, combinatorics, ---, and mechanics. There are many excellent 
graduated textbooks on topology, in which the reader can find more interested materials, 
for examples, [Mas1]-[Mas2] and [Mun1]. 


4.6.2 Similar to Theorem 4.2.4 on compact surface without boundary, we can classify 


compact surface with boundary and prove the following result. 


Theorem 4.6.1 Let S be a connected compact surface with k > 1 boundaries. Then its 


surface presentation is elementary equivalent to one of the following: 


(1) Sphere with k => 1 holes 


aa ‘ce Bic] "ORB oes ee OBC. 


(2) Connected sum of p tori with k => 1 holes 


aia -1p-1 Ip-1 1 1 =i, 
a\b,a, by agba,'b, “+ AyD, O. C,Bycy c2Boc, +++ cy Bucy; 
(3) Connected sum of q projection planes with k = 1 holes 
-1 =i -1 
Q\Az +++ AgC\ Bic, C2Boc, +++ Cy Bucg 


4.6.3 The conception of fundamental group was introduced by H.Poincaré in 1895. Sim- 
ilarly, replacing equivalent loops of dimensional | based at xo by equivalent loops of 
dimensional d, we can extend this conception for characterize those higher dimensional 


topological spaces with resemble structure of surface. 


4.6.4 The conception of Klein surface was introduced by Alling and Greenleaf in 1971 
concerned with real algebraic curves, correspondence with that of Riemann surface con- 
cerned with complex algebraic curves (See [AIl1] for details). The materials in Sections 
4.5.4 and 4.5.5 are mainly extracted from the reference [BEGG1]. Certainly, all Rie- 
mann surfaces are orientable. Their surface group is usually called the Fuchsian group 


constructed similarly to that of Construction 4.4.2. It should be noted that each surface 
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in Construction 4.4.2 for an NEC group maybe with boundary. This construction also 
establishes the relation of surfaces with that of NEC groups, enables one to research au- 


tomorphisms of Kleins surface by that of combinatorial maps. 


CHAPTER 5. 


Map Groups 


A map group 1s a subgroup of an automorphism group of map, which is also a 
kind of geometrical group, i.e., a subgroup of triangle groups. There are two 
ways for such groups in literature. One is by combinatorial techniques. An- 
other is the classical by that of algebraic techniques. Both of them have their 
self-advantages and covered in this chapter. The materials in Sections 5.1— 
5.2 are an elementary introduction to combinatorial maps. By the discussion 
of Chapter 4, we explain how to embed a graph and how to characterize an 
embedding of graph on surface in Section 5.1, particularly these techniques 
related to algebraic maps, such as those of rotation system, band decompo- 
sition of surface, traveling ruler and orientability algorithm in Section 5.1. 
This way naturally introduce the reader to understand the correspondence be- 
tween embeddings and maps, and the essence of notations a@,8 and #, or 
flags in an algebraic map (2,, Y). The automorphisms of map with prop- 
erties are discussed in Section 5.3, characterized by behavior of maps or the 
semi-arc automorphism of its underlying graph. The materials in Sections 
5.4—5.5 concentre on regular maps, both by combinatorial and algebraic tech- 
niques, which are closely related combinatorics with geometry and algebra. 
By explaining how to get a regular tessellation of a plane, a geometrical way 
for constructing regular maps by triangle group is introduced in Section 5.5. 
After generalizing the conception of surface to multisurface S in section 5.5, 
we also show how to construct maps M on multisurfaces S such that the pro- 


jection of M on each surface of S is a regular map. 
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§5.1 GRAPHS ON SURFACES 


5.1.1 Cell Embedding. Let G be a connected graph with vertex set V(G) and edge set 
E(G) and S a surface. An 2-cell embedding of G on S is geometrical defined to be a con- 
tinuous | — 1 mapping t : G > S' such that each component in § — t(G) homeomorphic to 
an open 2-disk. Certainly, the image t(G) is contained in the 1-skeleton of a triangulation 
of the surface S. Usually, components in S — t(G) are called faces. For example, we have 
shown an embedding of K,4 on the sphere and Klein bottle in Fig.5.1.1(@) and Fig.5.1.1(b) 


respectively. 
Uy 
U2 
2 
U3 U4 7 
(a) (b) 


Fig.5.1.1 


For v € V(G), denote by NG(v) = {e1,€2,°++, pq} all the edges incident with the 
vertex v. A permutation on é), €2,---,@pq) 18 said a pure rotation. All pure rotations 


incident with v is denoted by o(v). A pure rotation system of the graph G is defined to be 
P(G) = {o(v)lv € V(G)}. 


For example, the pure rotation systems for embeddings of K4 on the sphere and Klein 


bottle are respective 


P(K4) = {U1 Ug, U1 U3, UU), (U2U1, U2U3, U2U4), (U3U1, U3U4, U3U2), (Ugly, UgUl2, U4U3)}, 
P(K4) = {(Uj U2, Uy U3, Uj U4), (U2U), UnU3, U2U4), (U3U2, U3U4, U3U1), (U4U), Ug, U4ul3)} 
and intuitively, we can get a pure rotation system for each embedding of K4 on a locally 
orientable surface S. 
In fact, there is a relation between these pure rotation systems of a graph G and its 
embeddings on orientable surfaces $, called the rotation embedding scheme, observed 
and used by Dyck in 1888, Heffter in 1891 and then formalized by Edmonds in 1960 


following. 
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Theorem 5.1.1 Every embedding of a graph G on an orientable surface S induces a 
unique pure rotation system p(G). Conversely, Every pure rotation system p(G) of a graph 


G induces a unique embedding of G on an orientable surface S. 


Proof If there is a 2-cell embedding of G on an orientable surface S , by the definition 
of surface, there is a neighborhood D, on S for u € V(G) which homeomorphic to a 
dimensional 2 disc y : Dy > {(%1, x2) € B’|x7 +.x5 < 1} such that each edge incident with 
u possesses segment not in D,. Denoted by 0D, = {(x1, x2) € #7 |x, + x5 = 1) and let the 
counterclockwise order of intersection points of edges uv, v € Ng(u) with that of 0D, be 
Pre Poss? 2D: Define a pure rotation of u by o(u) = (uv), Uv2, +++, UVpu)). Then we get 
a pure rotation system p(G) = {o(u), u € V(G)}. 

Conversely, assume that we are given a pure rotation system o(G). We show that this 
determines a 2-cell embedding of G on a surface. Let D denote the digraph obtained by 
replacing each edge uv € G with (u,v) and (v,u). Define a mapping z : E(D) — E(D) 
by m(u,v) = e(v)(v, uv), which is 1 — 1, i.e., a permutation on E(D). Whence z can be 
expressed as a product of disjoint cycles. Each cycle is an orbit of a action on D(EO. 
Thus the orbits partition the set E(D). Assume 


Fs (u,v)(v, w) ++ (ZW) 
is such a orbit under the action of 7, simply written as 
Fs: (u,v,w,-:+,Z,t). 


Notice this implies a traveling ruler, i.e., beginning at u and proceed along (u, v) to v, 
the next arc we encounter after (u, v) in a counterclockwise direction about v is p(v)(), u). 
Continuing this process we finally arrive at the arc (z, u), return to u and get the boundary 
of a 2-cell. 

Let F, F2,---, F; be all 2-cells obtained by the traveling ruler on E(D). Applying 


Theorem 4.2.2, we know it is a polygonal representation of an orientable surface S by 


identifying arc pairs (u, v) with (v, w) in E(D). 


According to this theorem, we get the number of embeddings of a graph on orientable 


surfaces following. 


Corollary 5.1.1 The number of embeddings of a connected graph G on orientable sur- 


faces is [| (o(v) — 1)!. 


veV(G) 


170 Chap.5 Map Groups 


5.1.2 Rotation System. For a 2-cell embedding of a graph G on a surface S$, its embed- 
ded vertex and face can be viewed as 0 and 2-disks, and its embedded edge can be viewed 
as a 1-band defined as a topological space B with a homeomorphism h : I x J — B, where 
I = [0,1], the unit interval. The arcs hU x {i}) for i = 0,1 are called the ends of B, and 
the arcs h({i} x J) for i = 0,1 are called the sides of B. A O-band or 2-band is just a 
homeomorphism of the unit disk. A band decomposition of the surface S is defined to be 
a collection & of 0-bands, 1-bands and 2-bands with conditions following hold: 

(1) The different bands intersect only along arcs in their boundary; 

(2) The union of all the bands is S, i.e., U B= Ss 

(3) The ends of each 1-band are eerie a 0-band; 

(4) The sides of each 1-band are contained in a 2-band; 

(5) The 0-bands are pairwise disjoint, and the 2-bands are pairwise disjoint. 

For example, a band decomposition of the torus is shown in Fig.5.1.2, which is an 


embedding of the bouquet B, on T°. 


Fig.5.1.2 


A band decomposition is called locally orientable if each 0-band is assigned an ori- 
entation. Then a 1-band is called orientation-preserving if the direction induced on its 
ends by adjoining 0-bands are the same as those induced by one of the two possible orien- 
tations of the 1-band. Otherwise, the 1-band is called orientation-reversing, such as those 


shown in Fig.5.1.3 following. 


© QO © © 


Orientation-preserving band Orientation-reversing band 


Fig.5.1.3 
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An edge e in a graph G embedded on a surface S associated with a locally ori- 
entable band decomposition is said to be type 0 if its corresponding 1-band is orientation- 
preserving, and type 2, otherwise. A walk in this associated graph is type | if it has an 
odd number of type | edges and type 0, otherwise. 

For such a graph G associated with a locally orientable band decomposition, we 
define a rotation system p'(v) of v € V(G) to be a pair (J(v), A), where J(v) is a pure 
rotation system and 2: E(G) — Zp is determined by A(e) = 0 or A(e) = 1 if e is type 0 or 
type | edge, respectively. For simplicity, we denote the pairs (e, 0) and (e, 1) by e and e!, 
respectively. The rotation system p“(G) of G is defined by 


p'(G) = (TF), AIT) € p(G), a: EG) > Zp}. 


For example, the rotation system of the complete graph K, on the Klein bottle shown in 
Fig.5.1.1(d) is 


L 1 1 
p (Ka) = {(ujpu2, U1 U3, Uy U4), (U2U1, U2U3, U2U4), (U3U2, UZ3U4, U3U,), (Ugly, Ugll2, U4U3)}. 


It should be noted that the traveling ruler in the proof of Theorem 5.1.1 can be gener- 
alized for finding 2-cells, i.e., faces in both of a graph embedded on an orientable or 


non-orientable surface following. 


Generalized Traveling Ruler. Not loss of generality, assume that there are no 2-valent 


vertices in G. 


(1) Choose an initial vertex vo of G, a first edge e; incident with vo and v,; be the 
other end of e. 

(2) The second edge e2 in the boundary walk is the edge after (respective, before) e, 
at v, if e; is type O (respective, type 1). If the edge e; is a loop, then e2 is the edge after 
(respective, before) the other occurrence of e; at Vv). 

(3) In general, if the walk traced so far ends with edge e; at vertex v;, then the next 
edge e;,; 1s the edge after (respective, before) e; at vertex v; if the walk is type 0 (respec- 
tive, type 1). 

(4) The boundary walk is finished at edge e, if the next two edges in the walk would 
be e; and e> again. 

For example, calculation shows that the faces of K, embedded on the Klein bottle 
shown in fig.5.1.1(b) is 


Fy = (Uy, U2, U3, U4, U1), F2 = (Uy, U3, U4, U2, U3, Uy, U4, U2, Uy). 
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The general scheme for embedding graphs on locally orientable surfaces was used 
extensively by Ringel in the 1950s and then formally proved by Stahl in 1978 following 
([Stal]-[Sta2]). 


Theorem 5.1.2 Every rotation system on a graph G defines a unique locally orientable 
2-cell embedding of G — S. Conversely, every 2-cell embedding of a graph G > S 


defines a rotation system for G. 


Proof The proof is the same as that of Theorem 5.1.1 by replacing the traveling ruler 


with that of the generalized traveling ruler. L 


For any embedding of a graph G on a surface S with a band decomposition 4, we 
can always find a spanning tree T of G such that every edge on this tree is type 0 by the 


following algorithm. 


Orientability Algorithm. Let T be a spanning tree of G. 


(1) Choose a root vertex u for T and an orientation for the 0-band of up. 

(2) For each vertex u; adjacent to up in T, choose the orientation for the O-band of u, 
so that the edge of T from uo to u, is type 0. 

(3) If u; and u;,, for an integer are adjacent in T and the orientation at u; has been 
already determined but that of u;,; has not been determined yet, choose an orientation at 
u;,, Such that the type of the edge from u; to u;,; is type 0. 


(4) Continuous the process on T until every 0-band has an orientation. 


Combining the orientability algorithm with that of Theorem 5.1.2, we get the number 


of embeddings of a graph on locally orientable surfaces following. 


Corollary 5.1.2 Let G be a connected graph. Then the number of embeddings of G on 


locally orientable surfaces is 


2 | | (eo) - 0! 


veV(G) 


and the number of embeddings of G on the non-orientable surfaces is 


(20-1) | | =D! 


veV(T) 


where B(G) = |E(G)| — |V(G)| + 1 is the Betti number of G. 


5.1.3 Equivalent Embedding. Two embeddings (4%, 41), (J2, 22) of a graph G on a 


locally orientable surface S are called to be equivalent if there exists an orientation- 
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preserving homeomorphism t of the surface S such that tT : J, — Jo, and tA = Ar. 
If (%i,41) = (J2,42) = (JF, A), then such an orientation-preserving homeomorphism 
mapping (Jj, A;) to (J2, Az) is called an automorphism of the embedding (J, A). Clearly, 
all automorphisms of an embedding (J, A) form a group under the composition operation 
of mappings, denoted by Aut(J, 2). 


For example, the two embeddings of K4 shown in Fig.5.1.4(a) and (b) are equivalent, 


Fig.5.1.4 


where the orientation-preserving homeomorphism h is determined by 


h(u;) = uy, h(u2) = uz, A(z) = uz and h(u4) = ug. 


The following result is immediately gotten by definition. 


Theorem 5.1.3 Let (J, A) be an embedding of a connected graph G on a locally ori- 


entable surface S. Then 


Aut(J, A) < AutG. 


5.1.4 Euler-Poincaré Characteristic. Applying Theorems 4.2.5-4.2.6, we get the Euler- 


Poincaré characteristic of an embedded graph G on a surface S$ following. 


Theorem 5.1.4 Let G be a graph embedded on a surface S. Then 


v(G) — E(G) + 6G) = x(S), 


where, v(G), e€(G) and $(G) are the order, size and the number of faces of the embedded 
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graph G on S, and y(S ) is the Euler-Poincaré characteristic of S determined by 


2 if S ~~ S”, 
2-2p if S ~m T?#T7#---#T?, 
X(S) = . 


2-q if S ~~ P°#P?#---#P?. 


q 


§5.2 COMBINATORIAL MAPS 


5.2.1 Combinatorial Map. The embedding characteristic of a graph G on surfaces S$, 
particularly, Theorems 5.1.1-5.1.2 and the generalized traveling ruler present embryonic 
maps. In fact, a map is nothing but a graph cellularly embedded on a surface. That 
is why one can enumerates maps by means of embedded graphs on surfaces. In 1973, 
Tutte found an algebraic representation for the embedding of graphs on locally orientable 
surfaces (see [Tut1]-[Tut2] for details), which completely transfers 2-cell partitions of 
surfaces to permutations in algebra. 

Let G be an embedded graph on a surface § with a band decomposition & and e € 
E(G). Then the band B, of e is a topological space B with a homeomorphism h : /x/J — B 
and sides h({i} x J) for i = 0, 1. For characterizing its embedding behavior, i.e., initial and 
end vertices, left and right sides of 1-band B,, a natural idea is to introduce quadricells for 


e, such as those shown in Fig.5.2.1 following, 


Fig.5.2.1 


where we denote one quarter beginning at the vertex u of B, by x, and its reflective quar- 
ters on the symmetric axis e, on the perpendicular mid-line of e and on the central point 
of e by ax,, Bx, and aBx,, respectively. 
Let K = {1,a,8,a}. Then K is a 4-element group under the composition operation 
by definition with 
a =1, BP =1, oB=fa, 


Sec.5.2 Combinatorial Maps 175 


called the Klein group. The action of K on an edge e € E(G) is defined to be 
Ke= tes AXe, PXe, aBx,}, 


called the quadricells of e. Notice that Theorems 5.1.1-5.1.2 and the generalize traveling 


ruler claim the embedded graph G on surface § is correspondent with 
p'(G) = (FW), ALTO) € p(G), A: EG) > Zp}. 


Whence, if we turn 1-bands to quadricells for e € E(G), the rotation system o(u) at a 
vertex u becomes to two cyclic permutations (Xe, Xe.5°* +» Xe) )s (@Xey» WXeyyys 1" » AXe,) if 
Nou) = {e1, €2,°+*, pa}. By definition, Kx., 1 Kx. = 0 if e; # e2. We therefore get a 


set 


Lag = So Ki CD 10, 0x0, BX, UBXe). 


ecE(G) ecE(G) 
Define a permutation 


—1 -1 
P= [| (Keys Xeys °° +s Neg MAXe1 5 AXeguys* +s UXe,) = [| C,: (aC, a™), 


ueV(G) ueV(G) 


called the basic permutation on 2g, ie., A*x # ax for any integer k > 1, x € 
Heaps Where Cy = (Kay hogs *,Xe,,) This permutation also make one understanding 
the embedding of G on surface S if we view a vertex u € V(G) as the conjugate cycles 
C (ACTA) = (Heys Xe? +s Xepeyy (O%e; » UXey,y>°**s Xe) and an edge e as the quadricell 


Kx,. We have two claims following. 
Clam1. aPYa!= Ff". 


Let P= TY (es Xey9 01+ 2 Key (AX e; » WXeu4)»*** > UXe,). Calculation shows that 


u)? 


ueV(G) 
| -1 
aPa = @ (Xe, ? Xe> a) Xe) (aXe, ? AXenuy> ae WX.) 04 
ueV(G) 
_ -1 sl 
= | | (a(x. Kens Xepuy )@ ) (a(oxe, 1 UXenyys*** 1 UXey)U ) 
ue V(G) 
-1 
= | | (Op gs? 29 Oho Nays Magee) 
ueV(G) 


Claim 2. The group (a,8, Y) is transitive on 2yp. 


For Vx,y € 2g, assume they are the quadricells of edges e' and e”. By the con- 


nectedness of G, we know that there is a path P = e'e” ---e* connected e’ and e” in G for 
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an integer s > 0. Notice that edges e’ with e! and e” with e° are adjacent. Not loss of 


generality, let A*' x = x,1 and A” x, = y. Then we know that 
(@B)'Xe1 = Xes, OF AX, OF BXes OF ABXzs. 


Whence, we must have that 


Pap) PA" x =, “Or P*a(aBy P" x =y, or 
PBapy Px =y, or P®a(aB)*! Px = y. 


Notice that A” (aB)’ A", Pea(agy A", P’B(aBy A* and P”a(aB)*t! P* are ele- 
ments in the group (a, 8, Y). Thus (a, B, Y) is transitive on 2. 


Claims 1 and 2 enable one to define a map M algebraically following. 


Definition 5.2.1 Let X be finite set, K = {1, a, B, a8} the Klein group and 
Lag = Dix. ax, Bx, w@Bx}. 
xeX 


Then a map M is defined to be a pair (2c, Y), where F is a basic permutation action 
on Xypg such that the following axioms hold: 
Axiom 1. a7 = Fa; 
Axiom 2. The group ‘¥; = (a,B, Y) with J = {a,B, P} is transitive on 2yp. 
Notice that Axiom 2 enables one to decompose # to a production of conjugate 


cycles C, and aC;!a™! correspondent to the vertices of the M, i.e., 


aS l | Cy-aCy'a". 
veV(M) 


We present an example for maps correspondent to embedded graphs following. 


Example 5.2.1 The embedded graph K, on the tours T? shown in Fig.5.2.2 following 
can be algebraic represented by a map (24, 7) with 2og = {x,y,z U,V, W, AX, AY, AZ, 
au, av, aw, Bx, By, Bz, Bu, Bv, Bw, aBx, aBy, wz, abu, aBv, aBw} and 


P = (xy, zZ(aBx, u, w)(aBz, aBu, v(aBy, aBv, aBw) 
xX (ax, az, ay)(Bx, aw, au)(Bz, av, Bu)(By, Bw, BV). 
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Its four vertices are 


uy = {(X, y, Z), (@x, az, ay)}, Uy = {(a@Bx, u, W), (Bx, aw, au)}, 


U3 = {(afz, apu, Vv), (Bz, av, Bu)}, ug = {(aBy, apy, apw), (By, Bw, Bv)}. 


and its six edges are {e, we, Be, ~aBe}, where, e € {x, y, z, u, v, W}. 
5.2.2 Dual Map. Let M = (204, Y) be a map. Notice that 
aPa'!=P' => B(Pap)s"' =(PaBy' 


and ‘¥; = (a, B, Y) is transitive on 2% also. We known that M* = (Xgo,PaB) is also a 


map by definition, called the dual map of M. Now the generalized traveling ruler becomes 


Traveling Ruler on Map. For Vx € 2 ,, the successor of x is the element y after aBx 


in Y, thus each face of M is a pair of conjugate cycles in the decomposition 


Pop= || Cc -@c~s), 
fev") 
i.e., a vertex of its dual map M*. The length of a face f of M is called the valency of f. 
Example 5.2.2 The faces of K, embedded on torus shown in Fig.5.2.2 are respective 
fi = (% u, v, aBw, Bx, y, aBv, aBz)(Bx, az, av, By, ax, aw, Bv, Bu), 
A, = (ay, Bw, au, Bz)(aBy, Z, wBu, w). 
By the definitions of map M with its dual M*, we immediately get the following 


results according to Theorems 5.1.1-5.1.2. 


Theorem 5.2.1 Every map M = (2 y,, #) defines a unique locally orientable 2-cell 
embedding of G > S with 


V(G) ={{C-aC!a!|CEe@}}, E(G)={ Kx|xeX} 
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and the face set F(G) determined by cycle pairs {F, BF B-'} in the decomposition of Paf. 
Conversely, every 2-cell embedding of a graph G — S defines a map M = (2 ag, Y) 
determined by 


Kap = B Kx, = Ba {Xen AX, BXe, UBXe} 


ec E(G) ecE(G) 
and 


P= [ | Mia ag Mai as ON as Oey) 
ueV(G) 


if Nc(u) = {é1, €2,°°*, nts 
By Theorem 5.2.1, the embedded graph G (the map M) correspondent to the map M@ 


(the embedded graph G) is called the underlying graph of M (map underlying G), denoted 
by G(M) and M(G), respectively. 


Theorem 5.2.2 Let M = (2g, Y) be a map. Then its Euler-Poincaré characteristic is 
X(M) = v(M) — &(M) + 6M), 

where v(M), e(M), 6(M) are the number of vertices, edges and faces of the map M, re- 

spectively. 


Example 5.2.2. The Euler-Poincaré characteristic 7(M) of the map shown in Fig.5.2.2 is 
X(M) = V(M) — &(M) + $M) = 4-64+2=0. 


5.2.3 Orientability. For defining a map (Xq,,P?) is orientable or not, we first prove the 


following result. 


Theorem 5.2.3. Let M = (2a,, Y) be a map. Then the number of orbits of the group 
WY, = (aB, Y) action on 2g with L = {aB, P} is at most 2. 


Proof Notice that |¥,; : ‘¥;| = 2, ie., (a, 8, FY) = (aB, PF) Ja (af, Y). For x,y € 
2 , if there are no elements h € ‘¥; such that x” = y, by Axiom 2 there must be an element 
6 € YP; with x° = y. Clearly, 6 € aP,. Let 9 = ah. Then ax" = y and Bx = y, ie., x, aBx 
in one orbit and ax, 8x in another. This fact enables us to know the number of orbits of 
WY, action on 2y¢ is 2. O 


If amap M = (204, “) is on an orientable surface, i.e., each 1-band is type 0, then 


any x € 24, can be not transited to ax by the generalized traveling ruler on its edges, 
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i.e., the number of orbits of Y; action on 204 is 2. This fact enables us to introduce the 


orientability of map following. 


Definition 5.2.2 A map M = (20, #) is non-orientable if it satisfies Axiom 3 following, 


otherwise, orientable. 
Axiom 3. The group ¥, = (aB, #) is transitive on Xyp. 


Definition 5.2.3 Let M be amap ona surface S. Then the genus g(S ) is called the genus 


of M, i.e., 
0 if S ~ S’, 
p if S ~m T7#T7#---#T?, 
g(M) = P 


q if S ~g P°HP?#:--#P?. 
—— 
q 
It can be shown that the number of orbits of the group ‘; action on Xqg = {x,y Z, U,V, 
W, aX, ay, az, au, av, aw, Bx, By, Bz, Bu, Bv, Bw, aBx, aBy, aBz, ~Bu, ~BV, ~Bw} in Fig.5.2.2 


is 2. Whence, it is an orientable map and the genus g(M) satisfies 
2 — 2g(M) = v(M) - &(M) + 6M) = 4-642 = -2. 
Thus g(M) = 1, ie., M is on the torus T’, being the same with its geometrical meaning. 


5.2.4 Standard Map. A map M is standard if it only possesses one vertex and one face. 
We show that all the standard surfaces in Chapter 4 is standard maps. From Theorem 
4.2.4 we have known the standard surface presentations as follows: 

(1) The sphere S$? = (alaa"'): 


(2) The connected sum of p tori 


P 
T2#T?#H.. HT? = a4j,b;,1 <i< p| [| aba!) 
Pp i=1 


(3) The connected sum of q projective planes 


q 
peep? P= (al sisg [ a). 
q i=l 


All of these surface presentations is in fact maps, i.e., 
(1’) The sphere Oo = (2a, Y) with 2og(Oo) = {a, aa, Ba, aBa} and Y(Oo) = 
(a, aBa)(aa, f); 
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(2’) The connected sum of p tori O, = (2a, Y) with 


P 


Ute 0ar Barapa U [Yee ab. 26, ah 


i=1 i=1 


(a, b,, aBay, apb,, a2, bo, a@Baz, aBb2, "°*, py, Dos apap, apby) 
(aa,,Bb,, Bay, ab, Aap, a »Bb2, Bar, abo, @az, Bb;, Bay, ab). 


Ze plOs) 


P (Op) 


(3’) The connected sum of g projective planes N, = (2a,, Y) with 


P 


ta: ad;, Pdj, apa;}, 
i=l 
(a1, Ba), A2, Baz, -*+,Ap, Bap)(aa, UPd, Ady, +++, WBA2, Az, ABA). 


Hapa) 


PUN 4) 
Then we know the following result. 


Theorem 5.2.4 These maps Oo, O, and N, are standard maps. Furthermore, 


(1) The map O, is orientable with genus g(O,) = p for integers p = 0; 
(2) The map N, is non-orientable with genus g(N,) = q for integers q = 1. 


Proof Clearly, v(O,) = 1 and v(N,) = 1 by definition. Calculation shows that 


P(Ov)aB 
P(O,)ap 


(a, aBa)(aa, Ba); 
(ay, apb;, aba, by, a2, apbo, aBan, bo, my ap» apb,, apap, Dy) 
(Ba;, Bbp, Aap, aby, Bap, Pre , Bb, waz, ab2, Baz, Bb, aa), ab); 


P(N, )ap = (a, aa), 42, A2,°**, ag, @day)(Bay, Pay, Bag, a) aBar, Par, a@Ba;). 


Therefore, there only one face in O, and N,. Consequently, they are standard maps for 
integers p > Oandq > 1. 

Obviously, the number of orbits of ¥; action on 2, ,(O,) is 2, but that on 2, ,(O,) is 
1. Whence, O, is orientable for integers p > 0 and N, is non-orientable for integers g > 1. 


Calculation shows that the Euler-Poincaré characteristics of O, and N, are respective 


X(O,)=1-2p+1 and y(N,)=1-q+2. 


Whence, g(O,) = p and g(N,) = 4g. LJ 
By the view of map, the standard surface presentation in Theorem 4.2.4 is nothing 


but the dual maps (20, Y) of bouquets B2,, B, on T 28TH BT? or PEP RFP 
P q 
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with 


P (Boy) a (a,, ~Bb,, aBa;, bj, a, aBbo, aBar, bo, a »Ap, apby, apap, by) 
(Ba,, Bby, aay, ADy, Bap, +++, Bb2, Wax, aby, Baz, Bb;, wa, ab); 


P(B,) = (4, Wa), a2, AA2,***, ag, aay)(Ba,, aBd,y, Bag, or) aBay, Bar, a@Ba;). 


For example, we have shown this dual relation in Fig.5.2.3 for p = 1 and gq = 2 


following. 

be eon OO eee 
| aBa | pb l loa 3 
: — i: 7 : —- : 
! o| g ! ! ab] 6 ! 
a ‘aba 
ee rere ears near enned ot ere aoe eee ore eee een 
aBb Bb 


Fig.5.2.3 


In fact, the embedded graph B, on torus and Klein bottle are maps (204, 7), where 
Ko p(B2) = {a, aa, Ba, aBa, b, ab, Bb, ~Bb}, P = (a, aBb, aBa, b)(aa, ab, Ba, Bb), Pap = 
(a, b, aBa, aBb)(aa, Bb, Ba,awb) on the torus, and Y = (a,aa,b, ab)(Ba, aBb, Bb, aBa), 
Pap = (a, Ba, b, Bb)(aa, aBb, wb, aBa) on the Klein bottle, respectively. 


§5.3 MAP GROUPS 


5.3.1 Isomorphism of Maps. Let M, = (2! 


ap 1) and My = (2,, Pr) be maps. If 


ap? 
there exists a bijection 


yi 2 
ae Kap > Kap 


such that for Vx € 27), 


Ea(x) = a&(x), €B(x) = BEX) and EP) (x) = P2€(x). 


Such a bijection € is called an isomorphism from maps M, to M). 


Clearly, €'a(y) = a€"(y),E'8Q) = BE'G) and €'PY) = PE'(y) for y € 
X%,. Thus the bijection &' : 27, > 271, is an isomorphism from maps M) to Mi. 
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Whence, we can just say such M, and M) are isomorphic without distinguishing that the 


isomorphism é is from M, to M2 or from M) to M, if necessary. 


Theorem 5.3.1 Let M, and M, be isomorphic maps. Then 


(1) M, is orientable if and only if M) is orientable; 
(2) v(M,) = v(M2), e(M,) = &(M2) and ¢(M,) = (M2), particularly, the Euler- 
Poincaré characteristics y(M,) = y(M)). 


Proof Let M, = (2i\4, Ai), Mo = (2g, Pr), T : Belg 2 XZ, an isomorphism 
from M, to M> and x1,x%. € Rup such that there exists ao € v = (af, Y;) with 
o(%) = %. Then There must be tor ’(r(m)) = tp), Le, TELT = @B, A) = Vi. 
Whence, 'Y; is not transitive on Kop if and only if ‘7 is not transitive on aa That is 
the conclusion (1). 

For (2), let x; be an element in the conjugate pair C -(@C-!a™!) of A; and y, an 
element in C’-(a@C~!a™!) of Y,. It is easily know that t(C - (aC7!a7!)) = C’-(aC!a7!) 
and T({x;,@x,,Bx,,@Bx,}) = {y1,ay1,By1, @By}}, 1e., T : Kx; — Ky,. Whence, T is 
an bijection between V(M,) and V(M)), E(M,) and E(M2). Thus v(M,) = v(M2) and 
é(M\) = e(Mp). 

By definition, we know that t(Y,aB) = (Y2a8)t. So similarly we know that Tt is 
also a bijection between the vertices, i.e., faces of M; and M>. Consequently, we get that 
$(M)) = 6(M2). L 


For Vx € 2og, let v,, e, and f, be the vertex, edge and face containing the quadricell 


xinamap M = (2y,, #). The triple (v,, ex, f,) is called a flag incident with that of x in 
M. Denoted by -F (M) all flags ina map M. Then we get the following result by the proof 
of Theorem 5.3.1. 


Corollary 5.3.1 Let M, and M, be isomorphic maps. Then there is a bijection between 
flag sets F¥(M,) and F(M)). 


Theorem 5.3.2 A map M, = (2! ,, A,) is isomorphic to My = (2X ?,, P2) if and only if 


ap? ap? 
the dual map Mj = (2;',, Piaf) is isomorphic to that of M3 = (255, Prep). 


Proof Lett : 2, > 27, be an isomorphism from M, to Mz. Then ta — ar, 
TB = Brand tY, = Yt. Consequently, 7(Y,aB) = Ayt(aB) = (P2aB)r. Notice that 
Rig = iq and 2, = 2;.,. We therefore know that 7 is an isomorphism between Mj 
and M3. LJ 
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Applying isomorphisms between maps, an alternative approach for determining equiv- 
alent embeddings and maps on locally orientable surfaces underlying a graph can be de- 


fined as follows: 


For a given map M underlying a graph G, it is obvious that AutM|g < AutiG. 
Whence, we can extend the action of Vg € Aut 1G on V(G) to that of gl? on Xo, with 
X = E(G) by defining that for Vx € Xqg, if x8 = y, then 


1 1 


pe a il L 
xs” = y, (ax) = ay, (6x)8” = By and (aBx)§* = ay. 
Then we can characterize equivalent embeddings and isomorphic maps following. 


Theorem 5.3.3 Let M, = (2a, A1) and M2 = (2g, A2) be maps underlying a graph 
G. Then 


(1) M, and Mj are equivalent if and only if there is an element € € AutiG such that 


(2) M, and Mj are isomorphic if and only if there is an element € € Aut 1 G such that 
Y aVror P29 5' 


Proof Let x be an equivalence between embeddings M, and M). Then by definition, 
k must be an isomorphism between maps M, and Mp) induced by an automorphism u € 
AutG. Notice that 
AutG = AutG|? < AutiG. 


We know that z € AutiG., 

Now if there is a ¢ € AutiG such that P = Pp», then Ve, € X1(G), Cex) = Sede). 
Assume that e = (x, y) € E(G), then by convention, we know that if e, = e € 2y,, there 
must be e, = Be. Now by the definition of automorphism on the semi-arc set X l (G), if 
(ex) = fu. where f = (u,v), then there must be ¢(e,) = f,. Notice that x1 (G) = Zp. We 
therefore know that ¢(e,) = (Be) = Bf = fr. Now extend the action of ¢ on X1(G) to 
2g by L(ae) = at(e). We get that Ye € Bp, 


al(e) = Cale), BL(e) = CB(e) and Pi(e) = Pre). 


So the extend action of € on 2%, is an isomorphism between the map M, and M>, which 
preserve the orientation on M, and M>. Whence, ¢ is an equivalence between the map M, 
and M>. That is the assertion (1). 
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For the assertion (2), if there is an element ¢ € AutiG such that Pp = Py», then the 
map M, is isomorphic to M). If a = Y;', then there must be we = P),. So M, is also 
isomorphic to M). This is the sufficiency of (2). 

Let € be an isomorphism between maps M, and M). Then for Vx € 2o,, 


a(x) = Ea(x), BE(X) = EB(x) and PF (x) = Pr(x). 
By convention, the condition 
BE(x) = EB(x) and Pé(x) = Py(x) 


is just the condition of an automorphism é or aé on X1 (G). Whence, the assertion (2) is 


also true. L 


5.3.2 Automorphism of Map. If M; = M) = M, such an isomorphism between M, and 


My) is called an automorphism of M, which surveys symmetries on a map. 
Example 5.3.1 Let M = (204, 7) be a map with 
Xo p(B2) = {a, aa, Ba, aBa, b, ab, Bb, aBb} 


and 
P = (a, aBb, aBa, b)(aa, ab, Ba, Bb), 


i.e., the bouquet B, on the torus shown in Fig.5.3.1 following. 


Fig.5.3.1 


We determine its automorphisms following. Define 


Ty = 


a aa Ba apa b ab Bb afb 
aa a apa Ba Bb abb b_ ab 
(a, wa)(Ba, aBa)(b, Bb)(ab, afb), 
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[: aa Ba aBa b ab f£b O 


= Ba aBa a aa ab b afb Bb 
= (a,Ba)(aa, aBa)(b, ab)(Bb, afb), 
a aa Ba aBa b ab Bb apb 
= Ba aa a apb Bb ab b | 
= (a,aBa)(aa, Ba)(b, aBb)(ab, Bb), 
_ {a aa Ba aBa b ab Bb afb 
= : ab Bb aBb aBa Ba aa a | 
= (a,b, aBa, aBb)(aa, ab, Ba, Bb), 
a aa Ba aBa b ab Bb _ afb 
a [! b aBb Bb aa a apa Ba | 
= (a,ab)(aa, b)(Ba, aBb)(aBa, Bb), 
_ a aa Ba aBa b ab Bb ab 
acon ee abBb b ab Ba aBa a aa | 
= (a,Bb)(aa, aBb)(Ga, b)(aBa, ab), 
a aa Ba aga b ab Bb afb 
_ , Bb ab b aaa Ba ae 


(a, aBb, aBa, b)(aa, Bb, Ba, ab). 


We are easily to verify that these permutations | y, ,, 7;, 1 < i < 7 are automorphisms of 


the map M shown in Fig.5.3.1. 


Theorem 5.3.4 All automorphisms of a map M = (2q,, Y) form a group. 


Proof Let tT, tT; and Tz be automorphisms of M. Then we know that ta = at, TB = 
ft,tP = Prand ta = aT), 18 = $1,1F = Pt. Clearly, 1 z,,, is an automorphism 


1 


of Mandt'a =at!,7'!6 = Br',t!P = YPr',ie., 7! is an automorphism of M. 


Furthermore, it is easily to know that 
(tT))@ = a(tt,), (t7)6 = BCT) and (t1))Y = Art), 
1.e., TT; is also an automorphism of M with 


xr )t2 1(T1T2) 


=X 


for Vx € 2yg, Le., (TT1)T2 = T(T1T2). So all automorphisms form a group by definition. 
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Such a group formed by all automorphisms of a map M is called the automorphism 
group of M, denoted by AutM and any subgroup I of automorphism groups of maps is 


called a map group. 


Theorem 5.3.5 Any map group I is fixed-free. 


Proof Let M = (2y,, Y) be a map, x € 2y, andT < AutM. If x = x, we prove 
that 


O= 1a, 


In fact, for Vy € 2o,, by definition ¥; = (a, 8, Y) is transitive on 204, there exists an 


element h € Y; such that x” = y. Hence, 


yl ax a= x =x Hy, 


i.e., o fixes all elements in 2 ,. O 
For a group (I; 0), denoted by Z-(H) = {g €I|gohog! =h,Vh € H } the 
centralizer of H in ([;0) for H < I. Then we are easily to get the following result for 


automorphism group of map. 
Theorem 5.3.6 Let M = (2g, PY) be a map. Then AutM = Zs, ((a,B, P)), where 
S g;,, is the symmetric group on Kap 


Proof Let Yr € AutM be an automorphism. Then we know that ta = at, TB = Br 
and tY = Pr by definition. Whence, t € Zs Kas B, P)). Conversely, for 7 € 
Zs Lup ((a,B, Y)), It is clear that ca = aa, oB = Bo andoY = Yo by definition. O 


A characterizing for automorphism group of map can be found in the following. 


Theorem 5.3.7 Let M = (20%, Y) be a map with A = AutM and v € V(M). Then the 
stabilizer A,, is isomorphic to a subgroup H < (C,) generated by C, = C, - aC a. Le, 
a product of conjugate pair of cycles in Y. 

Proof By Theorem 2.1.1, if g € A,, we know that gC,g"! = Cas = C,. That is 
gC, = Cyg. Whence, if w is a quadricell in C,, then g(w) is also so. Denote the constraint 
action of an automorphism g € A, on elements in C,, by g. Notice that C, is a product of 
conjugate pairs of cycles in 4. There must be an integer i such that g(w) = Cc; Choose 


x= Cw) be a quadricell in C,. Then 


B(x) = BC,(w) = Cw) = C(x). 
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Whence, g = C.. Define a homomorphism 6 : A, —> (C,) by 6(a) = g for Vg € A,. 
Then it is also a monomorphism by Theorem 5.3.5. Thus A, is isomorphic to a subgroup 
H<(C,). 


Applying isomorphisms between maps, similar to that of Theorem 5.3.3 we can also 
characterize automorphisms of a map by extended actions of semi-arc automorphisms of 


its underlying graph following. 


Theorem 5.3.8 Let M = (2a, Y) be a map underlying graph G, g € AutiG. Then the 
extend action gl? of gon Xypg with X = E(G) is an automorphism of map M if and only if 
Yve VM), gl? preserves the cyclic order of v. 


Proof Let gl? € AutM be extended by g € AutiG with u* = v for u,v € V(M). Let 


U = (X1,%2,°°°, Xpuy (AXpcuys Hate YMG UK) )y 
V = (1, Y25° ++ Yow (AVpv)s** + @Y2, @Y1). 
Then there must be 
1 
2 
(x1, X2,°° , Xpu))* = (1, Y2,° : 5 Vea) or 
1 
2, 
(21, X25°°* Xp)” = (@Ypwy s+ + @Y2, @Y1)- 
1 
Without loss of generality, we assume that (x1, x2,-++, Xpw)®'” = (1, 25°, Ypvy)- Thus, 


(gl2(x1), 812 (a)s° 0° gl? (Xo) = (V1, ¥25°+ + Yow): 


Whence, gl? preserves the cyclic order of vertices in the map M. 
Conversely, if the extend action gl? of g € AutiG on Xq¢ preserves the cyclic order 


of each vertex in M, i.e., Vu € V(G), dv € V(G) such that us!” = v. Let 


P= ||u 


ueV(M) 


Then 
Qe? = [| ysl? = [| pel, 


ueV(M) veV(M) 


Whence, the extend action gl? is an automorphism of map M. 


Combining Corollary 5.3.1 and Theorem 5.3.5 enables us to get the following result. 
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Theorem 5.3.9 Let M = (20,8) be a map with v; of vertices and ¢; faces of valency 
i, i> 1. Then 


|AutM| | 2iv;, 276); 121, 72 1), 


where (2iv;,2j¢;; i = 1, j = 1) denotes the greatest common divisor of 2iv;,2 jb; for an 
integer pair i, J = 1. 

Proof Let A; and A; respectively be the sets of quadricells incident with a vertex of 
valency i or incident with a face of valency j for integers i, j => 1. Consider the action 
of AutM on A; and Aj. By Corollary 5.3.1, such an action is closed in A; or A;. Then 
applying Theorem 2.1.1(3), we know that 


|AutM| = |(AutM),|]Ae"| = [Ao 


for Vx € A; for |(AutM),| = 1 by Theorem 5.3.5. Therefore, the length of each orbit of 
AutM action on A; or A; is the same |AutM]. Notice that |A;| = 2iv; and |A;| = 27¢;. We 
get that 

|AutM| | |Aj| = 2iv; and |AutM| | |A,| = 2j¢; 


for any integer pairs i, 7 => 1. Thus 


|AutM| | (2iv;,2j¢;; i= 1, j= 1). 


Corollary 5.3.2 Let M = (20, Y) be a map with vertex valency k and face valency I. 
Then |AutM| | (2k|M|, 21|M*|), where M* is the dual of M. Particularly, |AutO,| | 2p and 
|AutO,| | 2p for standard maps O, and N,. 


By Theorem 5.3.9, we can get automorphism groups AutM of map M in sometimes. 


Example 5.3.2 Let M = (20, #) be the map shown in Fig.5.2.2, i.e., K4 on torus with 
one face length 4 and another 8. By Theorem 5.3.9, there must be |AutM| | (4x3, 8, 4) = 4, 
i.e., |AutM| < 4. Define 


(x, ax)\(Bx, aBx)(y, az)ay, Z)(Bz, a8z)(aBz, BY) 
(v, Bv)(av, aBv)(u, aw)(au, w)(Bu, aBw)(aBu, Bw) 


O71 


and 


(x, Bx)(ax, aBx)(y, away, w)(By, aBw)(aBy, Bw) 
(v, av)(Bv, aBb)(z, au)(az, u)(Bz, aBu)(aBz, Bu). 


S 
II 
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It can be verifies that 0, and o> both are automorphisms of M and eg == l|»,, and 


G = 1 a9: So AutM = (a1, 02). 
Example 5.3.3. We have construct automorphisms 1 y,,, and 7;, 1 < i < 7 for the map 
shown in Fig.5.3.1 in Example 5.3.1. Consequently, we get that 


AutM = {1 9.,,, 71, 72,73, T4, T5, To, T7} 


by Corollary 5.3.2. 
Notice that 


2S ivi = 2) i: = | Baal 


iz] iz] 


fora map M = (24,, Y). Therefore, we get the following conclusion. 


Corollary 5.3.3 For any map M = (2o, FY), |AutM| | | 2o,| = 4e(M). 
Proof Applying Theorem 5.3.9, we know that 
|AutM] | >, 2iv,; and |AutM|| 2 2id;. 
i=l i=l 


Because of 


2)" iv; = 2 ids = |Zogl, 


iz] iz1 


we immediately get that |AutM| | | 204] = 4e(M). 


Now we determine automorphisms of standard maps on surfaces. 


Theorem 5.3.10 Let O, = (2a ,(O,), A(O,)) be an orientable standard map with 


P Pp 
KaplOp) = Uleca,pa,opat)|){\ 6.06.86. 08h. 
i=l i=] 


0) = (a), b,, aBa,, aBb,, ar, by, @Ban, aBbo, - : *,Ap, Divs apap, apb,) 
(aa), Bby, Bay, bp, Aap, +++, Bb2, Bar, abr, waz, Bb), Ba, wb;). 


and let N, = (20, Y) be a non-orientable map with 


P 


| tai, eai, Ba;, aBai}, 
i=l 
P(Ny) = (a1, Ba), a2, Bar, +++, Ap, Bap)(aa), WBap, Ady, ++, WBA2, WA2, WBA)). 


Ka plNo) 
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Define 
t = #™(O,),. Da sep—1, 
Pp 
o = | [Gj,0a;)(b;,8bi\aBa;, Ba;)(aBb;, ab;), 
i=1 
P P 
gd = | |G. e6b))(aa;, Bbi), o= | [@. eBa(b:, obi) 
i=l i=l 
and ; 
m= PN), O<l<q-1; 0=| [G@,aBa)(oa;, fai). 
i=1 
Then 


AutO, = (0, 0, $, Ts, 1S s<p-—1) and AutN, 2 (3, m, 1<l<q-1). 


Proof It is easily to verify that xa = ax, x8 = Bx, xP(O,) = VY(O,)x if 
x € {6, 0, §, Ts 1 S$ s < p—1} and ye = ay, yB = By, yYP(N,) = AN, if 
ye (om, lat < ¢g— 1}. Thos Auto, 2 (0,0; 6.74 ls ss p-1) and Auty, 2 
(8, ™m, 1<1< q—1). Notice that | (0, o ¢, tT, 1<s< p-1)|=8p=|2.,(0,)|. Ap- 


plying Corollary 5.3.3, AutO, = (6, 0, ¢, Ts, 1 < s < p— 1) 1s followed. L 


5.3.3. Combinatorial Model of Klein Surface. For a complex algebraic curve, a very 
important problem is to determine its birational automorphisms. For curve C of genus 
g > 2, Schwarz proved that Aut(C) is finite in 1879 and then Hurwitz proved |Aut(C)| < 
84(g — 1), seeing [FaK1] for details. As observed by Riemann, the groups of birational 
automorphisms of complex algebraic curves are the same as the automorphism groups of 
compact Riemann surfaces which can be combinatorially dealt with the approach of maps 


on surfaces. Jones and Singerman proved the following result in [JoS1]. 


Theorem 5.3.11 Jf M is an orientable map of genus p, then AutM is isomorphic to a 


group of conformal transformations of a Riemann surface. 


Notice that the automorphism group of Klein surface possesses the same represen- 
tation as that of Riemann surface by Theorem 4.5.7. This enables us to get a result likely 


for Klein surfaces following. 


Theorem 5.3.12 Jf M is a locally orientable map on a Klein surface S, then AutM 
is isomorphic to a group of conformal transformations of a Klein surface, particularly, 
AutM < AutS. 
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Proof According to Theorem 4.5.7, there exists a NEC group T° such that AutS ~ 
No(1)/T, where Q = AutH = PGL(2, R) being the automorphism group of the upper half 


plane H. Because M is embeddable on Klein surface S’,, so there is a fundamental region 
F, a polygon in H such that {gF|g € T} is a tessellation of H, i.e., S is homeomorphic to 
H/T. By Constructions 4.4.1-4.4.2, we therefore know that AutM < No(T)/T, 1.e., AutM 


is a subgroup of conformal transformation of Klein surface S$. 


§5.4 REGULAR MAPS 


5.4.1 Regular Map. A regular map M = (2, ) is such a map that its automorphism 
group AutM is transitive on 2 ,, i.e., |AutM| = 4e(M). For example, the map discussed 
in Example 5.3.2 is such a regular map, but that map in Example 5.3.1 is not. 

If M is regular, then AutM is transitive on vertices, edges and faces of M by Corollary 


5.3.1. This fact enables us to get the following result. 


Theorem 5.4.1 Let M be a regular map with vertex valency k => 3 and face valency | > 3, 
called a type (k, 1) regular maps. Then kv(M) = I6(M) = 2e(M) and 


1+ oak v(M), if M is orientable; 
g(M) = k-2)-2)-4 
2+ eaten v(M), if M is non - orientable. 


Proof Let ve = v(M), ¢; = @(M) and vy; = 6; = Oifi #k, 7 #1 in the equalities 
2) ivi = 2D) ids = |Zogl = 4e(M), 
zl zl 
we immediately get that kv(M) = 16(M) = 2e(M). 
Substitute e(M) = VM) and 6(M) = ia in the Euler-Poincaré genus formulae 
2 M) — v(M) - 6(M 
a Se if M is orientable 
g(M) = 2 
2+ &e(M) -— v(M)- ¢(M), if M is non — orientable. 


We get that 
k—2)-—2)-4 
1+ ae ea v(M), if M is orientable; 
@(M) = = o 
~ —2)7-2)-4 
2+ je v(M), if M is non - orientable. 
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This theorem enables us to find type (k, /) regular maps on orientable or non-orientable 


surfaces with small genus following. 


Corollary 5.4.1 A map M is regular of g(M) = 0 if and only if G(M) = C;, | = 1 or the 
1-skeleton of the five Platonic solids. 


Proof If k = 2 then v(M) = e(M) = land d(M) = 2. Whence, M is a map underlying 
a circuit C; on the sphere. Indeed, such a map M is regular by the fact AutM = (p,q), 
where p is the rotation about the center of C; through angles 27// from a chosen vertex 
Ug € V(C;) with p! = ae 

Let k => 3. Then by Theorem 5.4.1, we get that 


1 (Coens 
4 


}van =0, ie, (k-2)(1-2) < 4 


by Theorem 5.4.1, 1.e., (k, J) = (3,3), (3,4), (3,5), (4,3), (5,3), which are just the Pla- 


tonic solids shown in Fig.5.4.1 following. 


ZX (oh 


(3,3) (3,4) (4,3) 
tetrahedron hexahedron octahedron 
(353) (35a) 
dodecahedron icosahedron 
Fig.5.4.1 


Corollary 5.4.2 There are infinite regular maps M of torus T°. 


Proof In this case, we get (k — 2)(1 — 2) = 4 by Theorem 5.4.1. Whence, (k,/) = 
(3,6), (4,4), (6,3). Indeed, there exist regular maps on torus for such integer pairs. For 
regular map on torus with (3, 6) or (4,4), see (a) or (b) in Fig.5.4.2. It should be noted 
that the regular map on torus with (6, 3) is just the dual that of (3, 6) and we can construct 


such regular maps of order 6s or 4s for integer s > 1. So there are infinite many such 
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regular maps on torus. 


it | 

P t—7 

|e a} 
(b) 


Fig.5.4.2 
Corollary 5.4.3 There are finite regular maps on projective plane P? with vertex valency> 


3 and face valency= 3. 
Proof Similarly, we know that (k — 2)(/ — 2) < 4 by Theorem 5.4.1, i.e., the possible 
types of M are (3,3), (3,4), (4,3), (5,3), (5,3) and it can verified easily that there are no 


(3, 3) regular maps on P”. Calculation shows that 


iD ca i 


Therefore, regular maps on projective plane P? with vertex valency> 3 and face valency> 


3 is finite. The regular maps of types ((3, 5)) and (3, 4) are shown in Fig.5.4.3. 


Fig.5.4.3 
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The following result approves the existence of regular maps on every orientable sur- 


face. 


Theorem 5.4.2 For any integer p > 0, there are regular maps on every orientable surface 
of genus p. 


Proof Applying Theorem 5.3.10, the standard map O, is regular on the orientable 


surface of genus p. Combining the result in Corollary 5.4.1, we get the conclusion. UO 


Notice that Theorem 4.5.2 has claimed that the automorphism group of a Klein sur- 
face is finite. In fact, by Theorem 5.4.1, we can also determine the upper bound of AutM 


for regular maps M on a surface of genus g > 2. 
Theorem 5.4.3 Let M be a regular map ona surface S of genus g > 2 with vertex valency 
k > 3 and face valency | = 3. Then 


168(g—1), if S is orientable, 


|AutM| < 
84(g-—1), if S is non - orientable. 


and with the equality holds if and only if (k, 1) = (3,7) or (7, 3). 


Proof By definition, a map M = (20%, Y) on S is regular if and only if |AutM| = 
| 2o~| = 4e(M). Substitute v(M) = po) in Theorem 5.4.1, we get that 


8kl 
7 ne: (g—1), if S is orientable, 
|AutM| = 

( ot (g—1), if S is non — orientable 
7a) ow A | 8 D> = : 
(k-—2)¢-—2)-4 

; kl ; ; 
Clearly, the maximum value of &h-D-2 4 is 21 occurring precisely at (k, /) = (3,7) 


or (7,3). Therefore, 


168(g—1), if S is orientable, 


|AutM| < 
84(¢g-—1), if S is non — orientable. 


and with the equality holds if and only if (k, /) = (3,7) or (7, 3). LJ 


5.4.2 Map NEC-Group. We have known that 'P; = (a, 8, #) acts transitively on 2 ,, 
ie, x! = Xp. Furthermore, if M is regular, then its vertex valency and face valency 
both are constant, say n and m. Usually, such a regular map M is called with type (n, m). 


Then we get the presentation of ‘Y, for M following 


Y, =(a2.F [ea ph =O" = (apy =1e, he 
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We regard relations of the form Y° = |. or (PaB)* = 1y,, as vacuous. The free 
group wy generated by a,f, Y, i.e., Y = (a,B, P) is called the universal map of M, a 
tessellation of planar Klein surface H. It should be note that ‘¥; is isomorphic to the NEC 
group generated by facial boundaries of M. Whence, M ~ H/x! = x¥/x¥ ~ ¥/W,, 


where x is a chosen point in H. Applying Theorem 4.5.9, we get the following result. 
Theorem 5.4.4 Let M = (2 ,) be a regular map on a Klein surface S. Then AutM ~ 
Ng(¥7)/V7, where NgC¥,) is the normalizer of Yj in , 

This result will be applied for constructing regular maps on surfaces in Section 5.5. 
5.4.3, Cayley Map. Let (I; 0) be a finite group generated by S. A Cayley map of T to S$ 
with lr ¢ S and S~! = S, denoted by CayM(L : S,r) is a map (Zaall ES), 28); 
where 

Rup :S,r) ={ gn, 08n, Ben, eben| gel, he S andg!oheS }, 


PT: S,r)= [| (Sh Sri» 812m MOSh» CBr)» WB rA¢myo 07" ) 
gel, heS 


with tag, = atgn, Teg, = Btg, fort € T, where r: S — S is acyclic permutation. 


Clearly, the underlying graph of a Cayley map CayM([ : S,r) is Cay(I : S). 


Example 5.4.1 Let (1; 0) be the Klein group T = {1,a,6,a6}, S = {a,8,aB} and r = 
(a, B, vB). Then the Cayley map CayM(L : S,r) is Ky on the plane shown in Fig.5.4.4. 


(04 


Fig.5.4.4 


Theorem 5.4.5 Any Cayley map CayM([ : S,r) is vertex-transitive. In fact, there is a 
regular subgroup of AutCayM( : S,r) isomorphic to I. 


Proof Consider the action of left multiplication Lp on vertices of CayM(I : S,7r), 
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Le, Le :h — goh for g,h € T. We have known it is transitive on vertices of Cayley 
graph Cay([ : S) by Theorem 3.2.1. It only remains to show that such a permutation 
L, is a map automorphism of CayM(C : S,r). In fact, for g, € Kop : S,r) we know 
LoQgn = TAZ, = ATR, = AL, gy, i.e., L,a = aL, by definition. Similarly, L,6 = BL,. 

Notice that if g!oheS,then(rog)'o(roh)=g'! ohES, ice., (Le(g))z,(n) € 
Kg : S,r). Calculation shows that 


Lewes Sik. 
=e [| (Sh, Er(h).8,.2¢4? ta (Qh; Wr \(h),ag,-24)? a )L,! 


gel, gloheS 
= [| (Le(8)1,(h)s Le(8)1,(r(h)> sa ‘ale (g)1,(h)s aL, (2)L,0-1(h))> eee) 
gel, g-loheS 
= [| (T8cn TS8orh)> 9 8or(h)>** ‘MAC 8 ch, AO8)er-l(h)s WO 8+-2(ch)>** ‘) 
gel, g lohes 
= [| Gis, 520+ Mes, a5-19,05-259') = POS), 
sel, s~loreS 


i.e., L, is an automorphism of CayM(P : S,r). We have known that Lp ~ T by Theorem 
1.2.14. O 


Although every Cayley map is vertex-transitive, there are non-regular Cayley maps 


on surfaces. For example, let (; o) be an Abelian group with T = {1r, a,b,c}, S = {a,b,c}, 
@=b=c=1,,a0b=boaz=c,aoc=coaz=b,boc=cob=aandr= (a,b,c). 
Then the Cayley map CayM([ : S,r) is Ky on the projective plane shown in Fig.5.4.5, 


which is not regular. 


Fig.5.4.5 


Now we find regular maps in Cayley maps of finite groups. First, we need to prove 


the following result. 
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Theorem 5.4.6 Let CayM(C : S,r) be a Cayley map and let ¢ be an automorphism of 
group (I; 0) such that ¢|s = r' for an integer 1, 1 <1 <|S|, theng € (AutCayM(L : S, r))ip- 


Proof Notice that ¢ is an automorphism of group (I; oc). There must be ¢(1r) = Ir. 
Let g, € 2a g(T : S,r). Then g-' oh ES. Because of ¢(g7! 0h) = ¢ !(g) 0 c(h) € S, we 
know that (¢(g), s(A)) € E(CayM(L : S,r)) and S(Z)cn) € Fag : S,r). We only need to 
show that ¢ € AutCayM( : S,r). By definition, we know that ca = ag and sB = Bs. We 
verify cA : S,r)o! = AT: S,r). Calculation shows that 


EAL eS 
=S¢ [| (Zh; Er(h),8,24)? oe ‘Magn, U8 r-\(h),0g,-24)? a ol 
gel, g-loheS 
= [| (S(Q) cn) S(Bocrnyy> + MAS(B)c(nys MS(Mou-'nyys***) 
gel, g-loheS 


[| (S(Q) c(h) S(Q) righ) ** MAS(B)c(hys MS(B)--1(hy)9***) 
gel, g-lohes 


[] Ge siosage1 HOS @S;-t0,08,299°°) = PO: SO : S,7). 


sel, g-lohes 


Therefore ¢ is an automorphism of map CayM(L : S,7r), i.e., ¢ € (AutCayM(L : S,r)) ies 


The following result enables one to get regular maps in Cayley maps. 


Theorem 5.4.7 Let CayM(I : S,r) be a Cayley map with t € Autl such that tls = r. 


Then CayM(L : S,r) is an orientable regular map. 


Proof According to Theorem 5.4.6, we know that t € (AutM),,.. By Theorem 
5.3.7, |(AutCayM(I : S,r)),,| divides |S|. But tly = r, a |S|-cycle, so that |(AutCayM( : 
S,7r))i,| = |S|. Clearly, (AutCayM([: S, r)), 18 generated by t. Applying Theorem 5.4.5, 
(AutCayM(L : S,r)) is transitive on TP = V(CayM(L : S,r)). Whence, 

IZoe : S, NI 


|AutCay™(I : S,r)| = |I'|\(AutCayM (I : S,7)),,| = IF IIS| = 5 


Therefore, AutCayM(I : S,r) x (q) is transitive on eoapl PS yf). 


5.4.4 Complete Map. A complete map M is such a map underlying a complete graph 
K,, for an integer n > 3. We find regular maps in complete maps in this subsection. The 


following result is an immediately conclusion of Theorem 5.3.5. 


Theorem 5.4.8 There are no automorphisms o in a complete map M = (Xap, Y) fixing 


more than one vertex unless o = | 2,,,. 
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Proof If o(u) = v, o(v) = v for two vertices u,v € V(M), let uv = {x, ax, Bx, aBx}, 


then there must be a(x) = x because of uv € V(M). Applying Theorem 5.3.5, we get the 


conclusion. Oo 


A Frobenius group is defined to be a transitive group action on a set Q such that 
only Ir has more than one fixed points in Q. By Theorem 5.4.8, thus the automorphism 
group Aut&/ of a complete vertex-transitive map M is necessarily Frobenius. For finding 


complete regular map, we need a characterization due to Frobenius in 1902 following. 


Theorem 5.4.9 Let T be a Frobenius group action on Q with N* the set of fixed-free 
elements of Y and N = N* U {1}. Then there are must be 


(1) |M] = [QI 
(2) N is a regular normal subgroup of T. 


Theorem 5.4.10 Let T be a sharply 2-transitive group action on Q. Then |Q| is a prime 


power. 


A complete proof of Theorems 5.4.9 and 5.4.10 can be found in [Rob1] by applying 
the character theory on linear representations of groups. But if the condition that I’, is 
Abelian for a point x € Q is added, Theorem 5.4.9 can be proved without characters of 


groups. See [BiW1] for details. 


Theorem 5.4.11 Let M be a complete map. Then AutM acts transitively on the vertices 
of M if and only if M is a Cayley map. 


Proof The sufficiency is implied in Theorem 5.4.5. For the necessity, applying The- 
orem 5.4.8 we know that AutM is a Frobenius group. Now by Theorem 5.3.7, (AutM), 
is isomorphic to a subgroup generated by C, = C, - aC;'a™!, i.e., a product of conjugate 
pair of cycles in Y. Whence, we get a regular normal subgroup N of AutM by Theorem 
5.4.9. Let I = Z, and define a bijection 0 : V(Cay(Z,, Z, \ {1},rn)) — N by o(i) = a;, 
where a; is the unique element transforming point 0 to 7 in N. Calculation shows that 
r:N\{l} > N \ {1} is given by r(aj) = agv,,z,\{1\,n)@ for i # 0. Thus we get a Cay- 
ley map Cay" (Z,,, Zn \ {1}, r). It can be verified that the bijection o is an automorphism 
between maps M and Cay" (Z,, Z, \ {1}, r). oO 


Now we summarize all properties of Aut/ in the following obtained in previous on 


regular map M underlying K;,,: 
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(1) AutM is a Frobenius group of order n(n — 1); 

(2) AutM has a regular normal subgroup isomorphic to Z) for a prime p and an 
integer m > 1,1.6.,a= p™”; 

(3) AutM is transitive on vertices, edges and faces of M, and regular on 20; 


(4) For Vv € V(M), (AutM), ~ Z,_1. 
We prove the main result on complete regular maps of this subsection following. 


Theorem 5.4.12 A complete map M underlying K,, is regular on an orientable surface if 


and only if n is a prime power. 


Proof If M is regular on an orientable surface, then |AutM| = 4é(K,,) = 2n(n — 1). 
Whence, |AutM/(a)| = n(n — 1), i.e., AutM/ (a) acts on a2y,% is Frobenius. Applying 
Theorem 5.4.10, we know that n is a prime power. 

Conversely, ifn = p’”, letT = Li 1.e., the additive group in GF(n), where p is 
a prime and n a positive integer and let t ¢ I generate this multiplicative group. Take 
I* = IT — {0}, where 0 is the identity of Z and r : I* — I* determined by r(x) = tx for 
x € T°. By definition, we know that r is cyclic permutation on A*. We extend r from I™* to 
I by defining r(0) = 0. Notice that r(x+ y) = rx+ry for x,y € T. Such an extended r is an 
automorphism of group I. Applying Theorem 5.4.7, we know that Cay”(I : I*,r) ~ M 


is a regular map on orientable surface. 


§5.5 CONSTRUCTING REGULAR MAPS BY GROUPS 


5.5.1 Regular Tessellation. Let R? be a Euclidean plane and p, g > 3 be integers. We 
know that the angle of a regular p-gon is (1 — 2/p)z. If g such p-gons fit together around 


a common point u € R’, then the angle of p-gons must be 277/g. Thus 


2 2 

(1 . =) SS). is, Og) 24. 
P q 

We so get three planar regular tessellations of type (p, g) on a Euclidean plane following: 


(4,4), (3,6), (6,3). 


For example, a tessellation of type (4, 4) on R? is shown in Fig.5.5.1. 
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Fig.5.5.1 


Now let S* be a sphere. Consider regular p-gons on S*. The angle of a spherical p- 
gon is greater than (1 — 2/p)z, and gradually increases this value to z if the circum-radius 


increases from 0 to 2/2. Consequently, if 
(p — 2)(q- 2) <4, 


we can adjust the size of the polygon so that the angle is exactly 27r/q, i.e., g such p-gons 
will fit together around a common point v € S$”. This fact enables one to get spherical 


tessellations of type (p, g) following: 
(2,4), (g,2), (3,3), (3,4), 4,3), G5), G, 3). 


The type of (2, g) is formed by g lues joining the two antipodal points and the type (q, 2) 
is formed by two q-gons, each covering a hemisphere. All of these rest types of spherical 
tessellations are the blown up of these five Platonic solids shown in Fig.5.4.1. 

Finally, let H? be a hyperbolic plane. Consider the regular p-gons on H’. Then the 
angle of such a p-gon is less than (1 — 2/p)z, and gradually decreases this value to zero if 


the circum-radius increases from 0 to co. Now if 
(p—2)(q-2) > 4, 


we can adjust the size of the polygon so that the angle is exactly 27/q. Thus qg such 
p-gons will fit together around a common point w € H?. This enables one to construct 
a hyperbolic tessellation of type (p,q), which is an infinite collection of regular p-gons 
filling the hyperbolic plane H’. 

Consider a tessellation of type (p,q) drawn in thick lines and pick a point in the 
interior of each face and call it the 1center of the face. In each face, join the center by 


dashed and thin line segments with every point covered by g-gons and the midpoint of 
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every edge, respectively. This structure of tessellation is called the barycentric subdivision 
of tessellation. Each of the triangle formed by a thick, a thin and a dashed sides is called 


a flag, such as those shown in Fig.5.5.2. Denote all flags of a tessellation by -F. 


wot tt tt rr een 


Fig.5.5.2 


A tessellation of type (p, g) is symmetrical by reflection in certain lines, which may 
be a successive reflections of three types: X : g — Xg,Y:g > YgandZ: g > Zg, 
where for each flag g, the flag Wg is such the unique flag different from g that shares with 
g the thin, the thick or the dashed sides depending on W = X, Y or Z. Obviously, 


X?=Y?2 =Z7? = (XY) = (YZ)? = (ZX)? =1 and XY = YX. 


Furthermore, the group (X, Y, Z) is transitive permutation group on -F. 

A tessellation of type (p,q) on surface S is naturally a map M = (202, 7) on S 
with 204 = #. The behaviors of X, Y and YZ are more likely to those of 8 ,a and Y on 
M. But essentially, X # 8B, Y # a and YZ # F because X, Y and YZ act on a given g, not 
on all g in ¥. Such X, Y or YZ can be only seen as the localization of B, a or Y ona 


quadricell g of map M. 
5.5.2 Regular Map on Finite Group. Let (I; 0) be a finite group with presentation 
eee y, zjray=2=(xoy? =(yozP=(zoxt=-s = Ir), 


where we assume that all exponents are true orders of the elements and dots indicate a pos- 
sible presence of other relations in this subsection. Then a regular map M = M(T; x, y, z) 


of type (p, qg) on group (T; ©) is constructed as follows. 
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Construction 5.5.1 Let g ¢ I. Consider a topological triangle, i.e., a flag labeled by g 
with its thin, thick and dashed sides labeled by generators x, y and z, respectively. Such 
as those shown in Fig.5.5.3. 


Fig.5.5.3 


For simplicity, we will identify such flags with their group element labels. Then for each 
g €T andw € {x,y,z}, we identify the sides labeled w in the flag g and g o w in sucha 
way that points on the thick, thin or dashed sides meet are identified as well. For example, 


such an identification for g = x, y or z is shown in Fig.5.5.4. 


Fig.5.5.4 


This way we get a connected surface § without boundary by Theorem 4.2.2. The cellular 
decomposition of S induced by the union of all thick segments forms a regular map M = 


M(I; x, y, z) of type (p,q). Such thick segments of S consist of the underlying graph 
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G(M) with vertices, edges and faces identified with the left cosets of subgroups generated 
by (x, y), (y, z) and (z, x) in the group (I; 0), respectively. We therefore get the following 


result by this construction. 


Theorem 5.5.1 Let (1; 0) be a finite group with a presentation 
P=(x, yc) sys = (woy)? = (02? = (cox! = += Ir). 


Then there always exists a regular map M(I; x, y, z) of type (p, q) on (T; 0). 


Consider the actions of left and right multiplication of T on flags of M. By Construc- 
tion 5.5.1, we have known that the right multiplication by generators x, y and z on a flag 
g €T gives the permutations X, Y and Z defined in Fig.5.5.2. For the left multiplication 


of I on flags of M, we have an important result following. 


Theorem 5.5.2 Let M = M(I; x,y,z) be a regular map of type (p,q) on a finite group 
(I; 0), whereT = ( x, y “|e ar =P = Keyl Hor? = Cox ance Ir). Then 


AutM = Ly = (30°). 


Proof Notice that if two flags F and F’ are related by a homeomorphism h on S, 
1e.,h: F > F’,thenh: Fog — F’og. Therefore, the left multiplication preserves 
the cell structure of M on S and induces an automorphism of M. Whence, Lr < AutM. 
Now 2 ,(M) = F(M) =T. By Corollary 5.3.3, there is |AutM| < |2o,4(M)| = II. 
Consequently, there must be AutMé@ = Lr. By Theorem 1.2.15, Lp ~ (f50). This 


completes the proof. 


There is a simple criterion for distinguishing isomorphic maps M(1‘); x1, y1, Z1) and 


M(1; X2, y2, Z2) following. 


Theorem 5.5.3 Two regular maps M(1); x1, y1, Z1) and M((2; x2, y2, Z2) are isomorphic if 
and only if there is a group isomorphism ¢ : 1, — V2 such that $(x,) = x2, 601) = y2 
and (21) = 22. 


Proof If there is a group isomorphism ¢ : T'; — I such that 6(x;) = x2, 60) = 
yz and &(z,;) = Z, we extend this isomorphism ¢ from flags F(M(T; x1, ¥1,21)) to 
F (M12; X2, 2, Z2)) by 


Pluyuy us) = P(uy Puy) PU) 
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for u; € {x1,y1,Z1}, & € {+,—} and integers s > 1. Then ¢ is an isomorphism between 
M(1\; x1, 91, 21) and M(1; x2, y2, Z2) because it preserves the incidence of flags. 
Conversely, if @ is an isomorphism from M(T; x1, y1, 21) to M(12; x2, yo, Z2), then 
it preserves the incidence of vertices, edges and faces. Whence it induces an isomor- 
phism from flags F(M(I\; x1, y1,21)) to F(M(1); x2, y2, 22)), Le., a group isomorphism 
@ : YT; — In, which preserve the incidence of vertices, edges and faces if and only if 
$(X1) = Xo, OC) = y2 and ¢(z,) = Z by Construction 5.5.1. O 


Similarly, it can be shown that a regular map M(T, x’, y’, z’) is a dual of M(T, x, y, z) 
if and only if I’ = [ and xX = y, y' = x. By this way, regular maps of small genus are 


included in the next result. 


Theorem 5.5.4 Let M = M(I, x, y, z) be a regular map on a finite group Y. 

(A) If M is on the sphere S*, then 

(1) T= (Soca =7 =2 =O =0p =a Sik ) ~ D, X Z) and M is an 
embedded n-dipoles with dual C,, on S’; 

Oo) res ( 2V.2| = =o =) =H o7) jay = 1 ) ~ $4 and M is the tetra- 
hedron, which is self-dual on S*; 

(3) T=( x,y,z =y =2 = (ay)? = 02) = x) = Ip) = Sax Z, and M is the 
octahedron with dual cube on S?; 

(4) T= ( xy,z)r=y=2 = (xy) = (yz) = (zx? = Ir ) ~ As x Z, and M is the 
icosahedron with dual dodecahedron on S*. 

(B) If M is on the projective plane P*, let r = yz and s = zx, then 

(1) P=(x,y,21 2 = =2 = (ay)? = 02)" = Gx) = zor" = Ip) ~ Dy, and M is 
the embedded bouquet B2, with dual Cr, on P*; 

Q) rs ( ive Hy =o Sy) Soe SG =e rs = ip ) ~ S4,and M 
is the embedded kD with dual K, on P?, where KO is the graph K3 with double edges; 

3) T= (ayzle sy =2 = Gy) = 02) = a) = a sr'srs = Ip) = As 
and M is the embedded Kg on P?. 

(C) If M is on the torus T’, let b,c be integers, thenT = ( rs|r=s* =(rsP = 
(es PGs) = Ie ) or ( rer es ]Gs) =0s yo rs Ir ) if be(b —c) # 0 
and Y = ( rile s =e Yo [sy = 1h ) or ( nsiPr ss =s WYO ry =]; ) 
if bc(b — c) = 0. 

A complete proof of Theorem 5.5.4 can be found in the reference [CoM1]. With the 
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help of parallel program, orientable regular maps of genus 2 to 15, and non-orientable 
regular maps of genus 4 to 30 are determined in [CoD1]. Particularly, the regular maps 


on a double-torus or a non-orientable surface of genus 4 are known in the following. 


Theorem 5.5.5 M = M(I, x,y,z) be a regular map on a finite group T, r = yz, 8 = zx 


and t = xr. 


(A) If M is orientable of genus 2, thenT = ( Es|res =s°) = 1p ), or 


icf Sas SOs y aly , or ( Rslres = Gs y arrr's = lp or ( rae 
: = lr ). 


(B) If M is non-orientable of genus 4, then T = ( Letra rerawe nr 


eae ee — Ir), sl is|Passr = Ir), Ov ASP Ss are 


= Ir), or retleses =CSjs7y Hors? = lp ). 


We have known that there are regular maps on every orientable surface by Theorem 
5.4.2, and there are no regular maps M on non-orientable surfaces of genus 2, 3, 18, 24, 
27, 39 and 48 in literature. Whether or not there are infinite non-orientable surfaces 
which do not support regular maps is a problem for a long time. However, a general result 
appeared in 2004 ([DNS1]), which completely classifies regular maps on non-orientable 
surface of genus p+2 for an odd prime p # 3,7 and 13. For presenting this general result, 
let v(p) be the number of pairs of coprime integers (j,/) such that j > / > 3, both j and / 
are odd and (j — 1) - 1) = p +1 for a prime p. 


Theorem 5.5.6 Let p be an odd prime, p # 3, 7, 13 and let N42 be a non-orientable 
surface of genus p + 2. Then 


(1) Ifp = l(mod 12), then there are no regular maps on Np+2; 

(2) If p = S5(mod 12), then, up to isomorphism and duality, there is exactly one 
regular map on N42; 

(3) If p = —5(mod 12), then, up to isomorphism and duality, there are v(p) regular 
maps on Nj; 

(4) If p = —1(mod 12), then, up to isomorphism and duality, Ny.2 supports exactly 


v(p) + 1 regular maps. 


5.5.3, Regular Map on Finite Multigroup. Let P;, P2,---,P, be a family of topological 
polygons with even sides for an integer n > 1. Denoted by OP; the boundary of P;, 
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1 <i <n. Define a projection z : U Pi () Pp} = by 
=I i=1 
M(xX1) # A(X) #-++#A(x,) if x, € P;\ OP;,1 <i<n, 
My) = 12) = +++ = An) if y, € OP;, 1 <i<n, 


i.e., 7 is an identification on boundaries of P;, P2,---,P,. Such an identification space 
(U P;)/ ~ is called an m-multipolygon by n polygons and denoted by P. The cross section 
of P is shown in Fig.5.5.5(a). Sometimes, a multipolygon maybe homeomorphic to a 
surface. For example, the sphere S? is in fact a topological multipolygon of 2 polygons 
shown in Fig.4.1.2. 

It should be noted that the boundary of an m-multipolgon P is the same as any of 
its m-polygon. So we can also get the polygonal presentation of an m-multipolygon such 
as we have done in Section 4.2. Similarly, an orientable or non-orientable multisurface 
S is defined on P by identifying side pairs of P. Certainly, S = U P;f = U S;, where 


S; = P;/ ~ is a surface for integers 1 < i < n. The inclusion mapping 7; : S — S; 
determined by 7;(x) = x for x € S; is called the natural projection of S onS i. 

By definition, OP/ ~ is aclosed curve on S. called the base line, denoted by Lg and 
a multisurface S possesses the hierarchical structure, i.e., a \ Lg is disconnected union of 


P;\ OP;, 1 < i <n. Such as those shown in Fig.5.5.5(b) for longitudinal and cross section 


boundary La Lg 
) (b) 


Fig.5.5.5 


of a multitorus. 


boundary 
(a 


Similarly considering maps on surface S, we can find such a decomposition of 5 
with each components homeomorphic to a open disk of dimensional 2, i.e., a map M on 


S.Soa problem for maps on multisurfaces is presented in the following. 


Problem 5.5.1 Determine maps MonS = LJ S; such that ;(M) is a transitive map, 
i=l 
furthermore a regular map on S ; for any integer i, 1 <i<n. 


If S is orientable, the answer is affirmed by Theorem 5.4.2 by applying to standard 


Sec.5.5 Constructing Regular Maps by Groups 207 


map O, on S; for an integer 1 < i < n. We construct more such maps on finite multigroups 


following. 
Cayley Map on Multigroup. Let (G: O) be a multigroup with G = U G,, O = 
i=1 
{o;, | < i < n} such that (Y;0,) is a finite group generated by A; = AS, ly ¢ Aj 


for integers | < i < n. Furthermore, we assume each A; = A is minimal for integers 
1 <i<n. Whence A is an independent vertex set in Cayley graphs Cay(Y : A). Such A 
is always existed if we choose the group (Y; 0;) = (Y; 0) for integers | <i <n. 

Let r : S — S be acyclic permutation on A. For an integer 7, 1 < i < n, we 
construct a Cayley map Cay”(G, : A,r). Not loss of generality, assume that the genus of 
Cay" (G, : A,r) is g for 1 <1 < s. Particularly, s = n if (Y;0;) = (Y;0) for integers 
1 <i<n. NowletS bea multisurface consisting of s surfaces $;,S2,---,S, of genus g. 


We place each element of A on the base line Lg of S. Then the map 


Cay“(Y : A,r) = LU Cay“(G,, : A,r) 


il 


is such a map that 7;, : Cay” (GY : A,r) > Cay” (G, : A,r). We therefore get the following 


result. 


Theorem 5.5.7 For any integers g > 0, n > 1, if there is a Cayley map Cay“ (I : A,r) 


of genus g, then there is a map M on multisurface S= U S; consisting of n surfaces of 
i=l 
genus g such that m;(M) is a Cayley map, i.e., a transitive map, particularly, these is a 


map M onS such that m;(M) = Cay” (IF : A,r) for integers 1 <i<n. 

Regular Map on Triangle Multigroup. Let T= UG: o;) be a multigroup, where 
(Ij; 0;) is a finite triangle group with I; = (x.y, 7 = 2 22 = (aon =O; 0:5)? = 
(z; 0; x;)” =-+- = 1p) for integers 1 < i < n. Then there is a regular map M(I;; x;, y, z;) 
correspondent to (I;; 0;) by Construction 5.5.1. 

Not loss of generality, assume that the genus of M(I7;,; xi,,y,zi,) 18 p for integers 
1<j<k. Particularly, s = nif M(I;; x;, y,z;) = M3 x, y, z) for integers 1 < i < n. Now 
let S be a multisurface consisting of s surfaces S,,S>,---,S, of genus p. Choose a flag g 
in M(T;,; xi,,.y, 2i,) with thick sides of g and g 0;, x identifying with a segment PQ on the 
base line Lg of S for integers | < j < s. Then the map M on S defined by 
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M = oS M(;;,; Xij> Y> Zi;) 
j=l 


is such a map that 77, : M—>M (Ui,; Xi;.), Zi;), a regular map on S;,. This fact enables one 


to get the following result. 


Theorem 5.5.8 For any integers g > 0, n = 1 and p,q = 3, if there is a regular map 


M(I; x,y,z) of genus g correspondent to a triangle group T = ( Mize Hy Sc = 
Gey =(ez? =@ox)! = Ir), then there is a map M on multisurface S = eS S; 
i=l 


consisting of n surfaces of genus g such that mM) is a regular map M(1;; x;, y, 2;), par- 


ticularly, there is a map M onS such that m(M) = M(I; x, y, z) for integers 1 <i<n. 


§5.6 REMARKS 


5.6.1 A topological map M is essentially a decomposition of a surface S with com- 
ponents homeomorphic to 2-disk, which can be also characterized by the embedding of 
graph G[M] on S. Many mathematicians had contributed to the foundation of map theory, 
such as those of Tutte in [Tut], Jones and Singerman in [JoS1], Vince in [Vin1]-[Vn2] 
and Bryant and Singerman in [BrS1] characterizing a map by qurdricells or flags. They 
are essentially equivalent. There are many excellent books on these topics today. For 
example, [GrT1] and [Whil] on embedding and topological maps, [MoT1] on the topo- 
logical behavior of embeddings and [Liu2]-[Liu4] on algebraic maps with enumerative 


theory. 


5.6.2 Although it is difficult to determine the automorphism group of a graph in general, 
it is easy to find the automorphism group of a map. By Theorem 5.3.6, the automorphism 
group of map M = (.2y4, #) is the centralizer of the group (a, 8, #) in the symmetric 
group S y,,. In fact, there is an efficient algorithm for getting an automorphism group 
of map with complexity not bigger than O(e?(M)). See [Liul], [Liu3]-[liu4] for details. 
Besides, a few mathematicians also characterized automorphism group of map by that of 
its underlying graph. This enables one to know that the automorphism group of map is an 
extended action subgroup of the semi-arc automorphism group of its underlying graph. 
See also [Mao2] and [MLW1] for details. 
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5.6.3 The research of regular maps, beginning for searching stellated polyhedra of sym- 
metrical beauty, is more early than that of general map, which appeared firstly in the work 
of Kepler in 1619. The well-known such polyhedra are the five Platonic polyhedra. There 
are two equivalent definitions for regular map by let the automorphism group of map M@ 
transitive on its quadricells or flags. Both of them makes the largest possible on auto- 
morphisms of a map, 1.e., transitive and fixed-free. This enables one knowing that the 
automorphism group of a map is transitive on its vertices, edges and faces, and also its 
upper bound of regular maps of genus> 2. For many years, one construct regular maps 
by that of symmetric graphs, such as those of Cayley graphs, complete graphs, cubic 
graph and Paley graph on surfaces. The materials in references [Big1]-[Big2], [BiW1] 
and [JaJ1] are typical such examples. 

Such as those discussions in the well-know book [CoM1] on discrete group with 
geometry. A more efficient way for constructing regular map is by that of the triangle 
group T= ( Re |e Sy @e = (oy = 02) = (ar = Ir). In fact, by the barycentric 
subdivision of map on surface, a regular map M is unique correspondent to a triangle 
group I and vice vera. This correspondence turns the question of finding regular maps to 
that of classifying or constructing such triangle groups and enables one to classify regular 
maps of small genus. For example, the classification of regular maps on N,,,2 for an odd 
prime p in [DNS1] is by this way, and the classification of regular maps for orientable 
genus from 2 to 15, non-orientable from 4 to 30 in [CoD1] is also by this way with the 


help of parallel program. 


5.6.4 A multisurface S is introduced for characterizing hierarchical structures of topo- 
logical space. Besides this structure, its base line Lg is common and the same as that of 
standard surface O, or N,. We have shown that there is a map M onS such that its projec- 
tion on any surface of S isa regular map by applying Cayley maps on finite groups, and 
by regular maps on finite triangle group. Besides for regular map, we can also consider 
embedding question on multisurface S. Since all genus of surface in a multisurface S is 
the same, we define the genus g(S) of S to be the genus of its surface. 

Let G be a connected graph. Define its orientable or non-orientable genus Y°(G), 


y(G) on multisurface 5 consisting of m surfaces S by 
7¥2(G) = min{ 2(S) | G is 2 — cell embeddable on orinetable multisurface S}, 


y"(G) = min{ 2(S) | G is 2 — cell embeddable on orinetable multisurface Ss), 


m 
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Then we are easily knowing that y?(G) = y(G) and y/(G) = YG) by definition. The 


problems for embedded graphs following are particularly interesting for researchers. 


Problem 5.6.1 Let n,m > 1 be integers. Determine ¥2(G) and y%(G) for a connected 
graph G, particularly, the complete graph K, and the complete bipartite graph Kym. 


Problem 5.6.2 Let G be a connected graph. Characterize the embedding behavior of G 
on multisurface S, particularly, those embeddings whose every facial walk is a circuit, 


i.e, a strong embedding of G on S 


The enumeration of non-isomorphic objects is an important problem in combina- 
torics, particular for maps on surface. See [Liu2] and [Liu4] for details. Similar problems 


for multisurface are as follows. 

Problem 5.6.3 Let S bea multisurface. Enumerate embeddings or maps on s by param- 
eters, such as those of order, size, valency of rooted vertex or rooted face, ---. 

Problem 5.6.4 Enumerate embeddings on multisurfaces for a connected graph G. 


For a connected graph G, its orientable, non-orientable genus polynomial g,,[G](x), 
2mlG](x) is defined to be 


gnlGIx) = )) (Gx! and FnlGx) =) ghi@)x’, 
i>0 i>0 
where g?(G), g¥ (G) are the numbers of G on orientable or non-orientable multisurface 


S consisting of m surfaces of genus /. 


Problem 5.6.5 Let m > 1 be an integer. Determine g,[G](x) and &m[G](x) for a connected 
graph G, particularly, for the complete or complete bipartite graph, the cube, the ladder, 
the bouquet, ---. 


CHAPTER 6. 


Lifting Map Groups 


The voltage assignment technique on graphs or maps is in fact a construction 
of regular coverings of graphs or maps, i.e., covering spaces in lower dimen- 
sional cases. For such covering spaces, an interesting problems is that finding 
conditions on the assignment so that an automorphism of graph or map is also 
an automorphism of the lifted graph or map, and then apply this technique 
to finding regular maps or solving problems on Klein surfaces. For these ob- 
jectives, we introduce topological covering spaces, covering mappings first, 
and then voltage graphs and maps in Section 6.1. The lifting map group is 
discussed in the following section. These conditions such as those of locally 
invariant, Ay-uniform and A,-compatible, and furthermore, a condition for a 
finite group to be that of a map by voltage assignment can be found in Section 
6.2, which enables one finding a formulae related the Euler-Poincaré charac- 
teristic with parameters on maps or its quotient maps. These formulae enables 
us to discussing the minimum or maximum order of automorphisms of a map, 
i.e., conformal transformations realizable by maps M on Riemann or Klein 
surfaces in Section 6.5. Section 6.4 presents a combinatorial generalization of 
the famous Hurwitz theorem on orientation-preserving automorphism groups 
of Riemann surfaces, which enables us to get the upper or lower bounds of 
automorphism groups of Klein surfaces. All these discussions support a con- 
jecture in forewords of Chapter 5 in [Mao2], i.e., CC conjecture discussed in 
the last chapter of this book. 
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§6.1 VOLTAGE MAPS 


6.1.1 Covering Space. Let S be a topological space. A covering space S of S consisting 
of a space S with a continuous mapping p : S > S such that any point x € S possesses an 
arcwise connected neighborhood U,, and any arcwise connected component of p~!(U,) 
is mapped topologically onto U, by p. Such an opened neighborhoods U,. is called an 


elementary neighborhood and p a projection from StoS. 


Definition 6.1.1 Let S,T be topological spaces, x) € S,yo € T and f : (T, yo) — (S, Xo) 
a continuous mapping. If (S: Pp) is a covering space of S, Xo € S, x = P(X0) and there 
exists a mapping f! : (T, yo) > (S,Xo) such that f = f'o p, then f' is a lifting of f, 


particularly, if f is an are, f' is called a lifting arc. 


The following result asserts the lifting of an arc is uniquely dependent on the initial 


point. 


Theorem 6.1.1 Let (S, Pp) be a covering space of S, Xo € X and P(X) = Xo. Then there 
exists a unique lifting arc f' : I > S with initial point Xo for each arc f : I > S with 


initial point Xo. 


A complete proof of Theorem 6.1.1 can be found in references [Mas1] or [Mun1], 


which applied the property of Lebesgue number on metric space. 


Theorem 6.1.2 Let (S, p) be a covering space of S, X% € S and p(X) = Xo. Then 


(1) the induced homomorphism p, : nS, Xo) 2 m(S, Xo) is a monomorphism; 
(2) for x € p-'(xo), the subgroups piS, Xo) are exactly a conjugacy class of sub- 


groups of mS, Xo). 


Proof Applying Theorem 6.1.1, for x) € S and p(xo) = Xo, there is a unique mapping 
on loops from S with base point xp to S with base point x9. Now let L; : I > S,i=1,2 
be two arcs with the same initial point Xo in 5S. We prove that if pL, ~ ply, then L; ~ Ly. 

Notice that pL; ~ pL, implies the existence of a continuous mapping H:/xI— S$ 
such that H(s,0) = pl,(s) and H(s, 1) = pL2(s). Similar to the proof of Theorem 3.10, we 
can find numbers 0 = sg < 5; <--- < Ss, = landO =f <t, <---<t, = 1 such that each 
rectangle [s;_1, s;] < [t;-1,¢;] is mapped into an elementary neighborhood in S by H. 

Now we construct a mapping G: 1x I > S with pG = H,G(0,0) = Xo hold by the 


following procedure. 
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First, we can choose G to be a lifting of H over [0, s,] x [0,t,] since H maps this 
rectangle into an elementary neighborhood of p(%o). Then we extend the definition of G 
successively over the rectangles [s;_,, s;] x [0,f,] for i = 2,3,---,m by taking care that it 
is agree on the common edge of two successive rectangles, which enables us to get G over 
the strip J x [0, ¢,]. Similarly, we can extend it over these rectangles J X [t, f2], [b, t3],--:, 
etc.. Consequently, we get a lifting H’ of H, i.e., L; ~ Ly by this construction. 

Particularly, if L; and L, were two loops, we get the induced monomorphism homo- 
morphism p,, : mS, Xp) > m(S, Xo). This is the assertion of (1). 

For (2), suppose x; and xX are two points of S such that P(%1) = p(%2) = Xo. Choose 
aclass L of arcs in § from xX, to X>. Similar to the proof of Theorem 3.1.7, we know that 
Y =iiait {ale nS, x1) defines an isomorphism 2 : nS, x1) > mS, X2). Whence, 
ps (n(S, wi) =D (L)n(S, X2)p.(L~!). Notice that p.(L) is a loop with a base point xy. We 
know that p.(L) € (S, x0), ie., put(S , Xp) are exactly a conjugacy class of subgroups of 
m(S, Xo). 


Theorem 6.1.3 /f (S, p) is a covering space of S, then the sets p~'(x) have the same 


cardinal number for all x € S. 


Proof For any points x; and x2 € S,, choosing an arc f in S with initial point x; and 
terminal point x.. Applying f, we can define a mapping V : p-'(x,) > p™!(x2) by the 
following procedure. 

For Vy, € p-!(x1), we lift f to an arc f! in S with initial point y, such that pf! = f. 
Denoted by y2 the terminal point of f’. Define ¥(y,) = yo. 


By applying the inverse arc f~!, we can define ‘Y~'(y2) = y; in an analogous way. 


Therefore, y is a 1 — 1 mapping form p~!(x,) to p7!(x2). 


Usually, this cardinal number of the sets p~'(x) for x € S is called the number of 
sheets of the covering space (S, p) on S. If |p-'(x)| = n for x € S, we also say it an 


n-sheeted covering. 


6.1.2 Covering Mapping. Let M = (opr P) and M = (24%, Y) be two maps. The 
map M is called to be covered by map M if there is a mapping 2: : a — Xog such that 
VxeE are 


am(x) = ma(x), Br(x) = mB(x) and nP(x) = Pr(x). 


Such a mapping 7 is called a covering mapping. For Vx € 2g, define the quadricell set 
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m'(x) by 
n(x) = (al € (Zag and xX) = x}. 


Then we konw the following result. 


Theorem 6.1.4 Letz: ae — 2p, be acovering mapping. Then for any two quadricells 
t,t Aaa, 

(1) |!) = |! 2). 

(2) If x1 # xX, then nm! (x1) CQ) a! (x2) = 0. 


Proof (1) By the definition of a map, for x1,x. € 2g, there exists an element 
ao € PY, =< a,B, PY > such that x. = (x). 
Since 7 is an covering mapping from M to M, it is commutative with a,8 and PY. 


Whence, z is also commutative with a. Therefore, 
(x2) = a '(0(m1)) = om). 


Notice that 7 € ; is an 1 — 1 mapping on 2%. Hence, |a1(x1)| = la! (x2)I- 


(2) If x; # x2 and there exists an element y € 27!(x,;) (a '(x2), then there must be 


xX; = 7(y) = xX). Contradicts the assumption. L 
Then we know the following result. 

Theorem 6.1.5 Let 2: X, ap > Rap be a covering mapping. Then x is an isomorphism if 

and only if x is a 1 — | mapping. 


Proof \f zis an isomorphism between the maps M= (Pgs PD) and M = (222, #), 


then it must be an 1 — 1 mapping by the definition, and vice via. L 


A covering mapping 7 from MtoM naturally induces a mapping 2* by the condition 
following: 


VRE Zag, Se AutM, Tig mon '(x). 
Whence, we have the following result. 


Theorem 6.1.6 [fz : ae — 2p, is a covering mapping, then the induced mapping n* 
is a homomorphism from AutM to AutM. 

Proof First, we prove that for Vg € AutM and x € Kop, ™(g) € AutM. Notice that 
for Vg € AutM and x € Babs 


men |(x) = mga !(x)) € Zig 
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and Wx1,.%2 € Bog, if x1 # X, then mga! (x1) # mgm | (x2). Otherwise, let 
gn \(x1) = mgm '(x2) = x0 € Zag. 


Then we must have that x; = mg7!m7!(x9) = x2, which contradicts to the assumption. 


By definition, for x € 2o, we have that 
na(x) = aga 'a(x) = mgan™!(x) = naga !(x) = angn'(x) = an*(x), 


mW B(x) = nga 'B(x) = mer '(x) = mBgA'(x) = Baga'(x) = Ba*(2). 


Now WP) = Y. We therefore get that 
n P(x) =agnr | P(x) = mg Pr '(x) = rPeon '(x) = Pron '(x) = Pn*(x). 


Consequently, xgx7! € AutM, ice., x* : AutM > AutM. 
Now we prove that z* is ahomomorphism from AutM@ to AutM. In fact, for V21,22 € 
AutM , we have that 


(2122) = 1(g1g2)" | = (agin ')(mg.M') = n*(g1)x"(g2). 


Whence, z* : AutM > AutM isa homomorphism. 


6.1.3 Voltage Map with Lifting. Let G be a connected graph and (I; 0) a group. For 
each edge e € E(G),e = wy, an orientation on e is such an orientation on e from u to 
v, denoted by e = (u,v), called the plus orientation and its minus orientation, from v 


to u, denoted by e! 


= (v,u). For a given graph G with plus and minus orientation on 
edges, a voltage assignment on G is a mapping o from the plus-edges of G into a group [ 
satisfying o(e7!) = a !(e),e € E(G). These elements o(e), e € E(G) are called voltages, 
and (G, 0) a voltage graph over the group (I; 0). 


For a voltage graph (G, ~), its lifting G? = (V(G"), E(G”); I(G”)) is defined by 


V(G°) = V(G) xT, (u,a) € V(G) xT abbreviated to u,; 


E(G”) = {(Ua, Vacn)le* = (u,v) € E(G), o(e*) = b} 


and 
HG") = {(Ua, Vaob )II(e) = (Ug, Vacb) if € = (Ug, Vacb) € E(G")}. 
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This is a |I'|-sheet covering of the graph G. For example, let G = K3 andT = Z. 
Then the voltage graph (K3, 0) with a : K3 — Z, and its lifting are shown in Fig.6.1.1. 


Ug 
Uu 
al 
0 1 
w Vo 
Ww 0 Vv Ww V1 
(G,o) G° 
Fig.6.1.1 


We can find easily that there is a unique lifting path in I’ with an initial point ¥ for 
each path with an initial point x in’, and for Vx ET, |p7'(x)| = 2. 

For finding a homomorphism between Klein surfaces, voltage maps are extensively 
used, which is introduced by Gustin in 1963 and extensively used by Youngs in 1960s for 
proving the Heawood map coloring theorem and generalized by Gross in 1974 ({[GrT1]). 
By applying voltage graphs, the 2-factorable graphs are enumerated in [MaT2] also. 

Now we present a formally algebraic definition for voltage maps, not using geomet- 


rical intuition following. 


Definition 6.1.2 Let M = (2.,, Y) be a map and (T; ©) a finite group. A pair (M, 9) is a 
voltage map with group (T; 0) if? : Zag — T, satisfying conditions following: 


(1) ForY¥x € 2ig, Wax) = W(x), HaBx) = HBx) = I'(x); 
(2) For WF = (x,y,-+:,z)(8z,:-:,By,Bx) € F(M), the face set of M, WF) = 
Hx)I(y)--- Hz) and (HF)|F € F(u),u€ V\M)) =T, where ¥(u) denotes all the faces 


incident with vertex u. 


For a voltage map (M, 77), define 
Keo po = Lag xT, 


FP = [| [ [rede ZeMazes +++ Og, Oy) 


(X,Y,-",Z)(@Z,"*,ay,aX)EV(M) gel 
and 
a” = [| (Xe, OXs), B° = [| (Xe, PBX g(x), 
XE RB, ge xe Rog, gel 


where u, denotes the element (u, g) € Zo, XT. 
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Then it can be shown immediately that M’ = (X a? Bs F") also satisfies the condi- 
tions of map, and with the same orientation as map M. Whence, we define the lifting map 


of a voltage map in the following definition. 


Definition 6.1.3 Let (M,2) be a voltage map with group ({;0). Then the map M® = 
(X0 P") is defined to be the lifting map of (M, 9). 


There is a natural projection: M® — M from the lifted map M® to M by n(x,) = x 
for Vg € TF and x € 2. 4(M), which means that M° isa |I|-cover M. Denote by 


a(x) ={ Xp € Zog(M") |g <1}, 


called the fiber over x € 2. (M). For a vertex v = (C)(aCa™!) € V(M), let {C} denote 
the set of quadricells in cycle C. Then the following result is obvious by definition. 
Theorem 6.1.7 The numbers of vertices and edges in a lifting map M°® of voltage map 
(M, 9) with group (1; ©) are respectively 


v(M") = v(M)IT| and &(M”) = e(M)IT|. 


Theorem 6.1.8 Let F = (C*)(aC*a™!) be a face in the map M. Then there are \T|/o(F) 
faces in the lifting map M® with group (1; 0) of length |F\o(F) lifted from the face F, 
where o(F) denotes the order of [| (x) in group (1; °). 

xe{C} 


Proof Let F = (u,v---,w)(6w,---,Bv, Bu) be a face in the map M and k is the length 
of F. Then, for Vg € T the conjugate cycles 


r) 
(CC) = (ity, Ved(u)s °° > Ugo F)> Ved(FyHu)> °°» Wed(F)2>°* > W9oF)-1(F)) 


-la-l 
BU, Vea(u)s*** > UgaF)> Ved(FyI(u)> °°» Wga(F)2>°* "> W g9oF)-1(F)) jm 


is a face in M® with length ko(F) by definition. Therefore, there are |I'|/o(F’) faces in the 


lifting map M”. 


We therefore get the Euler-Poincaré characteristic of a lifted map following. 


Theorem 6.1.9 The Euler-Poincaré characteristic y(M”") of the lifting map M® of a volt- 
age map (M, #) with group (T; ©) is 


Dy = ay 
x(M") = (Fla) +) (1 +—)), 


me€O(F(M)) 
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where O(F(M)) denotes the set of faces in M of order o(F). 


Proof According to the Theorems 6.1.7 and 6.1.8, the lifting map M® has |[|v(M) 


1 
vertices, |[je(M) edges and|G|_ >) — faces. Therefore, we know that 
meO(F(M)) 11 


X(M”) = v(M") - &(M”) + 6(M") 


1 
= |Py(M) = [Ple(M) + 10 — 
meO(F(M)) 
1 
= IGM) -eM)+ >) -) 
méO(F(M)) 


1 
= IGlom)+ >) C1+—)). 


meO(F(M)) 


§6.2 GROUP BEING THAT OF A MAP 


6.2.1 Lifting Map Automorphism. Let (M, o) be a voltage map witha : 2y, > T,uweé 
V(M) and W = x,x2--+ x; a walk encoded by the corresponding sequence of quadricells 
x;, i= 1,2,---,k in M, ie., the qudricell after x; is AaBx; by the traveling ruler on M. 
Define the net voltage on W to be the product 


o(W) = o(X1) 0 O(%2) 0 +++ 0 O( XK) 
and the local voltage group I'(u) by 
T(u) = { c(W) | W is a closed walk based at a quadricell u }. 


By Definition 6.1.2, we know that [(u) = T for Vu € 2og(M). For x € 2y,, denote 
by II(W, x) the set of all such closed walks based at x. Then I(M, x) = 7(M, x), the 
fundamental group of M based at x. 

Let 01, 72 : Zag — T be two voltage assignments on a map M = (244, A) and 
idy an identity transformation on 2%, 1.e., both of M”' and M®? are |I'|-covers of M with 


natural projections 7, : M7! — M and m : M°? — M on M. Then we know 
Ko p(M"') = Kop(M”) = { Xg | XE Kop(M), BE T} 


by definition. Then a, o> are said to be equivalent if there exists an isomorphism T : 


M°'! — M” that makes the following diagram 
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Mm” oe M2 


M idy 


commutate. The following result is fundamental. 


Theorem 6.2.1 Let 7, 72 : 2ug — T be two voltage assignments on a map M = 
(Rap, FP), u€ Xegl(M). Then 01, 02 are equivalent if and only if there exists an auto- 
morphism t of group T such that 


Ta \(W) = o2(W) 


for every closed walk W in M based at u. 


Proof Choose a closed walk W in map M based at u. If 7 and o> are equivalent, 
then there exists an automorphism t : M7! — M*® such that r(W°') = W°?. Define 
tT : DT 3T byt : ta\(W) > o2(W). Let W’ be another closed walk in M based at u. 
Notice that WW’ is also a closed walk based at u in M. We find that 


to | (WW’) = ta (W)t0(W’) = o2(W)o2(W’), 


Le., T(7)(W)a(W’)) = t*(o1(W))t*(o,(W’)). Thus t* is an automorphism of T. By 
definition, we are easily get that t*o,(W) = 02(W). 

Conversely, if there exists an automorphism t’ € AutI such that t’0)(W) = o2(W) 
for every closed walk W in M based at u, let tT : 2a g(M"') > 2. —(M"') be determined 


byt: W""! > W%, i.e, 70) W(t'01) | = 7.Wo5!. Then it is easily to know that 


t(PaBy' 


-1 
(7'0) [| (Xgs +++ 2g (OZ p +++ Xp) | (701) 
(x,-+,Z)(@Z,,axX)EV(M), gel 


-l 
T Oy (Xps Ves? **s Ze @Zg,***, Bg, 0X_)(T G7) 
(x,y,"*-,z)(@z,",ay,ax)EeV(M), gel 


-1 
T2(Xp, Yes ar) Lo OZas ar) QYz, AXg)O> 
(x,-+,z)(az,,ax)EV(M), gel 


(Pap)” 
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1.€., 


AS as a tS ll 


and 


a7) 


eee pp T= en. 


Thus T is an isomorphism from M°' to M” by definition. Whence, we know that o, and 


> are equivalent. O 


Such an isomorphism t from M°' to M°? induced by an automorphism 7’ of M is 
called a lifted isomorphism of t’. Particularly, if 7; = 02 = co, a lifted isomorphism from 
M*' to M°? is called a lifted automorphism of t’. Theorem 6.2.1 enables one to get the 


following result. 


Theorem 6.2.2 An automorphism ¢ of voltage map M with assignment 0 — T is a lifted 
automorphism of map M° if and only if every closed walk W with net voltage o(W) = Ir 
implies that o(¢(W)) = ly in (M,o). 

Furthermore, let M = (20, Y) be a map, (I; °) a finite group and & < AutM, a 


map group. We say that a voltage assignment 0 : 20. — I is locally &-invariant at a 


quadricell u if, for Wt € < and every walk W € II(M, u), we have 
o(W) = 1, = o(t(W)) = |r. 


Particularly, a voltage assignment is locally t-invariant for tT € AutM if it is locally in- 
variant respect to the group (tT) generated by t. Then Theorem 6.2.2 implies the following 


conclusion. 

Corollary 6.2.1 Let M = (2.4, #) be a map with a voltage assignment 7 : 2y, > 7, 

a: M° > Mand & < AutM. Then & < AutM”? if and only if o is locally & -invariant. 
Notice that a map M = (204, #) is regular if |AutM| = |.2 4]. We know the 

following result by Corollary 6.2.1. 

Corollary 6.2.2 Let M be a regular map with a locally AutM-invariant voltage assign- 

ment 7: Ryg 21. Then M° is also regular. 


Proof Notice that the action g : u,; — Ugo, naturally induced an automorphism on 
fiber ~'(u) of M® for Yu € ag and g € T. Now all automorphisms of M are lifted to M’. 
Whence, |AutM?| = |[|AutM| = 4\Tle(V) = |. 2o(M")|. Thus M? isaregularmap. O 
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6.2.2 Map Exponent Group. Let M = (.20,, 7) be a map. An integer k is an exponent 
of M if the map M‘ = (21.4, A*) is isomorphic to M, i.e., there exists a permutation T on 
2, such that ta = at, TB = Brand tP* = Pr. Such a permutation t € Aut 1G[M] is 
called an isomorphism associated with exponent k. ; 

If k is an exponent of M, then # is also a basic permutation on 2%, with Axioms 
1 — 2 hold. So gcd(k, py(v)) = 1 for v € V(M). Consequently, k must be a coprime with 
the order o(Y) of Y, the least common multiple of valencies of vertices in M. 

Obviously, 1 is an exponent of M. On the other hand, the integer —1 is an exponent 
if M is isomorphic to its mirror (2,4, Y'). Now let 1 = k(modo(#)) and k an exponent 
of M. Then #' = Y*. Thus / is also an exponent of M. Let k, 1 be two exponents 


associated with isomorphisms T, 6, respectively. Then 
Pier er 6 Her, 


i.e., kl is also an exponent of M associated with isomorphism 6T € Aut, G[M]. We 


therefore find the following result. 


Theorem 6.2.3 Let M be a map. Then all residue classes of exponents mod(o(“)) of M 
form a group, and all isomorphisms associated with exponents of M form a subgroup of 
Aut l G[M], denoted by Ex(M) and Exo(M), respectively. 


Now let (1; 0) be a finite group and let. : T — Ex(M), P : Exo(M) > Ex(M) be 
homomorphisms with Ker¥ = AutM = A. Denote by A, = ¥'(J), where J = (I). Then 
the derived map M™ is a map (qe gor, A™) with 


K yes gor = be xX T 


and 
OL ug) 
a [| (Xp. Yen's ZeM(OZes* ++, Cg, UX,)) ; 
(x,y,-",Z)(@Z,",ay,ax)EV(M), gel 
a” = [ | (Xp, @Xg), pr = [| (Xg,PXgnx))- 
xE Ro B, gel xe Rog, gel 


A voltage assignment 0 : 27,(M) — T is called Aj-uniform if for every u-based 
closed walk W on M with o(W) = I, and every isomorphism Tt € A,;, one has o(t(W)) = 
1;. Similarly, an exponent homomorphism t of M is A;-compatible with o if for every 
u-based walk W and every t € A,, one always has uo (W) = to-(t(W)). Then we have the 


following result. 
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Theorem 6.2.4 Let M be an orientable regular map, 7 : 2qg(M) —> I a voltage assign- 
ment and ut: T — Ex(M) with UT) = J. Then M™ is an orientable regular map if o is 


A,-uniform and t is A;-compatible with o. 
A complete proof of theorem 6.2.4 was established in [NeS2]. Certainly, the reader 


can find more results on constructing regular maps by graphs in [NeS1]-[NeS2]. 


6.2.3, Group being That of a Lifted Map. A permutation group I action on Q is called 


fixed-free if T,. = 1p for Vx € Q. We have the following result on fixed-free permutation 
group. 
Lemma 6.2.1 Any automorphism group T of amap M = (2og, “) is fixed-free on Xyp. 


Proof Notice that! < AutM, we get that. < (Aut), for Vx € 2... We have 
known that (AutM), = 1p. Whence, there must be that I’, = I,, i.e., Tis fixed-free. a 


Notice that the automorphism group of a lifted map has a obvious subgroup deter- 


mined by the following lemma. 


Lemma 6.2.2 Let M” be a lifted map of a voltage assignment 3 : 2ug 2 T. ThenT is 
isomorphic to a fixed-free subgroup of AutM® on V(M”"). 


Proof For Vg ¢€ T, we prove that the induced action g* : 2 ogo > 2 qo go by 
8 3 Xp — Xgq 1S an automorphism of map M”. 

In fact, g* is a mapping on 2» go and for Vx, € Zo go, we know that g* : xXg-14 > Xu. 

Now if for xn, yp € Xoo g0,Xn # yr, we have that g*(x,) = g*(vr). Thus Xen = Yer 
by the definition. So we must have x = y and gh = gf,ie., h = f. Whence, x; = yr, 
contradicts to the assumption. Therefore, g* is 1 — 1 on 24) go. 


We prove that for x, € 2» g, g* is commutative with a”, B” and Y”. Notice that 
PO MH 8 Ou = Oe 0% HO) 


28°) = 2 Cowes = Crna = Pines =P Ow) = he OD) 


and 


go") 


* 


= g [| | | Gis Yur * "> Ru MOZas 77*, Quy, aXy)(Xy) 
(x,y,7+,Z)(aZ,",ay,ax)EV(M) ucG 


= 2 Ya = Yeu 
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(Xs Yeu’ "> Zu AZgus “75, AVeous AXgu)(Xgu) 
(x,Y,"+,Z)(@Z,"",0V,ax)EV(M) gucG 


ee) = Pe x,). 


Therefore, g* is an automorphism of the lifted map M”. 
To see that g* is fixed-free on V(M), choose Vu = (Xp, Ynys ° ++ 5 Zp )(QZny °° +, AVny AXp) € 
V(M),h eT. If g*() = u, Le., 


(Xs Vets *? 5 Sek) (eens +4 OV ep, Op) = (Nis Vis 5 Sa) OZ hs ** 4 CVs OM),): 


assume that Xn = Wp, Where Wp € {Xn,Vn.*** Zs Xn, WVn,***, AZ}. By definition, there 
must be that x = w and gh = h. Therefore, g = ly, i.e., Vg € T, g* is fixed-free on V(M). 


Define t : g* — g. Then T is an isomorphism between the action of elements in I on 


Xi go and the group I itself. 


According to Lemma 6.2.1, for a given map M and a group IT < AutM, we define a 
quotient map M/T = (2og¢/T, A/T) as follows. 


agit = {x" |x € Laps 
where x' denotes the orbit of I action on x in 24 and 


PIT = | | (hy, G+, ay", a2") 
(x,y,°**,z)(@z,"-,ay,ax)eV(M) 
since I action on 24, is fixed-free. 
Such a map M may be not a regular covering of its quotient M/T. We have the 


following result characterizing fixed-free automorphism groups of map on V(M). 


Theorem 6.2.5 An finite group (T;°) is a fixed-free automorphism group of map M = 
(2a, 7) on V(M) if and only if there is a map (M/T,T) with a voltage assignment 
0: Big/V >T such that M = (M/T)”. 


Proof The necessity of the condition is already proved in the Lemma 2.2.2. We only 
need to prove its sufficiency. 

Denote by z : M — M/T the quotient mapping from M to M/T. For each element of 
n'(x"), we give it a label. Choose x € 27!(x"). Assign its label / : x > x1,, i-e., (x) = x1,- 
Since the group I acting on 2%, is fixed-free, if u € m'(x") and u = g(x), g €T, we label 


u with [(u) = x. Whence, each element in 2~'(x') is labeled by a unique element in T. 
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Now we assign voltages on the quotient map M/T = (.20,4/T, A/T). If Bx = y,y € 
m'(y') and the label of y is [(y) = y,,4 € T, where, /(y*) = 1;, then we assign a voltage 
h on x',i.e., 0(x') = h. We should prove this kind of voltage assignment is well-done, 
which means that we must prove that for Vv € 27!(x") with [(v) = j, 7 € T, the label of Bv 
is (Gv) = jh. In fact, by the previous labeling technique, we know that the label of Bv is 


l(Bv) = l(Bgx) = U(gBx) = (gy) = U(ghy*) = gh. 


Denote by M! the labeled map M on each element in 27,,z. Whence, M' = M. By the 
previous voltage assignment, we also know that M’ is a lifting of the quotient map M/T 


with the voltage assignment #? : 2, ,/I — I. Therefore, 


M ~ (M/T)’. 


This completes the proof. L 
According to the Theorem 6.2.5, we get the following result for a group to be a map 

group. 

Theorem 6.2.6 [fa group T < AutM is fixed-free on V(M), then 


1 
Ii(M/T)+ =) (-1+=)) =y(M). 
me O(F(M/T)) 


Proof By the Theorem 6.2.5, we know that there is a voltage assignment ? on the 
quotient map M/T such that 
M = (M/T)’. 


Applying Theorem 6.1.9, we know the Euler characteristic of map M is 


1 
x(M) = IM((M/T)+ (1 +=). O 
méO(F(M/T)) 
Theorem 6.2.6 has some applications for determining the automorphism group of a 


map such as those of results following. 


Corollary 6.2.3 If M is an orientable map of genus p, T < AutM is fixed-free on V(M) 
and the genus of the quotient map M/T is y, then 

2p—-2 
dy-2% C= 2) 


me O(F(M/T)) 


IT] = 
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Particularly, if M/T is planar, then 


2p—-2 
Ir] = ———2 = ___ 
-2+ y (-d) 

me O(F(M/T)) 


Corollary 6.2.4 If M is a non-orientable map of genus gq, T < AutM is fixed-free on 
V(M) and the genus of the quotient map M/T is 6, then 
q-2 


62% FF Galy 
me O(F(M/T)) 


I] = 


Particularly, if M/T is projective planar, then 


q-2 
0 ——— 
=l+ 2 Us) 
meO(F(M/T)) 
By applying Theorem 6.2.5, we can also find the Euler characteristic of the quotient 


map, which enables us to get the following result for a group being that of map. 


Theorem 6.2.7 [fa group T < AutM, then 


XU) + ? (I®,(g)] + |®¢(g)) = Wy(M//T), 
gel .g4lp 
where, ®,(g) = {vlv € V(M), v8 = v}, ®(g) = (fl f «¢ FW), fF = f}, and if T is fixed-free 
on V(M), then 


x(M) + DY) 1@4(g)| = IMT). 


gel g4lp 


Proof By the definition of quotient map, we know that 


1 
o(MIT) = orb) = FD 18) 


gel 


and 
1 
HAMIL) = orb) = = D110 /(9) 


gel 
by applying the Burnside lemma. Since T is fixed-free on 24, by Lemma 6.1.4, we also 


know that 
E(M) 


e(M/T) = TT 


226 Chap.6 Lifting Map Groups 


Applying the Euler-Poincaré formula for the quotient map M/T, we get that 
X 1®,(9)I x |g) 
(M) 


gel co gel 
i ee MT), 
ir ir 77 
Whence, 


DY) I®(g) = 6M) + "1 ()] = (MD). 


gel ecl 
Notice that v(M) = |®,(1r)|, 6M) = |®-(1r)| and v\M) — e(M) + 6(M) = 7(M). We find 
that 
XM) + DY) (s(g)1 + 1/8) = eT). 


gel ,g#lp 
Furthermore, if Tis fixed-free on V(M), by Theorem 6.2.5 there is a voltage assign- 
ment # on the quotient map M/T such that M = (M/G)”. According to Theorem 6.1.7, 


there must be 


_ V(M) 
v(M/T) = 7 
Whence, >) |®,(g)|=v(M) and )>) (|®,(g)| = 0. Therefore, we get that 
ger gel g#lp 


x(M) + Y) @4(g)| = IM IT). 


gel .g4lp 


Consider the action properties of group T on F(M), we immediately get some inter- 


esting results following. 


Corollary 6.2.5 [fT < AutM is fixed-free on V(M) and transitive on F(M), for example, 
M is regular andY = AutM, then M/T is an one face map and 


X(M) = IQ (M/T) — 1) + gM). 
Corollary 6.2.6 For an one face map M, if < AutM is fixed-free on V(M), then 
XCM) - 1 = INQ(M/T) - D, 


and \V|. Particularly, |AutM| is an integer factor of y(M) — 1. 


Remark 6.2.1 For a one face planar map, i.e., the plane tree, the only fixed-free auto- 


morphism group on its vertices is the trivial group by the Corollary 6.2.6. 
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86.3 MEASURES ON MAPS 


On the classical geometry, a central question is to determine the measures on objects, 
such as those of the distance, angle, area, volume, curvature, .... For maps being that of 
a combinatorial model of Klein surfaces, we also wish to introduce various measures on 


maps and then enlarge its application to more branches of mathematics. 


6.3.1 Angle on Map. Fora map M = (24,2), x € 2g, the permutation pair 
{(x, Ax), (ax,P!ax)} is called an angle of M incident with x introduced by Tutte in 
[Tut1]. We prove that any automorphism of a map is a conformal mapping and affirm the 
Theorem 5.3.12 in Chapter 5 again in this section. 


We define the angle transformation © of a map M = (204, ) by 


O= [| (4, x). 


xe Rap 
Then we have 
Theorem 6.3.1 Any automorphism of map M = (2.4, 7) is conformal. 
Proof By the definition, for Vg €¢ AutM we know that 
ag = ga, Bg = gBand Pg = gF. 
Therefore, for Vx € Zag, 
Og(x) = (g(x), Fg(x)) 
and 
gO(x) = g(x, Px) = (g(x), Pa(x)). 
Whence, we get that for Vx € 21, Og(x) = g@(x). So Og = gO,i.e., gOg"! = O. 
Since for Vx € Zag, gOg '(x) = (g(x), Ag(x)) and @(x) = (x, P(x)), we get that 


(g(x), Pg(x)) = (%, P(x). 


Thus g is a conformal mapping. 


6.3.2 Non-Euclid Area on Map. For a voltage map (M,o) with a assignment o : 
Ky pl(M) — I, its non-Euclid area u(M,T) is defined by 


1 
p(M,T) = 2n(—x(M) +) (-1+—)). 


méO(F(M)) 
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Particularly, since any map M can be viewed as a voltage map (M, Ir), we get the non- 
Euclid area of a map M 


H(M) = w(M, 1p) = —2ny(M). 


Notice that the area of a map is only dependent on the genus of the surface. We know 


the following result. 


Theorem 6.3.2 Two maps on one surface S have the same non-Euclid area. 


By the non-Euclid area, we find the Riemann-Hurwitz formula for map in the fol- 


lowing. 
Theorem 6.3.3 JfT < AutM is fixed-free on V(M), then 


H(M) 
f= 
HM H(M/T, 9) 


where # is constructed in the proof of the Theorem 6.2.5. 


Proof According to the Theorem 6.2.6, we know that 


7 —(M) 
= SSS 
—VUt Dd). -t-L+9) 
meéO(F(M)) 
_ —21y(M) _ _ HM) - 
2n(-vy(M)+ = y (-1+4)) MMT, 3) 
meéO(F(M)) 


As an interesting result, we can obtain the same result for the non-Euclid area of a 


triangle as in the classical differential geometry following, seeing [Car1] for details. 


Theorem 6.3.4 The non-Euclid area p(A) of a triangle A on surface S with internal 
angles n, 0,0 is 


MA) =n+0+0-7. 


Proof According to the Theorems 4.2.1 and 6.2.5, we can assume that there exists 
a triangulation M with internal angles 7, 6,0 on S, and with an equal non-Euclid area on 


each triangular disk. Then 


o(M uA) 


H(M) = —2ny(M) 


—2n(v(M) — e(M) + 6(M)). 
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Since M is a triangulation, we know that 2e(M) = 3¢(M). Notice that the sum of all the 
angles in the triangles on the surface S' is 27v(M). We get that 


o(M uA) 


—2n(v(M) — e(M) + @(M)) = (2v(M) — ¢(M))a 
o(M) 
= Sil +6+0)-2] = 6(M\(7 + 0+0-7). 
i=1 
Whence, uw(A)=7+0+0-7. 


$6.4 A COMBINATORIAL REFINEMENT OF HURIWTZ THEOREM 


6.4.1 Combinatorially Huriwtz Theorem. In 1893, Hurwitz obtained a famous result 
on orientation-preserving automorphism groups Aut*S of Riemann surfaces S ([BEGG1], 
[FaK1] and [GrT1]) following: 


For a Riemann surface S of genus g(S) > 2, Aut™S < 84(g(S) - 1). 


We have established the combinatorial model for Klein surfaces, especially, the Riemann 
surfaces by maps. Then what is its combinatorial counterpart? What can we know the 
bound for the automorphisms group of map? 

For a given graph I, a graphical property P is defined to be a family of its subgraphs, 
such as, regular subgraphs, circuits, trees, stars, wheels, ---. Let M = (20, Y) be a map. 
Call a subset A of 2%, has the graphical property P if its underlying graph of possesses 
property P. Denote by A(P, M) the set of all the A subset with property P in the map M. 

For refining the Huriwtz theorem, we get a general combinatorial result in the fol- 


lowing. 
Theorem 6.4.1 Let M = (20%, Y) be a map. Then for VH < AutM, 
[Iv |lv € V(M)] | [AI 


and 
|H| | |A||ACP, M)I, 
where, [a, b,---] denotes the least common multiple of a, b,---. 
Proof According to Theorem 2.1.1(3), for Vv € V(M), |A| = |A,||v"|. So |v4| | |Al. 


Whence, 
[Iv“|lv € VOM)] | JAI. 
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We have know that the action of H on 2, is fixed-free by Theorem 5.3.5, i.e., Vx € Zag, 
there must be |H,| = 1. We consider the action of the automorphism group H on A(P, M). 

Notice that if A € A(P, M), then for Vg € H, A’) € A(P, M), ie., A” C A(P, M). 
Thus the action of H on A(P, M) is closed. Whence, we can classify the elements in 
A(P, M) by H. For Vx,y € A(P,M), define x ~ y if and only if there is an element 
g,g € A such that x8 = y. 


Since |H,| = 1, i.e., |x 


| = |H|, each orbit of H action on 2 4 has a same length |H]. 
By the previous discussion, the action of H on A(P, M) is closed. Therefore, the length 
of each orbit of H action on A(P, M) is |H|. Notice that there are |A||A(P, M)| quadricells 
in A(P, M). We get that 


|H| | |A|IACP, M)I. 


This completes the proof. L 
Choose the property P to be tours with each edge appearing at most 2 in the map M. 


Then we get the following results by the Theorem 6.4.1. 


Corollary 6.4.1 Let J rz be the set of tours with each edge appearing 2 times. Then for 


AH < AutM, 


IA| | UF ral, 2 = |T| = a 21, Teo ts) 


Let Jr, be the set of tours without repeat edges. Then 


T 
Al | Git 7A|,2=|7/= a 2A, LT!]T Fig): 


Particularly, denote by $(i, j) the number of faces in M with facial length i and singular 
edges j, then 

|H| | (i - JoG, 1,72 D, 
where,(a, b,-- +) denotes the greatest common divisor of a, b, «+ «. 


Corollary 6.4.2 Let J be the set of trees in the map M. Then for H < AutM, 
|H| | (21m, 12 1), 


where t; denotes the number of trees with | edges. 


Corollary 6.4.3 Let v; be the number of vertices with valence i. Then for H < AutM, 


|| | (2iv;,i = 1). 
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6.4.2 Application to Klein Surface. Theorem 6.4.1 is a combinatorial refinement of the 


Hurwitz theorem. Applying it, we can get the automorphism group of map as follows. 


Theorem 6.4.2 Let M be an orientable map of genus g(M) > 2 andT* < Aut*M, 
IT < AutM. Then 


I] < 84(g(M)-1) and |I| < 168(g(M) - 1). 


Proof Define the average vertex valence v(M) and the average face valence ¢(M) of 


a map M by 


1) = Sa 2 ivi, 


a 1 
M =—_) id ;, 
¢(M) iM) 2 I9; 


where,v(M),¢(M),6(M) and ¢; denote the number of vertices, faces, vertices of valence i 
and faces of valence j, respectively. Then we know that v(M)v(M) = ¢(M)¢(M) = 2e(M). 


2 2e(M 
Whence, v(M) = eich) and ¢(M) = a According to the Euler formula, we have 
ant v(M) (M) 

a 


v(M) — &(M) + ¢(M) = 2 — 2g(M), 


where,e(M), g(M) denote the number of edges and genus of the map M. We get that 


2(g(M) = 1) 
(ia 
(I= ears = an 


Choose the integers k = [v(M)] and / = [¢(M)]. We find that 
2(g(M) - 1) 


M : 
SOE 


2 2 2 
Because of 1|- —--— > 0,Sok > 3,1 > =. Calculation shows that the minimum 


value of 1 — | is 1 and attains the minimum value if and only if (k,/) = (3,7) or 
(7,3). Therefore, 


E(M < 42(g(M) - 1)). 


According to the Theorem 6.4.1 and its corollaries, we know that |I| < 4e(M) and if 


I* is orientation-preserving, then |I*| < 2e(M). Whence, 


IT] < 168(g(M) - 1)) 
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and 
IT*| < 84(g(M) - 1)), 


with equality hold if and only if [ = * = AutM, (k, J) = (3,7) or (7, 3). 


For the automorphism of Riemann surface, we have 
Corollary 6.4.4 For any Riemann surface S of genus g => 2, 
42(S) +2 < |Aut*S| < 84(g(S) - 1) 


and 
82(S) + 4 < |AutS| < 168(g(S) — 1). 


Proof By the Theorems 5.3.11 and 6.4.2, we know the upper bound for |AutS| and 
|Aut*S|. Now we prove the lower bound. We construct a regular map M; = (.2%, Ax) on 


a Riemann surface of genus g > 2 as follows, where k = 2g + 1. 
By = {X15 X05 11+ 5 Xky UX], AX, +++, AXp, BX1, BX2,* ++, PXk, MBX, ABA, +++, @BX4} 


e.= (Riv hay? hes OB Xi, OB x, > BX) (Bas = 25 Ba, BO" $0, OX). 


It can be shown that M; is a regular map, and its orientation-preserving automorphism 
group Aut*M, =< “A, >. Calculation shows that if k = O(mod2), M;, has 2 faces, and if 
k = 1, M; is an one face map. Therefore, By Theorem 5.3.11, we get that 


|Aut* S| > 2e(M;,) > 4¢ + 2, 


and 


|AutS| > 4e(M;,) > 8g + 4. 


For the non-orientable case, we can also get the bound for the automorphism group 


of a map. 
Theorem 6.4.3 Let M be a non-orientable map of genus g’(M) > 3. Then forT* < 
Aut’ M, 

I*| < 42(g’(M) - 2) 


and for < AutM, 
IT] < 84(g’(M) — 2), 
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with the equality hold if and only if M is a regular map with vertex valence 3 and face 


valence 7 or vice via. 


Proof Similar to the proof of the Theorem 6.4.2, we can also get that 
e(M < 21(g’(M) - 2)) 


and with equality hold if and only if IT = AutM and M is a regular map with vertex 


valence 3, face valence 7 or vice via. According to the Corollary 6.4.3, we get that 
IT] < 4e(M) 

and 
"| < 2e(M). 


Whence, for [* < Aut* M, 
I*| < 42(g¢’(M) - 2) 


and for < AutM, 
IT] < 84(¢’(M) - 2) 


with the equality hold if and only if M is a regular map with vertex valence 3 and face 


valence 7 or vice via. 


Similar to Hurwtiz theorem for that of Riemann surfaces, we can also get the upper 


bound of Klein surfaces underlying a non-orientable surface. 


Corollary 6.4.5 For a Klein surface K underlying a non-orientable surface of genus 
q 2 3, 
|Aut"K]| < 42(q - 2) 


and 
|AutK]| < 84(g — 2). 


§6.5 THE ORDER OF AUTOMORPHISM OF KLEIN SURFACE 


6.5.1 The Minimum Genus of a Fixed-Free Automorphism. Harvey [Har1] in 1966, 
Singerman [Sin1] in 1971 and Bujalance [Buj1] in 1983 considered the order of an au- 


tomorphism of a Riemann surface of genus p > 2 and a compact non-orientable Klein 


234 Chap.6 Lifting Map Groups 


surface without boundary of genus g => 3. Their approach is by using the Fuchsian groups 
or NEC groups for Klein surfaces. Their approach is by applying the Riemann-Hurwitz 
equation, 1.e., Theorem 4.4.5. Here we restate it in the following: 
Let T be an NEC graph andI" a subgroup of TV with finite index. Then 
MI") 
u(r) 
where, (1) is the non-Euclid area of group T defined by 


=(0:T'], 


yu(G) = 2nIng + k- 2+ Sittin +1729) a- 1/ni)] 


i=l j=l 


if the signature of the group T is 
o = (g; 5 [my, +++, mp]; {@t11,.-.m,, 2° ++ Maas * ++ Mks)}), 


where, n = 2 if sign(o) = + and n = 1 otherwise. 

Notice that we have introduced the conception of non-Euclid area for the voltage 
maps and have gotten the Riemann-Hurwitz equation in Theorem 6.2.6 for a group action 
fixed-free on vertices of map. Similarly, we can find the minimum genus of a fixed-free 
automorphism of a map on its vertex set by the voltage assignment technique on one of 


its quotient map and get the maximum order of an automorphism of map. 


Lemma 6.5.1 Let N = i Di, Pi < Po < +++ < py be the arithmetic decomposition of an 


integer N and m; > 1 iN depte = 1,2,---,k. Then for any integer s > 1, 


ya-de0-5es I 


al 


Proof If s = 0(mod2), it is obvious that 


: 1 ~ 1 1 
1-—)> 1-—)>U-—)s. 
2 = 2 ool 


Assume that s = 1(mod2) and there are m;, # p1,j = 1,2,---,/. If the assertion is not 


true, we must have that 


1 d 1 1 
i221) > xe ee Say 
Pi = m P2 


tj 
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Whence, 


1 1 
i ie Shee 
Pi Po Pi Pi 


a contradiction. Therefore, we get that 


° 1 1 
Yid-—) 220-5). 
= mM; pi 2 


Lemma 6.5.2 For a map M = (20, #) with ¢(M) faces and N = Te? pr < po < 
+++ < px, the arithmetic decomposition of an integer N, there exists a yoiake assignment 
0: Lag — Zy such that for VF € F(M), o(F) = pi if 6M) = O(mod2) or there exists a 
face Fo € F(M) such that o(F) = p; for VF € F(M) \ {Fo}, but o(Fo) = 1. 

Proof Assume that f|, fo,---, f, are the n faces of the map M, where n = ¢(M). By 
the definition of voltage assignment, if x, 6x or x,a@Bx appear on one face fj,1 <i<n 
altogether, then they contribute to #%f;) only with #(x)I"'(x) = 1z,. Whence, not loss of 
generality, we only need to consider the voltage x;; on the common boundary among the 


faces f; and f; for 1 <i, j <n. Then the voltage assignment on the n faces are 
Ofi) = X1213°* + Kins 


WH f2) = X21X23 °° * X2n, 


O Sn) = XniXn2°** Xn(n-1)- 


We wish to find an assignment on M which can enables us to get as many faces as possible 
with the voltage of order p;. Not loss of generality, we choose 3?'(f;) = 1z,, in the first. 
To make #'(f:) = 1z,, choose x23 = X73, X2n = X),- If we have gotten #'(f;) = lzy 


and i < nif n = O(mod2) ori <n-—1 ifn = 1(mod2), we can choose that 


-1 -1 -1 
Xi+ 142) = Xicin2y> KG+1)G43) = Kinz) > XG4Dn = Xin > 


which also make #”'(fi+1) = Lz. 

Now if n = 0(mod2), this voltage assignment makes each face f;, 1 < i < n satisfying 
that #”' (fi) = 1z,. But ifn = 1(mod2), it only makes #?'(f;) = 1z, for 1 < i< n-—1, but 
O(fn) = 1z,. This completes the proof. 
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Now we can find a result on the minimum genus of a fixed-free automorphism of 


map by Lemmas 6.5.1-6.5.2 following. 


Theorem 6.5.1 Let M = (20, 7) be amap and N = p''::: pi, pi < po <+*: < pe the 


arithmetic decomposition of integer N. Then for any voltage assignment 3: 2yg > Zy, 


(1) If M is orientable, the minimum genus 8 nin of the lifted map M® which admits a 
fixed-free automorphism on V(M") of order N is 


1 M 
Bnin =1+Nig(M)-1+0-  >° =p. 


meO(F(M)) © | 
(2) If M is non-orientable, the minimum genus g’,,, of the lifted map M” which 
admits a fixed-free automorphism on V(M”") of order N is 


o(M) 


7 I 


1 
Bik =2+ N{g(M) me 2(1 = —)L 
Pi 


Proof (1) According to Theorem 6.2.5, we know that 


1 
2—2e(M°) = N{(2-2g(M))+ ) (-1+—)}. 
meO(F(M)) um 
Whence, 


22(M”) = 2+ N{2e(M) -2 + bY (1- oy 
méO(F(M)) 


Applying Lemmas 6.5.1 and 6.5.2, we get that 


o(M) 


7 


1 
Simin = 1 + N{g(M) = 4 (1 —)L 
P\ 
(2) Similarly, by Theorem 6.2.1, we know that 


1 
2— 9(M") = N{(2-g(M))+ | (-1+—)}. 
meO(F(M)) 
Whence, 
1 
g(M°)=2+N{g(M)-2+ )) (1-—)}. 


meO(F(M)) 


Applying Lemmas 6.5.1 and 6.5.2, we get that 


1 M 
on = 2+ N(o(M) -2420- —) oe jy 
Pi 2 
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6.5.2 The Maximum Order of Automorphisms of a Map. For the maximum order of 


automorphisms of a map, we have the following result. 


Theorem 6.5.2 The maximum order Ninax of automorphisms g of an orientable map M 
with genus> 2 is 


Nmax < 2g(M) +1 


and the maximum order N’_. of automorphisms g of a non-orientable map with genus> 3 


max 
is 


Nina = BD) + 1; 


where g(M) denotes the genus of map M. 


Proof According to Theorem 6.2.3, denote by = (g), we get that 


x(M) + S° (I®,(g)| + 1/(g)1) = IPe(M/D), 


gel g4lp 
where, ®;(g) = {F|F € F(M),F*® = F} and ®,(g) = {vlv € V(M), v8 = v}. Notice 
that a vertex of M is a pair of conjugacy cycles in #, and a face of M is a pair of 
conjugacy cycles in AaB. If g # 1p, direct calculation shows that ®;(g) = O-(g”) and 
,(g) = ®,(g”). Whence, 


Yd) (QI = (M1 = Die.) 


gel ,g4#lp 


and 


YD) (Ag) = (= D1® (9). 


gel g4lp 


Therefore, we get that 


X(M) + (IT = DI®(g)1 + IE] — Di® p(s) = Wy C/T). 


Whence, 


X(M) — (1®\(8) + IPQ) = IIQ(M/P) — (1®,(g)] + 1 -(g))). 
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If y(M/G) — (|®,(g)| + |®/(g)|) = 9, Le., ¥(M/T) = |®,(g)| + |®¢(g)| = 0, then we get 
that g(M) < 1 if M is orientable or g(M) < 2 if M is non-orientable. Contradicts to the 
assumption. Therefore, y(M/T) — (|®,(g)| + |®¢(g)|) # 0. Whence, we get that 


x(M) — (1®,(g)] + 1 (9) 
T aa a aT = H J3 7 
HI = MT) = (,@1+ ep 8) 


Notice that ||, y(M) — (/®,(g)| + |®-(g)) and y(M/G) — (|®,(g)| + | -(g)]) are integers. We 
know that the function H(v, f; g) takes its maximum value at 7(M/T)—(|®,(g)|+|® ;(g)|) = 
—1 since y(M) < —1. But in this case, we get that 


I] = 1®,(g)] + [® (gl — x) = 1 + XM/T) — x(M). 


We divide our discussion into two cases. 
Case 1. /M is orientable. 

Since y(M/T) + 1 = ((®,(g)| + |®;(g)|) = 0, we know that y(M/T) > —1. Whence, 
X(M/T) = 0 or 2. We get that 


= 14+ /T) - x) ¢ 3 - x(M) = 2g(M) + 1. 


That is, Ninax < 2g(M) + 1. 
Case 2. M™ is non-orientable. 


In this case, since y(M/T) => —1, we know that y(M/T) = -1,0,1 or 2. Whence, 
we get that 


IT] = 1+ y(M/T) — x(M) < 3-7(M) = gM) + 1. 


This completes the proof. L 


According to this theorem, we get the following result for the order of an automor- 
phism of a Klein surface without boundary by the Theorem 5.3.12, which is even more 


better than the results already known. 


Corollary 6.5.1 The maximum order of conformal transformations realizable by maps M 
on a Riemann surface of genus> 2 is 2g(M) + 1 and the maximum order of conformal 
transformations realizable by maps M on a non-orientable Klein surface of genus> 3 


without boundary is g(M) + 1. 
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The maximum order of an automorphism of map can be also determined by its un- 


derlying graph as follows. 


Theorem 6.5.3 Let M be a map underlying graph G and let Omax(M, 2), Omax(G, g) be the 


maximum orders of orientation-preserving automorphisms in AutM and in AutiG. Then 


re g) < Omagl Gy; 8), 


and the equality holds for at least one such map M underlying graph G. 


The proof of the Theorem 6.5.3 will be delayed to the next chapter after we proved 


Theorem 7.1.1. By this result, we find some interesting conclusions following. 


Corollary 6.5.2 The maximum order of orientation-preserving automorphisms of a com- 


plete map K,,,n = 3 is at most n. 


Corollary 6.5.3 The maximum order of orientation-preserving automorphisms of a plane 


tree J is at most |\J | — 1 and attains the upper bound only if the underlying tree is a star. 


§6.6 REMARKS 


6.6.1 The lifted graph of a voltage graph (G,o) with o : X Gye T is in fact a regular 
covering of 1-complex G constructing dependent on a group (I; 0). This technique was 
extensively applied to coloring problem, particularly, its dual, i.e., current graph for deter- 
mining the genus of complete graph K,, on surface. The reference [GrT1] is an excellent 
book systematically dealing with voltage graphs. One can also find the combinatorial 
counterparts of a few important results, such as those of the Riemann-Hurwitz equation 
and Alexander’s theorem on branch points in Riemann geometry in this book. Certainly, 
the references [Liu1] and [Whil] also partially discuss voltage graphs. A similar consid- 


eration for non-regular covering space presents the following problem: 


Problem 6.6.1 Apply the voltage assignment technique for constructing non-regular cov- 


ering of graphs or maps. 


6.6.2 The technique of voltage graphs and voltage maps is essentially a discrete realiza- 
tion of regular covering spaces with dimensional | or 2. Many results on covering spaces 


can be found the combinatorial counterparts in voltage graphs or maps. For example, 
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Theorem 6.1.1 asserts that if 7: S > S isa covering projection, then for any arc f in S 
with initial point x there exists a unique lifting arc f! with initial point Xp in S.In voltage 


graphs, we know its combinatorial counterpart following. 


Theorem 6.6.1 Let W be a walk with initial vertex u € V(G) in a voltage graph (G,o) 
with assignment 0 : Xi1(G) > I and g €T. then there is a unique lifting of W that starts 


at U, inG’. 


Certainly, there are many such results by finding the combinatorial counterparts, for 
example in voltage graphs or maps for results known in topology or geometry. The book 
[MoT1] can be seen as a discrete deal with surface geometry, i.e., combinatorics on sur- 
face geometry. These results in Sections 4 and 5 are also such kind results. Generally, a 
combinatorial speculation for mathematical science will finally arrived at the CC conjec- 


ture for developing mathematics discussed in the final chapter of this book. 


6.6.3 For a map (M,) with voltage assignment 7 : 2o4(M) — T, it is easily to know 
that the group ([; 0) is a map group of M® action closed in each fiber 27!(x) for x € 
Ky p(M), i.e., F < AutM®. In this way, one can get regular maps in lifted maps. Such a 
role of voltage maps is known in Theorem 6.2.2, which enables one to get regular maps by 
voltage assignments. Similarly, the exponent group Ex(M) of map and the construction 
of derived map M also enables one to find more regular maps. The reader is refereed to 
[Ned1] and [NeS1] for its techniques. 


6.6.4 Theorem 6.2.5 is an important result related the quotient map with that of voltage 
assignment, which enables one to find relations between voltage group, Euler-Poincaré 
characteristic and fixed point sets. Theorems 6.2.6 and 6.2.7 are such results. This theo- 
rem is in fact a generalization of a result on voltage graph following, obtained by Gross 
and Tucker in 1974. 


Theorem 6.6.2 Let .& be a group acting freely on a graph G and let G be the resulting 
quotient graph. Then there is an assignment o of voltages in & to the quotient graph G 
and a labeling of the vertices of G by the elements of V(G) X & such that G = G’ and 
that the given action of & on G is the natural left action of & on G°. 


6.6.5 For applying ideas of maps to metric mathematics, various metrics on maps are need 
to introduce besides angles and non-Euclid area discussed in Section 3. For example, 


the length and arc length, the circumference, the volume and the curvature, ---, which 
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needs one to speculate the classical mathematics by combinatorics, i.e., combinatorially 


reconstruct such a mathematical science. 


6.6.6 We have know that maps can be viewed as a combinatorial model of Klein surfaces 
in Chapter 5. Usually, a problem is difficult in Klein surface but it is easy for its counter- 
part in combinatorics, such as those in Corollary 6.5.1. Further applying this need us to 


solve the following problem. 


Problem 6.6.2 Determine these behaviors of Klein surfaces S, such as automorphisms 


that can not be realizable by maps M on S. 


As we known, there are few results on Problem 6.6.1 in publication. But it is funda- 


mental for applying combinatorial technique to metric mathematics. 


CHAPTER 7. 


Map Automorphisms Underlying a Graph 


A complete classification of non-equivalent embeddings of graph G on sur- 
faces or maps M = (2%, #) underlying G requires to find permutation 
presentations of automorphisms of G on 2% ,. For this objective, an alter- 
nate approach is to consider the induced action of semi-arc automorphisms 
of graph G(M) on quadricells 2%. In fact, the automorphism group AutM 
is nothing but consisting of all such automorphisms g|”"“ that A" = Y, 
Topics covered in this chapter include a necessary and sufficient characteris- 
tic for a subgroup of G being that of map and permutation presentations for 
automorphisms of maps underlying a complete graph, a semi-regular graph 
or a bouquet. Certainly, these presentations of complete maps or semi-regular 
maps can be also applied to maps underlying wheels K; + C,, or GRR graphs 
of a finite group (I; 0). All of these permutation presentations are typical ex- 
amples for characterizing the behavior of map groups, and can be also applied 


for the enumeration of non-isomorphic maps in Chapter 8. 
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§7.1 A CONDITION FOR GRAPH GROUP BEING THAT OF MAP 


7.1.1 Orientation-Preserving or Reversing. Let G = (V,E) be a connected graph. 
Its automorphism is denoted by AutG. Choose the base set of maps underlying G to be 
X = E. Then its quadricells 2,4 is defined by 


Kap = Bie ax, Bx, Bapx}, 
xeX 
where, K = {1, a, 8, w@B} is the Klein 4-elements group. For Vg € AutG, an induced action 
g|2e of g on 2, is defined as follows: 
ForYx € 2yp, if x8 = y, then define (ax)’ = ay, (Bx)* = By and (aBx)*§ = aBy. 
Let M = (20%, #) be a map. According to the Theorem 5.3.8, for an automorphism g € 
AutM, let gly): u > v, u,v € V(M). If us = v, then g is called an orientation-preserving 


' such a g is called an orientation-reversing automorphism. 


automorphism and if u& = v~ 
For any g € AutM, it is obvious that g|g is orientation-preserving or orientation-reversing, 
and the product of two orientation-preserving or orientation-reversing automorphisms is 
orientation-preserving, but the product of an orientation-preserving with an orientation- 
reversing automorphism is orientation-reversing. 

For a subgroup [T < AutM, define [* < IT being the orientation-preserving sub- 
group of H. Then it is clear that the index of [* in Tis 2. Let v be a vertex with 
V = (X1, X2,°* +, Xpvy (AX piv), ** +, @X2, @X,). Denote by <v) the cyclic group generated by v. 


Then we get a property following for automorphisms of a map. 


Lemma 7.1.1 Let < AutM be an automorphism group of map M. Then Vv € V(M), 


(1) IfVg €T, g is orientation-preserving, then 1, < (v) is a cyclic group; 
(2) T, < (v) x(q). 


Proof (i) Let M = (2y,, Y). For any Vg € G, since g is orientation-preserving, we 
know that v’ = v for Vv € V(M), he T,. Assume 


Y= hig Man" Ma nw OA pais? aD). 
Then 


h 
[(1, Xa, ++, Xp (@Xpqy. °° + Xa, @X1)" = (X11, X2,°+ + Xp (@X pw. ++» @X2, @X1). 
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Therefore, if h(x,) = x41, 1 < k < p(y), then 


k k 
h = [(%1, X2,°°+, Xp MaXpw), AXp(y)-1> °°" > ax)" =v. 


Now if A(x) = @Xpw-k4+1, 1 < k < p(y), then 


k k 
fh = [(%1, 25° ++ Xp MAXp(y), AXp(yy-15* +, @X1) "a = Va. 


But if h = v‘a, we know that v’ = v* = v"!" ie., h is not orientation-preserving. Whence, 
h=v*',1<k< p(y), ie., every element in I, is a power of v. Let € be the least power of 
elements inIT’,. Then I, = (F ) < (v) is acyclic group generated by v’. 


(2) For Vg € G,, v¥ = v, Le., 
Metis Nig? <9 Nn) Oly ON pts 4 OP hig ag “45 Rp EON Oi Npaidy 2" OM). 


Similar to the proof of (1), we know that there exists an integer s,1 < s < p such that 


g =v’ org = v’a. Consequently, g € (v) org € (v) a, ie., 


T, < (v) x (a). 


Lemma 7.1.2 Let G be a connected graph. IfT < Autl’, and Vv € V(G),T, < (v) x (a), 
then the action of T on Xyp is fixed-free. 


Proof Choose a quadricell x € 2. We prove that I, = {l,,}. In fact, if g «Ty, 
then x* = x. Particularly, the incident vertex u is stable under the action of g, 1.e., uv’ = u. 
Let 


= (KV? * Nott (OX, CV pais? * * ON1): 


then because of I, < (u) X (a), we get that 


i & wee VF = 
e= X,Y) = yi; > J p(u)-1 Yp(u)-1 


and 
(ax)? = ax, (ay)? = ay1,°°:, (aypwu)-1)° = AYpu)-1> 
thus for any quadricell e, incident with the vertex u, e; = e,. According to the definition 


of induced action AutG on 2%, we know that 


(Bx)® = Bx, (6y1)* = By1,-*, (Bypwu)-1)° = BYpw)-1 
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and 
(aBx)® = aBx, (a@By1)* = aBy1,-+-, (@BYpw-1)® = CBYpwu)-1- 


Whence, for any quadricell y € 24, if the incident vertex of y is w, then by the connect- 
edness of graph G, there is a path P(u,w) = uv,v2---v,w connecting the vertices u and 
w in G. Not loss of generality, we assume that 6y, is incident with the vertex v;. Since 
(Byx)® = By, andT,, < (v1) X (a), we know that for any quadricell e,, incident with the 
vertex V1, ef, = ey. 

Similarly, if a quadricell e,, incident with the vertex v; is stable under the action of g, 


L.e., (e,,)§ = e,,, then we can prove that any quadricell e,,,, incident with the vertex vj; 1s 


i+] 
stable under the action of g. This process can be well done until we arrive the vertex w. 
Therefore, we know that any quadricell e,, incident with the vertex w is stable under the 
action of g. Particularly, we get that y* = y. 


Therefore, g = 1p. Whence, I’, = {lr}. 


7.1.2 Group of a Graph Being That of Map. Now we obtain a necessary and sufficient 
condition for a subgroup of a graph being that an automorphism group of map underlying 


this graph. 


Theorem 7.1.1 Let G be a connected graph. If < AutG, then T is an automorphism 
group of map underlying graph G if and only if for Vv € V(G), the stabilizerT, < (v)x(q). 


Proof According to Lemma 7.1.1(ii), the condition of Theorem 7.1.1 is necessary. 
Now we prove its sufficiency. 

By Lemma 7.1.2, we know that the action of T on 2, is fixed-free, i.e., forVx € 
Xvgs Ux| = 1g;,,. Whence, the length of orbit of x under the action of I is |x"| = |P,||2"] = 
IT|, ie., for Vx € 2q,, the length of orbit of x under the action of T is I). 


Assume that there are s orbits O,, O2,---,O, in V(L) under the action of I, where, 
O; = {uy, U2, Uk}, 
Or =} {V1, V2, ? vi}, 
Os; = {W1, Wo, my wy}. 


We construct a conjugatcy permutation pair for every vertex in the graph G such that their 
product F is stable under the action of T. 
Notice that for Yu € V(G), because of |I'| = |I,||u'|, we know that [k, /,---,¢] | |. 
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First, we determine the conjugatcy permutation pairs for each vertex in the orbit O;. 
m-1 


Choose any vertex u; € O,. Assume that the stabilizer T’,, 1s {1.2;,,, 91, 8281,°+*» [1 8m-i, 
i=l 


where, m = |I’,,,| and the quadricells incident with vertex u is N(ay, ) in the graph G. We 
arrange the elements in Nu ) as follows. 
Choose a quadricell uf € Ny, ). We apply I’, action on uf and au‘, respectively. 
Then we get a quadricell set A; = {u{, g1(u{),°°° itt 8m-i(uy)} and @A; = {aus, agi(ut),:*:, 
m-1 


@ [] 8m-i(us)}. By the definition of a graph automorphism action on its quadricells, we 
i=1 


m-1 
know that A; () aA; = 0. Arrange the elements in A; as Ay = uf, 81(U).°*+ 5 TL &m-i(uy)- 
i=l 


If Nay, ) \ Ai U@A; = O, then the arrangement of elements in N(m) is A, . Tf 
N(u) \ A; Ua@A,; # 0, choose a quadricell u E N(uy, )\ Ai Ua@A;. Similarly, apply- 


m-1 


ing the group T,, acts on u?, we get that Ar = {u?, g\(u?),--+, TF] gm-i(u})} and @Ay = 
i=1 
m-1 
{au}, agi(u),+++,@ I 2m-i(U;)}. Arrange the elements in A, LU A> as 


m-1 m-1 


——_ > 
A oS Ay = us, gi(us),-**, [| Sm—i(U4); UP, B1(UP), +=, a Sele), 
i=l i=] 


If Nay, )\(A;y U A2 U aA; U @A2) = @, then the arrangement of elements in A, J A2 is 
Aj LU A». Otherwise, Niu) )\(Ay UA2 U aA; LU @A2) # 0. We can choose another quadri- 
cell ui € Ny) )\ (A, UA2 U @A; U @A2). Generally, If we have gotten the quadricell sets 
A, A2,:::,A;,, 1 <r < 2k, and the arrangement of element in them is A; So Ad & tae LU A,;, 
if N(u,) \ (Ay UA2U-:-U Ar U @Ay LU @A2 LU --- J @A,) # 0, we can choose an element 
ut € N(u) \ (Ay UA2 UU: A, eA; Ueda UU @A,) and define the quadricell set 


m-1 


Ara = {u4, 91(u4), +, [ | &m-i(us)} 
i=l 


m-1 
d 1 7 
@A,+1 = faut, agi(uy),-*+,@ [| &m-i(Ui)} 
i=l 
and the arrangement of elements in A,+; is 


m-1 


7 d 1 d 
Ar+i aa us, B1(Uy 5] | Beef). 
t=1 
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r+1 
Now define the arrangement of elements in |) A; to be 
j=l 


— 


r+1 — a3 
Jai = | Jn Arn. 
jel i=l 
Whence, 

Lae k k 

Nm) = (Jad Jel 4a 

jel jel 
and A; is obtained by the action of the stabilizer I,, on u. At the same time, the arrange- 
— 


k 
k se 
ment of elements in the subset () A; of N(u1) to be oS Aj: 
jel = 
j=l 
We define the conjugatcy permutation pair of the vertex u,; to be 


Qu, = (C)(aC"'a), 


where, 


m-1 m-1 m-1 


C= (uf, uh, uhs glut), glut), gia | Led. | Jad. | ]aa. 
i=] i=] i=] 


For any vertex u; € Oj, 1 <i < k, assume that h(u,) = u;, where h € G, we define the 


conjugatcy permutation pair 0,, of the vertex u; to be 
ieee =(C OC a”). 


Since O, is an orbit of the action G on V(I), then we get that 


k k 
(| | Ou) = | [ eu: 
i=l i=1 


Similarly, we can define the conjugatcy permutation pairs 0,,,0y.,°**.Qyjs°**sQw)> 


Ow >***» Qw, Of vertices in the orbits O2,---,O;. We also have that 


os 
— 
> 
4 
ll 
= 
Ss 
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Now define the permutation 


k l t 
P= (| |oud* (Jou x---xq | ew 
i=l i=1 i=] 


Since all O;, O2,---, Os; are the orbits of V(G) under the action of T’, we get that 


k l t 
PF = ({ [ou xq Jad xx [eww 
i=l i=l i=l 
k l t 
= ({ | 0u;) x ({ | Oy;) XX (| | OW) = oP 
i=l i=l i=l 
Whence, if let map M = (20,, Y), then Tis an automorphism of M. O 


For the orientation-preserving automorphisms, we know the following result. 


Theorem 7.1.2 Let G be a connected graph. If T < AutG, then T is an orientation- 
preserving automorphism group of map underlying graph G if and only if for Vv € V(G), 
the stabilizer 1, < (v) is a cyclic group. 

Proof According to Lemma 7.1.1(7), we know the necessary. Notice that the ap- 


proach of construction the conjugatcy permutation pair in the proof of Theorem 7.1.1 can 


be also applied in the orientation-preserving case. We know that I is also an orientation- 


preserving automorphism group of map M. L 


Corollary 7.1.1 For any positive integer n, there exists a vertex transitive map M un- 
derlying a circultant such that Z, is an orientation-preserving automorphism group of 
M. 


By Theorem 7.1.2, we can prove the Theorem 6.5.3 now. 
The Proof of Theorem 6.5.3 


Since every subgroup of a cyclic group is also a cyclic group, we know that any cyclic 
orientation-preserving automorphism group of the graph G is an orientation-preserving 


automorphism group of a map underlying [ by Theorem 7.1.2. Whence, we get that 


Omax(M, g) < OnadG, g). 


Note 7.1.1 Gardiner et al. proved in [GNSS1] that if add an additional condition in The- 
orem 7.1.1, i.e, [is transitive on the vertices in G, then there is a regular map underlying 
the graph G. 
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§7.2 AUTOMORPHISMS OF A COMPLETE GRAPH ON SURFACES 


7.2.1 Complete Map. A map is called a complete map if its underlying graph is a 
complete graph. For a connected graph G, the notations &°(G), &’(G) and &4(G) denote 
the embeddings of I on the orientable surfaces, non-orientable surfaces and locally sur- 
faces, respectively. For Ve = (u,v) € E(G), its quadricell Ke = {e, we, Be, aBe} can be 


v+ v= u+ u— 
a ae ae 


represented by Ke = {u 
Let K, be a complete graph of order n. Label its vertices by integers 1, 2,---,n. Then 


its edge set is {ij|1 <i, 7 <n,i # jij = ji} and 
RaplKn) ={i* 1 si jsnit ffi isijsnis i, 


a= [| (ii*, i), 


1<i,j<ni#j 
B= iil Ce ©: 
1<i,jsni#j 
We determine all automorphisms of complete maps of order n and find presentations 
for them in this section. 
First, we need some useful lemmas for an automorphism of map induced by an 


automorphism of its underlying graph. 


Lemma 7.2.1 Let G be a connected graph and g € AutG. If there is amap M € &(G) 
such that the induced action g* € AutM, then for V(u, v), (x, y) € E(G), 


[/8(u), 8(v)] = [18(x), &(y)] = constant, 
where, I*(w) denotes the length of the cycle containing the vertex w in the cycle decompo- 
sition of g. 


Proof According to the Lemma 6.2.1, we know that the length of a quadricell u’* or 
u’ under the action g” is [/*(u), /&(v)]. Since g* is an automorphism of map, therefore, g* 


is semi-regular. Whence, we get that 


[/8(u), 4 (v)] = [8(x), &(y)] = constant. 


Now we consider conditions for an induced automorphism of map by that of graph 


to be an orientation-reversing automorphism of map. 


Lemma 7.2.2 If €a is an automorphism of map, then a = aé. 
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Proof Since €a is an automorphism of map, we know that 


(C@)a = a(Ea). 


That is, a = a€. L 


Lemma 7.2.3 If € is an automorphism of map M = (2y,P?), then Ea is semi-regular on 
Kop with order o(€) if o(€) = O(mod2) and 20(€) if o(€) = 1(mod2). 


Proof Since € is an automorphism of map by Lemma 7.2.2, we know that the cyclic 


decomposition of € can be represented by 
c= | [on "++, Xe )(@X], @X2,°+ +, WXx), 
k 


where, [ |; denotes the product of disjoint cycles with length k = o(€). 
Therefore, if k = O(mod2), then 


€a = | [on ex 2s, ++, Xx) 
k 


and if k = 1(mod2), then 


ga = | [on ex, 2, “++, Xk, @X1, X2, LX, +++, Xz). 
2k 
Whence, é is semi-regular acting on 20. O 


Now we can prove the following result for orientation-reversing automorphisms of 


maps. 


Lemma 7.2.4 For a connected graph G, let K be all automorphisms in AutG whose 
extending action on 2p, X = E(G) are automorphisms of maps underlying graph G. 
Then for VE € K, o(€*) = 2, &'a € K if and only if o(€*) = O(med2). 


Proof Notice that by Lemma 7.2.3, if €* is an automorphism of map underlying 
graph G, then &*a@ is semi-regular acting on 24 ,. 
Assume &* is an automorphism of map M = (.2,,, 7). Without loss of generality, 
we assume that 
BP Co Cy 
where,C; = (Xi, Xi2,°++, Xij,) is a cycle in the decomposition of €|y@) and x; = {(e", e”, 


-,e%)(ae!!, vel”, ---, we”)} and. 


Elz) = (C11, €125°** 5 Gs, (C21, C225 °° * Cas) °° * (Cn, Cras *** 5 ls): 
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and 

é* = C(aC"'a), 
where, C = (€11, €12,°7*, @s, )(€21, €22,°* + €2s))*** (En, n,°**, is). Now since €* is an 
automorphism of map, we get that s; = s) =---=s,;=o(€*)=Ss. 


If o(€*) = O(mod2), define a map M* = (20, Y*) with 


PP HCCC, 


ie 
Take e;, = pq if g = 1(mod2) and e;; = aep, if g = O(mod2). Then we get that Mé&* = M. 
Now if o(é*) = 1(@mod2), by Lemma 7.2.3, o(€*@) = 20(€*). Therefore, any chosen 


quadricells (e'', e”, ---, e') adjacent to the vertex x; fori = 1,2,---,n, where, n = |G|, the 


where, C; = (Xj Kino XG) x= {(€i1> jas» jy, (WE; We -,é;5)} and ei = pg. 


resultant map M is unstable under the action of €a. Whence, &a is not an automorphism 


of map underlying graph G. 


7.2.2 Automorphisms of Complete Map. We determine all automorphisms of complete 
maps of order n by applying the previous results. Recall that the automorphism group of 


K,, is the symmetry group of degree n, that is, AutK, = S yx,). 


Theorem 7.2.1 All orientation-preserving automorphisms of non-orientable complete 


maps of order n = 4 are extended actions of elements in 


& & n-l1, 


(st)? Ors "7y 


and all orientation-reversing automorphisms of non-orientable complete maps of order 


n = 4 are extended actions of elements in 


aS aS a&i11,.2)> 


[(2s) 35)? lose) 


where, & denotes the conjugatcy class containing element @ in the symmetry group of 


degree n. 


Proof First, we prove that an induced permutation €* on a complete map of order 
n by an element € € S yx,) 1s a cyclic order-preserving automorphism of non-orientable 


map, if and only if 


gE Ss U Si oty 
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Assume the cycle index of € is [1"', 2”, ...,n']. If there exist two integers k;,k; # 0 


and i, j => 2,i # j, then in the cyclic decomposition of €, there are two cycles 
(uy, U2, «+5 U;) and (1, VoGinases Vj). 


Since 


[F(u1),F(u2)) =i and [F(),F2)) = J 


and i # j, we know that é* is not an automorphism of embedding by Theorem 5.3.8. 
Whence, the cycle index of must be the form of [1*, s’]. 

Now if k > 2, let (u), (v) be two cycles of length | in the cycle decomposition of é. 
By Theorem 5.3.8, we know that 


[F(u), F(v)] = 1. 


If there is a cycle (w, ...) in the cyclic decomposition of € whose length greater or equal to 


2, we get that 
[F(u), Fwy] = 01, PQ) = Pw). 


According to Lemma 7.2.1, we get that /(w) = 1, a contradiction. Therefore, the cycle 
index of € must be the forms of [s”] or [1, s’]. Whence, s? = n or sl + 1 = n. Calculation 
shows that / = * or] = at That is, the cycle index of € is one of the following three 
types [1”], [1, s** ] and [s*] for some integer s > 1. 

Now we only need to prove that for each element € in gi ee and &,,#), there exists 
an non-orientable complete map M of order n with the induced permutation &* being its 


cyclic order-preserving automorphism of surface. The discussion are divided into two 


cases. 
Case 1. FE G4) 

Assume the cycle decomposition of € being € = (a,b,---,c)-+-(X%,y,°°°,2)°°° UY, 
-++,w), where the length of each cycle is k and 1 < a,b,---,c,X,y,+++,Z,U,V,°°',W <n. 


In this case, we construct a non-orientable complete map M, = (X — Pf) by defining 


Pia <i,jsn,ita\_ir [1<ij<niF jh, 


P= [| (C(x)(aC(xy ‘a, 


XE{A,D,--+,Cy 0 XY Zl V "Wh 
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where 
CC = ee ea is ee ee ae), 
x™ denotes an empty position and 
a@C(x) ta = (0 x x Oe ee Be), 


It is clear that M a = M,. Therefore, é* is an cyclic order-preserving automorphism 
of map M;. 
Case 2. €¢€ Eo stat] 


We assume the cyclic decomposition of € being that 
SAD gig Cah cae Zl Vp eg WOOD), 


where, the length of each cycle is k beside the final cycle, and 1 < a,b...c,x,y..., z, 


U, V,...,W,t <n. In this case, we construct a non-orientable complete map M2 = (.2, ie Pd) 


by defining 
Maw lsijeni 2 i| i eis y sass f, 
Py = (A\(@A"') [| (C(x))(aC(x) 1a), 
XE{A,D,...5C, 22: XpVqe+-ZpUyV,-2-5W} 
where 


ASO PO POP at ek TP eal), 


Oe: a ee a a a a a, | ee 
at Xx u+ b+ y+ v+ c+ z+ w+ 
COS sai a ok le Gta ee ee ik 


and 


COCO a OR ii a Eee ee ee pe 
It is also clear that MS = M). Therefore, €* is an automorphism of a map Mj . 
Now we consider the case of orientation-reversing automorphisms of complete maps. 
According to Lemma 7.2.4, we know that an element €a, where € € S yx,) is an orientation- 
reversing automorphism of complete map only if, 


EES 


ny nny, 
[kk (2k) 2k] 
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Our discussion is divided into two parts. 


Case 3. ny =N. 


Without loss of generality, we can assume the cycle decomposition of € has the 


following form in this case. 
€=(1,2,0%*, 4) + 14+ 2,097, 2k) (HO — K+ lnk +2,*** 0). 


Subcase 3.1 k = 1(mod2) and k > 1. 

According to Lemma 7.2.4, we know that €*a@ is not an automorphism of map since 
o(&*) = k = 1(mod2). 
Subcase 3.2. k = O(mod2). 


Construct a non-orientable map M; = (.2>,, 3), where X? = E(K,) by 


ap’ 


P= || (CHecwy'e), 


i€{1,2,---,n} 


where if i = 1(mod2), then 


gel t+ sk+1+ n—k+1+ 2+ n—k+2+ “px k+ <2k+ n+ 
CE) =O eet Se ee ae ee a 


aC(i) !a a Co ‘a oe i. a ee aa 


and if i = O(mod2), then 


sel k+1 n—k+1 2 n—k+2 sik *k—-  s2k— n— 
CH= sy Sh gh Et ee eter gk getter), 


aC(i) ‘a = G. ae vee) a i. vee) ie? 


where, i’* denotes the empty position, for example, (2', 27*, 27, 2*, 2°) = (2', 23, 2, 2°). It 


is clear that Be = YF, that is, a is an automorphism of map M3. 


Case 4. ny #n. 


Without loss of generality, we can assume that 


&€ = (1,2,+++,KK+1,K+2,+++,m)+--( —k+ 1,0, —k+2,--+,m1) 
xX (4, 4+ 1,0, 4+ 2,---,m) + 2k)\(m, + 2k 4+1,--+,n, +4k)---(— 2k 4+ 1,---,n) 


Subcase 4.1 k = O(mod2). 
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Consider the orbits of 1°* and n, + 2k + 1'* under the action of (a), we get that 
lorb(1**)$%")| = k 


and 
lorb(((n, + 2k + 1)'*)$?7)| = 2k. 


Contradicts to Lemma 7.2.1. 


Subcase 4.2. k = 1(mod2). 


In this case, if k # 1, then k > 3. Similar to the discussion of Subcase 3.1, we know 


that €a@ is not an automorphism of complete map. Whence, k = 1 and 
é E Erin 2”). 
Without loss of generality, assume that 
E = (1)(2)--- (m1 )(m +: 1, + 2) + 3,2) + 4)- ++ (My +2 — 1,7) + 2). 
If ny > 2, and there exists a map M = (.2,,, A), assume a vertex v; in M being 
v= (it yi3t a piety leo yen ee 1137) 
where, 1); € {+2, —2, +3, —3,---, +n, —n} and 1); # 1; if i # j. Then we get that 
(v1)? = (12> 1/37 at pier yet pint oan 113+) # V1. 


Whence, €a@ is not an automorphism of map M, a contradiction. Therefore, n. = 1. 
Similarly, we can also get that n,; = 2. Whence, € = (1)(2)(34) and n = 4. We construct a 


stable non-orientable map M, under the action of €aby defining 
Mat, as), 
where, 


Py = ie 13+ ro 93+ oa ead cae C ca 42+ 43+) 
% Oy e228" 2 a a. 


Therefore, all orientation-preserving automorphisms of non-orientable complete maps 


are extended actions of elements in 


& u & n-1 


[ss]? [1s] 
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and all orientation-reversing automorphisms of non-orientable complete maps are ex- 


tended actions of elements in 


a&, e&i11.2)- 


COL aE as) 


This completes the proof. L 

According to the Rotation Embedding Scheme for orientable embedding of a graph, 
presented by Heffter firstly in 1891 and formalized by Edmonds in [Edm1], an orientable 
complete map is just the case of eliminating the sign + and - in our representation for 
complete maps. Whence, we get the following result for automorphism of orientable 


complete maps. 


Theorem 7.2.2 All orientation-preserving automorphisms of orientable complete maps 


of order n > 4 are extended actions of elements in 


Ere Gey ashy 


and all orientation-reversing automorphisms of orientable complete maps of order n > 4 


are extended actions of elements in 


aS aS a&i11.2)5 


[(2sy25]? (28) 35] 


where, &g denotes the conjugatcy class containing 0 in S \x,). 


Proof The proof is similar to that of Theorem 7.2.1. For completion, we only need 
to construct orientable maps M?,i = 1,2,3,4 to replace non-orientable maps M;,i = 
1,2, 3,4 in the proof of Theorem 7.2.1. In fact, for orientation-preserving cases, we only 
need to take M?, M9 to be the resultant maps eliminating the sign + and - in M, Mp 
constructed in the proof of Theorem 7.2.1. For the orientation-reversing cases, we take 
M8 = (E(Kn)ag, PY) with 

P= ||] cw, 


i€{1,2,---,n} 


where, if i = 1(mod2), then 


C(i) = Gs k+1 tae jn-h1 iz tae jn-k+2 tae i* a +k i2* ie, regs 


l ? ? > ? ° oJ ’ ’ ‘0, ? 


and if i = O(mod2), then 


. *l sk+1 n—k+1 +2 n—k+2 sik +k 2k “ny\— | 
CO) = grey ee pCR eth oe eee) 
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where i‘* denotes the empty position and M? = (E(Ka)og, Aa) with 


Py= (07,1, 192), 27.296", 3 24 4,4). 


It can be shown that (M°)* = M? for i = 1,2,3 and 4. 


§7.3 MAP-AUTOMORPHISM GRAPHS 


7.3.1 Semi-Regular Graph. A graph is called to be a semi-regular graph if it is simple 
and its automorphism group action on its ordered pair of adjacent vertices is fixed-free, 
which is considered in [Maol] and [MLT1] for enumerating its non-equivalent embed- 
dings on surfaces. A map underlying a semi-regular graph is called to be a semi-regular 
map. We determine all automorphisms of maps underlying a semi-regular graph in this 
section. 

Comparing with the Theorem 7.1.2, we get a necessary and sufficient condition for 


an automorphism of a graph being that of a map. 


Theorem 7.3.1 For a connected graph G, an automorphism & € AutG is an orientation- 
preserving automorphism of non-orientable map underlying graph G if and only if € is 


semi-regular acting on its ordered pairs of adjacent vertices. 


Proof According to Theorem 5.3.5, if € € AutG is an orientation-preserving auto- 
morphism of map M underlying graph G, then € is semi-regular acting on its ordered pairs 
of adjacent vertices. 

Now assume that € € AutG is semi-regular action on its ordered pairs of adjacent 
vertices. Denote by élya), leq, the action of € on V(G) and on its ordered pairs of 


adjacent vertices, respectively. By conditions in this theorem, we can assume that 
Elv@ = (a, b,-+-,c)++:(g,h,- ++, k++ (y+, 2) 


and 
Ele@, = Ci-++ Cis ++ Cus 


where, let sz = |{a, b,--+,c}|,-+-, Ss =I{g, 4, --+, kK}, +++, 5x = HX, y,--+, Hl, then s,|C(@)| = 
+++ = g.|C(g)| = --- = sx{C(x)|, and C(g) denotes the cycle containing g in €|yg) and 


Ci = (qa' by: 7 9 a,b", F ,C7,° , -, a, b™,- , -,c), 
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Cy = (Cale ee ee ee a Pe am 
Now for Vé,é € AutG, we construct a stable map M = (20, Y) under the action 
of € as follows. 


X=EQ) 


and 


P=|| | | Coec: 


geTY X€C(8) 


Assume that u = €/(g), and 
No(s) = 12" 873°" s SI 


Obviously, all degrees of vertices in C(g) are same. Notices that €|y,() 1s circular acting 
on Ng(g) by Theorem 7.1.2. Whence, it is semi-regular acting on Ng(g). Without loss of 


generality, we assume that 
Elnete) = (g”, x, wee, g®) (gl , gy, wee, g) me (ge : gene. wee, 2), 
where, / = ks. Choose 
C; = (a. ge vee, gee ee, eer. vee, gut got, vee gtie®), 


Then, 
Cc. — Cua Deas ae ee, ee a ee, vee a", 5, or x"), 


where, 
x = EN(gi), 


fori = 1,2,---,ks. and 
aC;! = (ax, xt ee aX DSHIT yg p25. ZT), 


Immediately, we get that Mf = ME! = M by this construction. Whence, € is an 


orientation-preserving automorphism of map M. L 
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By the rotation embedding scheme, eliminating @ on each quadricell in Tutte’s rep- 
resentation of embeddings induces an orientable embedding underlying the same graph. 
Since an automorphism of embedding is commutative with a and f, we get the follow- 
ing result for the orientable-preserving automorphisms of orientable maps underlying a 


semi-regular graph. 


Theorem 7.3.2 If G is a connected semi-regular graph, then for VE € AutG, € is an 


orientation-preserving automorphism of orientable map underlying graph G. 


According to Theorems 7.3.1 and 7.3.2, if G is semi-regular, i.e., each automor- 
phism acting on the ordered pairs of adjacent vertices in G is fixed-free, then every auto- 
morphism of graph G is an orientation-preserving automorphism of orientable map and 


non-orientable map underlying graph G. We restated this result in the following. 


Theorem 7.3.3 If G is a connected semi-regular graph, then for Vé € AutG, € is an 
orientation-preserving automorphism of orientable map and non-orientable map under- 


lying graph G. 


Notice that if ¢* is an orientation-reversing automorphism of map, then ¢*a@ is an 
orientation-preserving automorphism of the same map. By Lemma 7.2.4, if T is an auto- 
morphism of map underlying a graph G, then Ta is an automorphism of map underlying 
this graph if and only if o(r) = O(mod2). Whence, we have the following result for 


automorphisms of maps underlying a semi-regular graph 


Theorem 7.3.4 Let G be a semi-regular graph. Then all the automorphisms of orientable 


maps underlying graphT are 
ge? and ah|*"*, g,h € AutG with o(h) = O(mod2). 
and all the automorphisms of non-orientable maps underlying graph G are also 


gl? and ah|*"*, gh € Autl with o(h) = O(mod2). 


Theorem 7.3.4 will be used in Chapter 8 for the enumeration of maps on surfaces 
underlying a semi-regular graph. 
An circulant transitive graph of prime order is Cayley graph Cay(Z, : S), B.Alspach 


completely determined its automorphism group as follows([Als1]): 
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IfS =, or S = Z,, then Aut(Cay(Z, : S)) = dip, the symmetric group of degree p, 
otherwise, 
Aut(Cay(Z, : S)) = {Tapla € H,b € Z5}, 
where T,, is the permutation on Z, which maps x to ax +b and H is the largest even order 


subgroup of Z, such that S is a union of cosets of H. 


We get a corollary from Theorem 7.3.4 for circulants of prime order. 


Corollary 7.3.1 Every automorphism of a circulant graph G, not be a complete graph, 
with prime order is an orientation-preserving automorphism of map underlying graph G 


on orientable surfaces. 


Proof According to Theorem 7.3.4, we only need proving that each automorphism 
6 = ax + b of the circulant graph Cay(Z, : S), Cay(Z, : S) # K” is semi-regular acting 
on its order pairs of adjacent vertices, where p is a prime number. Now for an arc g*8 = 


(g, sg) € A(Cay(Z, : S)), where A(G) denotes the arc set of the graph I’, we have that 
(g°8)? = (ag + pee: 


(958) _ (a(ag chs b) re h)Xasg+b)+b = (a°g +ab+ py sstab+b. 


go 


(2°) (ag i Gb + gb ae case: pyr sero Nbr bth 
@Ob — 1 o(a) 4 PO) b-1 
= (a g ze a ; i SBF oy g, 


where o(a) denotes the order of a. Therefore, 9 is semi-regular acting on the order pairs 


of adjacent vertices of the graph Cay(Z, : S). L 


For symmetric circulant of prime order, not being a complete graph, Chao proved 
that the automorphism group is regular acting on its order pairs of adjacent vertices([Chal1]). 


Whence, we get the following result. 


Corollary 7.3.2 Every automorphism of a symmetric circulant graph G of prime order 
p, G # K,, is an orientation-preserving automorphism of map on orientable surface 


underlying graph G. 


Now let s be an even divisor of g— 1 and ra divisor of p— 1. Choose H(p, r) =< a > 
, t € Z) be such that t? € —H(p,r) and u the least common multiple of r and the order of 


tin Ly. The graph G(pq; r, s,u) is defined as follows: 


V(G(pq; r, 8,u)) = Zq X Zp = {(i, x)|i € Zy, x € Zp}. 
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E(G(pq;r, s,u)) = (ix), (j, yA € Z* such that j-i = a',y— x € H(p,r)}. 


It is proved that the automorphism group of G(pq; 7, s,u) is regular acting on the 
ordered pairs of adjacent pairs in [PWX1]. By Theorem 7.3.4, we get the following 


result. 


Corollary 7.3.3. Every automorphism of graph G(pq;r, s, u) is an orientation-preserving 


automorphism of map on orientable surface underlying graph G(pq; r, Ss, u). 


7.3.2 Map-Automorphism Graph. A graph G is a map-automorphism graph if all 
automorphisms of G is that of maps underlying graph G. Whence, every semi-regular 
graph is a map-automorphism graph. According to Theorems 7.1.1-7.1.2, we know the 


following result. 


Theorem 7.3.5 A graph G is a map-automorphism graph if and only if for Vv € V(G), 
the stabilizer (AutG), < (v) X (a). 


Proof By definition, G is a map-automorphism graph if all automorphisms of G 
are automorphisms of maps underlying G, i.e., AutG is an automorphism group of map. 
According to Theorems 7.1.1 and 7.1.2, we know that this happens if and only if for 
Vv € V(G), the stabilizer (AutG), < (v) x (a). 


We therefore get the following result again. 


Theorem 7.3.6 Every semi-regular graph G is a map-automorphism graph. 


Proof In fact, we know that (AutG), = ly < (v) x (a) for a semi-regular graph G. 


By Theorem 7.3.5, G is a map-automorphism graph. 


Further application of Theorem 7.3.6 enables us to get the following result for vertex 


transitive graphs. 


Theorem 7.3.7 A Cayley graph X = Cay(I : S) is a map-automorphism graph if and 
only if (AutX);, < (S), where (S) denotes a cyclic permutation on S. Furthermore, there 
is a regular map underlying Cay(I : S) if (AutX),,. < (S). 


Proof Notice that a Cayley graph Cay(I : S‘) is transitive by Theorem 3.2.1. For 
Ve,h € V(Cay(I : S)), such a transitive automorphism is tT = g!oh:g— h. We 
therefore know that (AutX), ~ (AutX), for g,h « V(Cay(I : S')). Whence, X is a map- 
automorphism graph if and only if (AutX),,. < (S) by Theorem 7.3.6. In this case, there is 
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a regular map underlying Cay(I : S) was verified by Gardiner et al. in [GNSS1], seeing 
Note 7.1.1. Oo 


Particularly, we get the following conclusion for map-automorphism graphs. 


Corollary 7.3.4 A GRR graph of a finite group (T; °) is a map-automorphism graph. 


Corollary 7.3.5 A Cayley map Cay“(I : S,r) is regular if and only if there is an auto- 


morphism t € Aut!’ such that t|s = r. 


Proof This is an immediately conclusion of Theorems 5.4.7 and 7.3.7. L 


A few map-automorphism graphs can be found in Table 7.3.1 following. 


Map-automorphism Graph? 


Table 7.3.1 


§7.4 AUTOMORPHISMS OF ONE FACE MAPS 


7.4.1 One-Face Map. A one face map is such a map just with one face, which means 
that the underlying graph of one face maps is the bouquets. Therefore, for determining 
the automorphisms of one face maps, we only need to determine the automorphisms of 
bouquets B,, on surfaces. There is a well-know result for automorphisms of a map and its 
dual in topological graph theory, 1.e., the automorphism group of map is the same as its 
dual. 

A map underlying graph B,, for an integer n > 1 has the form 8, = (2a, Yn) with 
X = E(B,) = {e1, €2,°°+, en} and 


DP 5p Rg Hn 5 ey WO Nags = 2 ye), 


where, x; € X,8X or aBX and satisfying Axioms 1 and 2 in Section 5.2 of Chapter 5. For 


a given bouquet B,, with n edges, its semi-arc automorphism group is 


Auts Bn = S nlS21. 
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From group theory, we know that each element in S,,[S 2] can be represented by (g; 11, ho, 
-->,h,) withg € S, andh; € S2 = {1, a6} fori = 1,2,---,n. The action of (g; 14, ho, - ++, hn) 
on a map 8, underlying graph B,, by the following rule: 

If x € {e, we;, Be;, aBe;}, then (g; hy, hz, +++, Mn)(x) = g(hi(x)). 
For example, if h; = a, then, (g;/1,h2,---,h,)(e1) = aBg(er), (931, hz, +++, An )(aes) 


= Bg(ei), (8 hi, ha, +++, Mn)(Be1) = ag(er) and (g; 11, h2,- ++, Mn )(aBe1) = g(ei). 
The following result for automorphisms of a map underlying graph B,, is obvious. 


Lemma 7.4.1 Let (g; hy), h2,-++,h,) be an automorphism of map 8, underlying a graph 
B,. Then 

(g; hi, hy, mrs hy) = (x, X25 v005 ay 
and if (g3hy, h2,-++,hn)a is an automorphism of map By, then 

(g; hy, ho, uty h,)a = (x1, X2, ait my 

for some integer k,1 < k <n, where x; € {e1,€2,-++,€n}, i = 1,2,---,2n and x; # x; if 
L= J. 
7.4.2 Automorphisms of One-Face Map. Analyzing the structure of elements in group 


S,[S2], we get the automorphisms of maps underlying graph B,, by Theorems 7.3.1 and 
7.3.2 as follows. 


Theorem 7.4.1 Let B, be a bouquet with n edges e; fori = 1,2,-+-,n. Then the automor- 
phisms (g;h,, ho,-++,h,) of orientable maps underlying B, for n = | are respectively 


(Ol) gEeé hyp = 1,¢ = 1, 2,006,713 


[KE]? 
n/k 
(O2) ge Gud and if § = | |G. in, — ix) where Lj € 1h, 2 eae ,n},n/k = O(mod2), 
i=] 
then h;, = (1,a@6),i=1,2,---, Zand hj, = 1 for j = 2; 
2s (n—2ks)/2k 
(03) g€ E,,, pegs and if g =| |liin---i) [|] Cji,eins-+-.eiy) where 


i=1 jel 


ine; © (1, 2,*+*,n}, then Ay = Cja@6), t= 12,84. = 1 forl 2 and h, = 
l fort=1,2,++*, 2k, 
and the automorphisms (g; hy, h2,+ ++, hn) of non-orientable maps underlying B, forn = 1 


are respectively 


(N1) g€E,8, hi =1,8=1,2,00Vm 
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n/k 


(N2) géE Gud and if g = | |G@.a. see), Where ie {1.2.26 nj nik = OGnod2), 
i=l 
then h;, = (1, af), (1, 8) with at least one h;,, = (1,8) fori = 1,2,---, 2 andh;, = 1 for j = 
2; 
2s (n—2ks)/2k 
(N3) g€ E,,, page, and if g = | |@nt-i | | (€),€js***+€ jy)» Where 
i= j= 


ij,e;, € {1,2,---,n}, then h, = (1,@8),(1,B) with at least one h,, = (1,8) fori = 
1,2,---,s and h, = 1 forl => 2andh,, = 1, t = 1,2,---,2k, where &g denotes the 


conjugacy class in symmetry group S yg, containing the element 0. 


Proof By the structure of group S,,[S2], it is clear that the elements in the cases 
(1), (2) and (3) are all semi-regular. We only need to construct an orientable or non- 
orientable map 8, = (20, Y,) underlying B, stable under the action of elements in 


each case. 
n/k 
(1) g= | [Gobo and h; = 1,i = 1,2,---,n, where i; € {1,2,---,n). 
i=1 


Choose 
n/k 


Big = 8 K{ij,i2,-++, ix}, 


i=1 
where K = {1,a, 8, a8} and 
= Ceca") 


with 
n n n 
Cy = ( Lis 2ys0*s(F)1, @B11, @B21,-+ +, OBCF 1s 125 225° ++ 5 (Fas 


n n n 
aB1>, ap2», ar) Pls )a» aii | lx, 2, mos (Dee ap ly, ap ly, eeu oP )i)- 


Then the map 8} = (Loigs #') is an orientable map underlying graph B,, and stable under 
the action of (g3 21, M2,-++, hy). 


For the non-orientable case, we chose 


n n n 
Cy = (1,21 ete (Bh B21, ce BO): 1p, 2», 4 (Fas 


B12, B22, es BCD)o. res Ix, 2%; a) (Fis BlisBle are B(x] : 


Then the map 8, = (.2;',,¥,) is a non-orientable map underlying graph B, and stable 


under the action of (g3 1, h2,-++, hn). 
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n/k 
(2) g = | |G. a. . -Ik)s h; = (1, f) or (1, a), i = 12,3 Nn, : = O(mod2), where 
i=1 
eli 2 cn), 
If h;, = (1, af) fori = 1,2,---,7 and hj, = 1 for t = 2, then 
n/k 


(g;Mi,fa,+++, An) = | [C1 oBir,--- Bix, oBii, in, +++, in). 


i=l 


Similar to the case of (1), let 27, = 2%, and 
GP = Cx(aCz'a"") 
with 
n n 
C= (11,21 2), 0Bla, 022+, 0B()2, 0Bli, 82, 


nN nN nN n 
’ Ole de @B1,, 082), cca  OP(F)1, 1p, 20, ree (2, oer) Les 2h; eg Cy.) . 


Then the map 8? = (2a P?*) is an orientable map underlying graph B,, and stable under 
the action of (g; 1, i2,-+-,h,). For the non-orientable case, the construction is similar. 
Now it only need to replace each element afi; by that of (i; in the construction of the 
orientable case if h;, = (1,). 


(n—2ks)/2k 


2s 
3) g= | [Gb ie [| (€j,,€ps°*'s@jn) and h;, = (1,a8), i = 1,2,---,s, 
i=l j=l 


h,, = 1 for] > 2 and hj, = 1 fort = 1,2,---, 2k. 


In this case, we know that 


s (n—2ks)/2k 
(g;hi,h2,+++n) = | [Gr oBin,- oBis, Bir, ir,---,i) | | js ein-++ ein): 
i=l j=l 


Denote by p the number (n — 2ks)/2k. We construct an orientable map 8? = (.2°,, F?) 


ap’ n 


underlying B,, stable under the action of (g; 11, Mo,---,h,) as follows. 
Take 
2 = 2,, 0d 2, = COC, a) 
with 
C3 = (11,21, 1496 Si ips Os * Sep AP los O24." * ABS, 
Cys Cdy3° ts Cys? UBL, BQ, ° ++, OBSks Cys Cds 0s 
Bey OP fe 2 fgg OS 5 Cig Caras? y Cpa es 13g 2557 


52, Clio? C229 er) C pex29 ae) Ie, Qiks sty Sky Clogs O29» a) Cnr) . 
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Then the map 8? = (Zep #*) is an orientable map underlying graph B, and stable under 
the action of (g3 11, M2, -+-, hy). 
Similarly, replacing each element afi; by Gi; in the construction of the orientable 


case if h;, = (1,8), a non-orientable map underlying graph B,, and stable under the action 


of (g; hh, h2,---,h,) can be also constructed. This completes the proof. C 


We will apply Theorem 7.4.1 for the enumeration of one face maps on surfaces in 
Chapter 8. 


§7.5 REMARKS 


7.5.1 An automorphism of map M is an automorphism of graph underlying that of M. 
But the conversely is not always true. Any map automorphism is fixed-free, 1.e., semi- 
regular, particularly, an automorphism of regular map is regular. This fact enables one 
to characterize those automorphisms of maps underlying a graph. Certainly, there is an 
naturally induced action g|7°4 for an automorphism g € AutG of graph G on quadricells 


in maps underlying G, 1.e., 


(ax)® = ay, (Bx)® = By, (aBx)® = aBy 


if x8 = y for Vx € 2, 4(M(G)). Consider the action of AutG on 2¢,(M(G)). Then we 
get the following result by definition. 


Theorem 7.5.1 An automorphism g of G is a map automorphism if and only if there is a 


map M(G) stabilized under the action of g|?°. 


Theorems 7.1.1 and 7.1.2 enables one to characterize such map automorphisms in 


another way, i.e., the following. 


Theorem 7.5.2 An automorphism g € AutG of graph G is an automorphism of map 
underlying G if and only if (g),, < (v) X (@) for Vv € V(G). 


7.5.2 We get these permutation presentations for automorphisms of maps underlying a 
complete graph, a semi-regular graph and a bouquet, which enables us to calculate the 
stabilizer D(g) of g on maps underlying such a graph in Chapter 8. A general problem is 
the following. 
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Problem 7.5.1 Find a permutation presentation for map automorphisms induced by such 
automorphisms of a graph G on quadricells 2g with base set X = E(G), particularly, 
find such presentations for complete bipartite graphs, cubes, generalized Petersen graphs 


or regular graphs in general. 


7.5.3 We had introduced graph multigroup for characterizing the local symmetry of a 
graph, i.e., let G be a connected graph, H < G a connected subgraph and t € AutG. 
Similarly, consider the induced action of t on 24, with base set X = E(H). Then the 


following problem is needed to answer. 


Problem 7.5.2. Characterize automorphisms of maps underlying H induced by auto- 
morphisms of graph G, or verse via, characterize automorphisms of maps underlying G 
induced by automorphisms of graph H by introducing the action of AutH on G \ H with 


a Stabilizer H. 


CHAPTER 8. 


Enumerating Maps on Surfaces 


There are two kind of maps usually considered for enumeration in literature. 
One is the rooted map, 1.e., a quadricell on map marked beforehand. Such a 
map is symmetry-freed, i.e., its automorphism group is trivial. Another is the 
map without roots marked. The enumeration of maps on surfaces underlying 


a graph can be carried out by the following programming: 


STEP 1. Determine all automorphisms g of maps underlying graph G; 
STEP 2. Calculate the the fixing set ®,(g) or ‘¥3(g) for each automorphism 
g € AutiG; 

STEP 3. Enumerate the maps on surfaces underlying graph G by Burnside 


lemma. 


This approach is independent on the orientability of maps. So it enables one to 
enumerate orientable or non-orientable maps on surfaces both. The roots dis- 
tribution and a formula for rooted maps underlying a graph are included in the 
first two sections. Then a general enumeration scheme for maps underlying a 
graph is introduced in Section 3. By applying this scheme, the enumeration 
formulae for maps underlying a complete graph, a semi-regular graph or a 
bouquet are obtained by applying automorphisms of maps determined in last 


chapter in Sections 8.3-8.6, respectively. 
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§8.1 ROOTS DISTRIBUTION ON EMBEDDINGS 


8.1.1 Roots on Embedding. A root of am embedding M = (20, Y) of graph G is an 
element in X,. A root r is called an i-root if it is incident with a vertex of valency i. Two 
i-roots 7}, > are transitive if there exists T € AutM such that t(r,) = ro. An enumerator 
v(D, x) and the root polynomials r(M, x), rM(D), x) of M are defined by 

vWD, x) = >»; ive 


zl 
r(M,x) =) r(M, ix, 
i=l 
where r(M, 7) denotes the number of non-transitive i-roots in M and 
r(M(D),x) =) r(M,x). 
MeM(D) 
Theorem 8.1.1 For any embedding M (orientable or non-orientable), 
2iV; 
r(M, i) = Aut” 


where v; denotes the number of vertices with valency i in M. 


Proof Let U be all i-roots on M. Since UA“ = U, AutM is also a permutation 
group acting on U, and r(M,i) is the number of orbits in U under the action of AutM. 
It is clear that |U| = 2iv;. For Vr € U, (AutM), is the trivial group by Theorem 5.3.5. 
According to Theorem 2.1.1(3), |AutM] = |(AutM),||74"™|, we get that |rA“™| = |AutM]. 
Thus the length of each orbit inU under this action has |AutM| elements. Whence, 

[U| iv; 
|AutM| |AutM| 
Applying Theorem 8.1.1, we get a relation between v(D, x) and r(M, x) following. 


r(M, i) = Oo 


Theorem 8.1.2 For an embedding M (orientable or non-orientable ) with valency se- 


quence D, 
(M.x) 2v(D, x) 
r(M, x) = 
= TAutM| 
2iv; 
Proof By Theorem 8.1.1, we know that r(M,i) = aa where v,; denotes the 
u 


number of vertices of valency i in M. So we have 


r(M,x) = yo rM, i)x! 


iz1 
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2iv; _ 2v(D, x) 
4 |AutM| —|AutM| 


Let r(M) denotes the number of non-transitive roots on an embedding M. As a by- 


product, we get r(M) by Theorem 8.1.2 following. 


Corollary 8.1.1 Fora given embedding M, 


_ 4e(M) 


y= 


where e(M) denotes the number of edges of M. 


Proof According to Theorem 8.1.2, we know that 


- 2D) 7 
TM = nay = Tawa 22" 


Notice >) iv; = 2e(M). We get that 


iz] 


_ 4e(M) 
peer eT 


8.1.2 Root Distribution. Let G be a connected simple graph and D = {d), do,---,d,} 
its valency sequence. For Vg € AutG, there is an extended action g|**“ acting on 244 
with X = E(G). Define the orientable embedding index 6°(G) of G and the orientable 
embedding index 9°(D) of D respectively by 


1 
6°(G) = ~- a, 
Pig |AutM| 


1 


6°(D _ > 
) |AutM| 


GeG(D) MEM(G) 
where G(D) denotes the family of graphs with valency sequence D. Then we have the 


following results. 


Theorem 8.1.3 For any connected simple graph G and a valency sequence D , 


d Le Dy d Ni 7 
oO _ de O eis 
oO) = ace ee AD)” 


where 


I 
|A(D)|"* = Terral 
Ds, |AutG| 
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Proof Let W be the set of all embedings of graph G on orientable surfaces. Since 
there is a bijection between the rotation scheme set o(G) of G and W, it is clear that 


|W| = lo(G| = [] (d-1)!. Notice that every element € € AutG naturally induces an 
deD(G) 


g|7* action on W. Since for an embeding M, é € AutM if and only if € € (AutG x (a@))y, 
so AutM = (AutG x (a))y. By |AutG x (a) | = |(AutG x (@))y|| MAS), we get that 


|AutG x (a) | 


MAUGXa) = 
| | |AutM| 


Therefore, we have that 


0°(G) 


y 1 
iene |AutM| 
_ 1 > |AutG x (a) | 


|AutG x (a) | os |AutM| 


= 1 aS | MAUGxa)) 
|AutG| MEMO) 


d-—1)! 
|W _ poe ) 


2|AutG|  —-.2|AutG| 


and 
I] (d-1)! 
deD(G) 


O 
i) 2|AutG]) 


GeG(D) 


1 1 
2 | | eK 2 AutG)? 


deD(G) GeG(D) 


I] @- 1)! 


deD(G) 


2|A(D)| 


Now we prove the main result of this subsection. 


Theorem 8.1.4 Fora given valency sequence D = {d,, d,---,d,}, 
wD,x) [|] (d-1)! 
deD(G) 


OED ier [Ay 


where, 


1 
A(D)|"! = —— 
|A(D)| ea. TRE 
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Proof By the definition of r,M(D), x), we know that 


r(M(D), x) 


r(M, x) 
MeM(D) 


r(M, x). 
GeG(D) MeM(G) 


According to Theorem 8.1.3, we know that 


2W(D, x) 
r(M(D),x) = = 2v(D, x)0(D). 
Pay vote |AutM| 
Whence, 
lI} (a= 1)! 
deD(G) 

O(D) = ————_- 

”) 2|A(D)| 


Therefore, we finally get that 
W(D,x) [] (d-1)! 


deD(G) 


fe JAD) 


O 


Corollary 8.1.2 For aconnected simple graph G, let D(G) = {d,, dz, - ++, d,} be its valency 


sequence. Then 


wD,x) [] (d-1)! 


deD(G) 


|AutG| 


Corollary 8.1.4 The number of all non-transitive i-roots in embeddings underlying a 


r(M(G), x) = 


connected simple graph G is 


iv; TI (d-D! 


deD(G) 
|AutG| , 
where v; denotes the number of vertices of valency i in G. 
Corollary 8.1.5 The number r(M(G)) of non-transitive roots in embeddings of simple 


graph G on orientable surfaces is 


2G) T] (d-D! 


deD(G) 


r(M(G)) = [AutG| 


Proof According to Theorem 8.1.2 and Corollary 8.1.2, we know that 


r(M(G)) = r(M(G), 1) 
I] @- It, D 
deD(G) 


|AutG| 
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Notice that v(D, 1) = »} iv; = 2e(M). So we find that 
iz1 


2G) T] (d- 1)! 


deD(G) 
|AutG| 


r(M(G)) = 


Theorem 8.1.4 enables one to enumerate roots on edmeddings underlying a vertex-transitive 
graphs, a symmetric graph, ---, etc. For example, we can apply Corollary 8.1.5 to count 
the roots on embeddings underlying a complete graph K,,. In this case, AutK, = S x,), 
so |AutK,,| = n!. Therefore, 


r(M(K")) = 


me = ((n—2)!)""!, 


let n = 4. Calculation shows that there are eight non-transitive roots on embeddings 


underlying K*, shown in the Fig.8.1.1, in which each arrow represents a root. 


Fig.8.1.1 


8.1.3 Rooted Map. A rooted map M’ is such a map M = (2°, #) with one quadricell 
r € Xy~ 1s marked beforehand, which is introduced by Tutte for the enumeration of planar 
maps. Two rooted maps M{' and M7 are said to be isomorphic if there is an isomorphism 
9: M, — My, between M, and < M; such that O(7,) = ro, particularly, if M; = M, = M, 
two rooted maps M” and M” are isomorphic if and only if there is an automorphism 
t € AutM such that t(7;) = rz. All automorphisms of a rooted map M’ form a group, 
denoted by AutM”. By Theorem 5.3.5, we know the following result. 


Theorem 8.1.5 AutM’ is a trivial group. 


The importance of the idea introduced a root on map is that it turns any map to a 
non-symmetry map. The following result enables one to enumerate rooted maps by that 


of roots on maps. 
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Theorem 8.1.6 For a map M = (2.,, Y), the number of non-isomorphic rooted maps 


is equal to that of non-transitive roots on map M. 


Proof Let r,; and rz be two non-transitive roots on M. Then M” and M” are non- 


isomorphic by definition. Conversely, if M"' and M” are non-isomorphic, there are no 
p y y; p 


automorphisms t € AutM such that T(r) = ro, i.e., 7; and rp are non-transitive. 


Theorem 8.1.6 turns the enumeration of rooted maps by that of roots on maps. 


Theorem 8.1.7 The number r°(G) of rooted maps on orientable surfaces underlying a 
connected graph G is 


2e(G) [] (ep) - D! 
veV(G) 


O G)= ; 
a Aut; GI 


where p(v) denotes the valency of vertex v. 
Proof Denotes the set of all non-isomorphic orientable maps with underlying graph 
G by M°(G). According to Corollary 8.1.1 and Theorem 8.1.6, we know that 
4e(M) 
rG@= ») 


von |AutM| 


Notice that every element € € AutG 1X (qv) natural induces an action on 6°(G). By 
Theorem 5.3.3, VM € M(G), t € AutM if and only if, tT € (AutG x (a@))y. Whence, 
AutM = (AutG, x (@))y. According to Theorem 2.1.1(3), |AutG, x (a) | = (AutG, x 


(a)) yi Pr, We therefore get that 


ae _ 2|AutG| 
|AutM| 
Whence, 
O i 
r°(G) = 4e(G) > TTT) 
MeM%CG) 
: 4e(G) |AutG: x (a) | 
—— [AutG, x (a)| wetig Aum 
4e(G) | wens \ x(a) 
|AutG, x (a) | ‘es 
2«(G =)! 
money. OH ae 


2|AutGi| |Aut:G| 
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By Theorems 3.4.1 and 8.1.7, we get a corollary for the number of rooted orientable 


maps underlying a simple graph, which is the same as Corollary 8.1.5 following. 


Corollary 8.1.6 The number r°(G) of rooted maps on orientable surfaces underlying a 


connected simple graph G is 


2e(A) [J (e)- D! 


veV(G) 
|AutG| 


For rooted maps on locally orientable surfaces underlying a connected graph G, we 


r°(G) = 


know the following result. 


Theorem 8.1.8 The number r“(G) of rooted maps on surfaces underlying a connected 


graph G is 
POM AG) Tl (OG) = 1)! 


x veV(G) 
G)= 
ee) [Aut 
Proof The proof is similar to that of Theorem 8.1.7. In fact, by Corollaries 5.1.2, 
8.1.1 and Theorem 8.1.6, let M“(G) be the set of all non-isomorphic maps underlying 


graph G. Then 


4e(M) 1 
L 
MOS Dy ina. 2 ae 
MeM/(G) MeM“(G) 
4e(G) |AutG1 x (a) | 
JAutGs x (@)| ,4aq,  |AutM| 
4 u a 
: e(G) y iM iG yx 7 
|AutG 1X (a) | orci 
PO eG v)-1)! 
4e(G@IE(G)| _ ee 
2|AutGi| Aur, G| 


This completes the proof. 


Since r'(G) = r?(G) + r(G), we also get the number r‘(G) of rooted maps on 


non-orientable surfaces underlying a connected graph G following. 


Theorem 8.1.9 The number r‘(G) of rooted maps on non-orientable surfaces underlying 


a connected graph G is 
(2KO+! — eG) TT (@(v)- 1! 
veV(G) 


M(G) = |AutsG| 
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According to Theorems 8.1.8 and 8.1.9, we get the following table for the numbers 


of rooted maps on surfaces underlying a few well-known graphs. 


n=l 
1 
(n— 2)" Q= —-pm-2" 
Knn(m #n) | 2m— 1)!" aa — Lye | am _ Dy m — Ita - tyr 
Kran (n — 1)!?"-? (Qn? -2n+2 ~1)(n— 1)!2"-? 
B, (2n)! (2" ae 1) Qn)! 


2"n! 2"n! 
Dp (n-1)! (2"-—1)(n- 1)! 


n 


kl (ntk+)(nt+2k-1)\(n+2I-1)! (2"tl_ 1 )(n+k+D(n+2k—1)\(n+2I-1)! 
Dp, (k # 1) DTT KA ITI 
Dpké (n+2k)(nt+2k-1)!? (2"*2k_1)(n+2k)(n+2k—1)!? 
Pn 2k nike 


Table 8.1.1 


§8.2 ROOTED MAP ON GENUS UNDERLYING A GRAPH 


8.2.1 Rooted Map Polynomial. For a graph G with maximum valency > 3, assume 
that r;(G),7)(G),i => O are respectively the numbers of rooted maps underlying graph 
G on orientable surface of genus y(G) + i — | or on non-orientable surface of genus 
¥(G)+i-1, where y(G) and y(G) denote the minimum orientable genus and the minimum 
non-orientable genus of G, respectively. The rooted orientable map polynomial r[{G](x) , 
rooted non-orientable map polynomial r{G](x) and rooted total map polynomial R{G](x) 
on genus are defined by 


rIG\(x) =) (Gx, 


i=0 
FGI) =) 7G)x 
i=0 
and 
RIG\(x) =) rAG)x' + DFG)“. 
i=0 il 


We have known that the total number of orientable embeddings of Gis [] (d- 1)! 
deD(G) 
and non-orientable embeddings is (28 —1) [] (d-1)! by Corollary 5.1.2, where D(G) 
deD(G) 
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is its valency sequence. Similarly, let g(G) and g;(G), i = 0 respectively be the number 
of embeddings of G on the orientable surface with genus y(G) + i — | and on the non- 
orientable surface with genus y(G) + i — 1. The orientable genus polynomial g[G](x), 
non-orientable genus polynomial g[G](x) and total genus polynomial G[G](x) of graph G 
are defined respectively by 

glG\(x) = >) a(G)x, 


i20 


BIGKx) = )) B(G)x! 


i20 


and 


GIG\x) = )) g(G)x +) BG)x". 


20 izl 
All these polynomials r[G](x), 7[G](x), R[G](x) and g[G](x), g[G](x), G[G](x) are finite 
by properties of G on surfaces, for example, Theorem 5.1.2. 

We establish relations between r[G](x) and g[G](x), r[G](x) and g[G](x), R[G](x) 
and G[G](x) in the following result. 


Theorem 8.2.1 Fora connected graph G, 
|Aut:G] r[G](x) = 2e(G) g[G](x), 


|Aut: G| r[G](x) = 2e(G) g[G](x) 


and 
|Aut:G| R[G](x) = 2e(G) G(x). 


Proof For an integer k, denotes by M;(G,S) all the non-isomorphic maps on an 
orientable surface S$ with genus y(G) + k — 1. According to the Corollary 8.1.1, we know 
that 


r(G) 4e(M) 
k — 
MeM;,(G,S ) |AutM| 
- 4e(G) |AutiG x (a) | 
|AutiG x (a) | ies |AutM| 


ut | Gx(a) 


Since |AutG x (a)|= (Aut: G x (a))yl|M 3 | and (Aut, G x (a))yl = |AutM|, 
we know that 
4e(G) Auty Gx(a) 


Gg = —126__ M 
r(G) Aut,Ox aI , Pe | 


\= 26(G)gi(G) 
7 |Aut: G| 
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Consequently, 


|Aut,G|r[G](x) = |Aut,G| >, 1(G)xi 
i>0 

by |Aut, Glrj(G)x' 

iz0 


) | 2e(G)g(G)x' = 2e(G) glGI(a). 


i20 


Similarly, let MAG, S) be all non-isomorphic maps on an non-orientable surface S 


with genus y(G) + k — 1. Similar to the orientable case, we get that 


x(G) = 4e(G) 3 |AutiG x (a) | 
ew” TautiGx(ay]| 44 _ |AutM| 
2 MeEMAG,S ) 
4e(G) Aut | Gx(a) 
|AutiG xX (a) | »* . 
k | 
2e(G)gx(G) 
|Aut:G| 


Whence, 


|Aut,GI7[G](x) = )) Aut: Gii(G)x' 


iz0 


> 2(OBGx' = 2(G) GIO. 


i20 


Notice that 
RIGK(x) = )) (Gx! + DFG)" 
i2z0 izl 
and 
GIGI) =D) g(G@x + Y° gG)x“. 
iz0 izl 


We also get that 


_ 2e(G)gi(G) 


r(G) = ad Fe Oe 


|Aut 1 G |Aut 4 G 


for integers k > 0. Therefore, we get that 


|AutG| RIG|(x) = JAuty Gl) n(G)xi +) H(G)x“) 


i>0 i>l 


» |Aut, G[rj(G)x' + » |Auts Gii;(G)x~ 


i20 iz1 


Dd) 2e(G)g(G)x' + )) 2e(GB(G)x = 2e(G) GIGIC». 


iz0 i20 
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This completes the proof. 


Corollary 8.2.1 Let G be a graphand s > 0 an integer. If r,(G) and g,(G) are the numbers 
of rooted maps and embeddings on a locally orientable surface of genus s underlying 


graph G, respectively. Then 
2¢(G)g5(G) 


n@ = TRG 


8.2.2 Rooted Map Sequence. Corollary 8.2.1 can be used to find the implicit relations 
among r[G](x), r[G](x) or R[G](x) if the implicit relations among g[G](x), g[G](x) or 
G[G](x) are known, and vice via. 


Denote the variable vector (x), x2, ---) by x, 
r(G) = (++, 72(G),71(G), ro(G), 71(G), r2(G), - ++), 


g(G) = (3 ad , 2(G), 21(G), go(G), gi(G), g2(G), me ), 


We call r(G) and g(G) the rooted map sequence and the embedding sequence of graph G, 
respectively. 


Define a function F(x, y) to be y-linear if it can be represented as the following form 


F(X, y) = ft X20) + AG) Dy + Hee) DAY) 


ie] AcO 


where J denotes a subset of index and O a set of linear operators. Notice that f(x), x2,---) = 


F(x, 0), where 0 = (0,0, ---). We get the following general result. 


Theorem 8.2.2 Let G be a graph family and H C G. If their embedding sequences 
g(G), GEH satisfy the equation 


F(x, g(G)) = 0, (4.1) 
then the rooted map sequences r(G), G € H satisfy the equation 
tiG 
F(X, =—HG)) = 0, 
E 
and vice via, if the rooted map sequences r(G), G € H satisfy the equation 


F(x, 1(G)) = 0, (4.2) 
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then the embedding sequences g(G), G € H satisfy the equation 


2e(G) 
F44(x, ——— 2(G)) = 0. 
0 RG EO 
: sr 2«(G) 
Furthermore, assume the function F(x, y) is y-linear and Aut, Gy’ G € His a constant. 
= a 


If the embedding sequences g(G), G € H satisfy equation (4.1), then 


F3,(x,r(G)) = 0, 


2e(G) 
jAut,GI 
g(G), Ge H satisfy equation (4.2), then 


where F5 (x,y) = F@,y) +( — 1)F (a, 0) and vice via, if the rooted map sequences 


Fy((x, g(G)) = 0. 
Aut 1 G| 
2e(T) 
Proof According to the Corollary 8.2.1, for any integer s > o and G € H, we know 
that 


| 
where oy = F(x, y) + ( 


— 1)FG@, 0). 


2&(G) 
(G) = s(G 
rs(G) [Aut, GI &s(G) 
and 
|Aut: GI 
(G) = >~——r,(G 
&s(G) 26) rs(G) 
Therefore, if the embedding sequences g(G), G € H satisfy equation (4.1), then 
|Aut:G| 
Fa(x, ———1(G)) = 0, 
H(X 26(6) 1(G)) 
and vice via, if the rooted map sequences 1(G), G € H satisfy equation (4.2), then 
2«(G) 
Fo(&, —— 2(G)) = 0. 
H(X (Aut, Gi g(G)) 


Now assume that F4/(x, y) is a y-linear function with a form 


Fy.) = FO %2°+°) + hOas x2, ) Dyn + He) AQ), 
iel AcO 
where O is a set of linear operators. If Fy,(x, g(G)) = 0, that is 


Fm) + hOasx,) DY) BG) + Im) DAG) =0, 


iel, GEH AceO, GEH 
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we get that 
|AutiG| 
Fax) + hrm) D Zoe n@ 
iel, GEH &( ) 
|AutiG| 
a Lig 95,24) A(———1(G)) = 0. 
bey PO) 
. . : 2&(G) ’ 
Since A € O is a linear operator and Aut. Gy’ G € H is aconstant, we also have 
1 
|Aut: G| 
ferme) + S-hGim,) Yo n(@) 
2«(G) ieIl, GEH 
|Aut: G| 
Liga? 22) A(X(G)) = 0, 
AG wba 
that is, 
2e(G 
Ta X2,°° ‘) + A(x, X2,°° *) ny r(G) + U(x, X2,°° -) » A(t(G)) = 0. 
|AutiG| : 
3 iel, GEH AeO, GEH 


Consequently, we get that 
F4(x, 1(G)) = 0. 
Similarly, if 
F(x, (G)) = 0, 
we can also get that 
F3,(%, g(G)) = 0. 


This completes the proof. 


Corollary 8.2.2 Let G be a graph family and H C€ G. If the embedding sequences g(G) 


of graph G € G satisfy a recursive relation 


>) ali, Qgi(G) = 0, 


ieJ, GEH 
where J is the set of index, then the rooted map sequences r(G) satisfy a recursive relation 


a(i, G)|Aut:G| 


26) r(G) = 0, 


ieJ, GEH 
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and vice via. 


A typical example of Corollary 8.2.2 is the graph family bouquets B,, n = 1. Notice 
that the following recursive relation for the number g,,() of embeddings of a bouquet B,, 


on an orientable surface with genus m for n > 2 was found in [GrF2]. 


(n + 1) gm(7) = 4(2n = 1)(2n = 3)(n _ 1y(n ~ 2 )on an a 2) 
+ 4(2n _ I)(n ~ 1)gm(n = 1) 


with boundary conditions 
g,(n) = O0ifm =< 0 orn = 0; 
g0(0) = go(1) = 1 and g,,(0) = gm(1) = 0 for m = 0; 
80(2) = 4, 91(2) = 2, 8m(2) = 0 for m = 1. 
Since |Aut. B,,| = 2"n!, we get a recursive relation for the number 7,,(n) of rooted 


maps on an orientable surface of genus m underlying graph B,, by Corollary 8.2.2 follow- 


ing. 


(n° — 1)(n-2)rm(n) = (2n- 1)2n - 3) — 1)°(0 = 2)rm_a(n — 2) 


+ 


2(2n — 1)(n — 1)(n — 2)r,,(n — 1) 


with the boundary conditions 7,,(n) = 0 ifm < Oorn < 0; 
ro(O) = ro(1) = 1 and r,,(0) = r,,(1) = 0 for m => 0; 
ro(2) = 2,71(2) = 1, 8m(2) = 0 for m > 1. 


Corollary 8.2.3 Let G be a graph family and H C G. If the embedding sequences 
g(G), G € G satisfy an operator equation 


| A(gG)) = 0, 
AcO, GEH 
where O denotes a set of linear operators, then the rooted map sequences r(G), G € H 
satisfy an operator equation 
|Aut 1 G| 
A(3— HG) = 0 


AcO, GEH 26(G) 


and vice via. 
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Let 6 = (0), 62,---,@) + 2n, Le., > 6; = 2n with positive integers 6;. Kwak and 
Shim introduced three linear operators Ir, © and A to find the total genus polynomial of 
bouquets B,, n => 1 in [KwS1] defined as follows. 

Denotes by zg and e. = 1/z, the multivariate monomials i Z, and 1/ i Zo, where 


= (6), 02,--+,6) + 2n. Then the linear operators ’,® and A ae ; denned cay by 


k 
“4 21412644 4s 
T(z!) = >) >) (deol, 


j=l I=0 £6; 


£0;+220 _ 


oc) = Ye +02 a 
j=1 
and 
£0 ;+0;+ re £6 ;+0;+ = 
sire Scanlan cities 


ISi<jsk 
Denote by Brl(z j) the sum of all monomial zy or 1/2 taken over all embeddings of B,, 


into an orientable or non-orientable surface, that is 


TBal(z;) = > io(Bn)zo + To(Bu zp! 


6r2n 6r2n 
where, i(B,,) and ig(B,,) denote the number of embeddings of B,, into orientable and non- 
orientable surface of region type 6. They found that 
iB) = (C++ ANB IG) = (C+ 04 A= +2), 
and 
G[Briilx) =T+0+ aye + ci) eee for j2\ and (Cx)s 

where, (Cx) denotes the condition 

(Cx): replacing the power 1+n-— 2iofx byiifi= 0and-(1+n+i)by-iifi< 0. 


Notice that 


|AutyB,l 2p! 
eons nee = = 2" ‘i= 1)! 

“2e(B,) “On 

and I’, @, A are linear. By Corollary 8.2.3 we know that 
(T+ © + A)i[B,|(z;) 
R[Bn+il(x) = ees for j=\ and (Cx) 

(T+O+Ay"(s +z) 

Sep Lz =x for j21 and (Cx): 

T] 2*k! 


k=1 
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Calculation shows that 


1 
R[Bi\(x) = x+-; 
X 
5 4 
RIB. (x) = 24+x+-4+5; 
Xx © 5 
42 22 
R[B3\(x) = a eee 
Xx x x 
a 488 4 
R[B4](x) = — + on 4 ot 4 a +144 70% + 212°. 
x x? x x 


§8.3 A SCHEME FOR ENUMERATING MAPS UNDERLYING A GRAPH 


For a given graph G, denoted by &°(G), &*(G) and &/(G) the sets of embeddings of G 
on orientable surfaces, non-orientable surfaces and on locally orientable surfaces, respec- 
tively. For determining the number of non-equivalent embeddings of a graph on sur- 
faces and maps underlying a graph, another form of the Theorem 5.3.3 by group action is 


needed, which is restated as follows. 


Theorem 8.3.1 Let M; = (2a, 41) and My = (2g, Y2) be two maps underlying 
graph G, then 


(1) M, M2 are equivalent if and only if M,, Mz are in one orbit of Aut:G action on 
X,@); 
(2) M1, M2 are isomorphic if and only if M,, M2 are in one orbit of AutiG x (a) 


action on Xyp. 


Now we can established a scheme for enumerating the number of non-isomorphic 
maps and non-equivalent embeddings of a graph on surfaces by applying the well-known 


Burnside Lemma, i.e., Theorem 2.1.3 in the following. 


Theorem 8.3.2 For a graph G, let & c &(G), then the numbers n(&, G) and n(, G) of 


non-isomorphic maps and non-equivalent embeddings in & are respective 


1 
= ——___ > ® 
n(&, G) Aut, GI, ID; (g)I, 


eAut;G 
2 


1 
EO) = eG >) 12g) 


geAut; G 
2 
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where, ®,(g) = {PIF € Gand P82 = Por AP = F}, O(g) = {A|P € Eand 
es = PP. 


Proof Define the group H = Aut:G x (a). Then by the Burnside Lemma and the 
Theorem 8.3.1, we get that 


1 
&,G) = — 0) : 
n(E.G) = 2, i(g)| 
where, ®)(g) = {A|FA € Gand W8 = Y}. Now|H| = 2|Aut, Gl. Notice that if A& = F, 
then Y8* # FY, and if W®* = FY, then YP? # Y. Whence, P;(g)()D\(ga) = 0. We 
have that 


1 
n(&,G) = TC Yd) [i(9) 


eAut; G 
%. 


where ®,(g) ={A|\F € € and 8 = Por PX = Yh. 
Similarly, 


1 
nO) = Gl Y) [®2(g)) 


geAut;G 
2 


where, ®2(g) = {AIA €E€ and 8 = FY}. 


From Theorem 8.3.2, we get results following. 


Corollary 8.3.1 The numbers n°(G), n%(G) and n“(G) of non-isomorphic orientable 


maps, non-orientable maps and locally orientable maps underlying a graph G are re- 


spectively 

O = 1 O ‘ 

SO errerera Aut 2 (g)l: (8.3.1) 
N _ 1 N 5 

MOF aa Kui a (g)l; (8.3.2) 

2 

ve _ 1 L 

"= aha 2a Imo (8.3.3) 


where, O°(g) = {A|\P € &(G) and P8 = P or PX = Fy, f(g) ={A|\FeENG) 
and Pi = FP or PO =P), Og) =(A|F € 6G) and 4? = or P= 2}, 
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Corollary 8.3.2 The numbers n°(G), 7’ (G) and n'(G) of non-equivalent embeddings of 


graph G on orientable ,non-orientable and locally orientable surfaces are respectively 


O _ 1 O , 

7 (G) [AutyG pi Ws (gl; (8.3.4) 
N = 1 ) N . 

: — - |AutsG| Ae on lies 
L = _ we 16 

TO = Tang : 4g), (8.3.6) 


where, D9(g) = {PA|F € 6°(G) and P8 = FP}, OF (g) ={PA|F € ENG) and P8 = F}, 
OF(g) = {A|\P € &'(G) and P8 = FP}. 


For a simple graph G, since Aut 1 G = AutG by Theorem 3.4.1, the formula (8.3.4) 
is just the scheme used for counting the non-equivalent embeddings of a complete graph, 
a complete bipartite graph in references [MRW1], [Mull]. For an asymmetric graph G, 
that is, AutiG = idx 1G)» we get the numbers of non-isomorphic maps and non-equivalent 


embeddings underlying graph G by the Corollaries 8.3.1 and 8.3.2 following. 


Theorem 8.3.3 The numbers n°(G), n\(G) and n“(G) of non-isomorphic maps on ori- 
entable, non-orientable surfaces or locally orientable surfaces underlying an asymmetric 


graph G are respectively 


I (ev) =D! 
n°(G) = veV(G) 5 
n'(G) = 21 |] @w-v! 
veV(G) 


and 


nV) = 2" — 5) T] @o- 


vev(G) 
where, B(G) is the Betti number of graph G. 
The numbers n°(G), 7(G) and n'(G) of non-equivalent embeddings underlying an 


asymmetric graph G are respectively 


n°(G)= | | @o)-!, 


veV(G) 
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7G) = 2% | | (@o)- D! 


veV(G) 
and 


nN (G) = (2 — 1) [| (o(v) — 1)! 


veV(G) 
All these formulae are useful for enumerating non-isomorphic maps underlying a com- 


plete graph, semi-regular graph or a bouquet on surfaces in sections following. 


§8.4 THE ENUMERATION OF COMPLETE MAPS ON SURFACES 


We first consider a permutation with its stabilizer. A permutation with the following form 
(X1,X2,°°* Xn)(@Xp, UX2,**+,@X,) iS called a permutation pair. The following result is 


obvious. 


Lemma 8.4.1 Let g be a permutation on set Q = {x,, X2,+++,X,} such that ga = ag. If 


-1 
O(N Hig Ny NON ON pats OAS = Nig Ray Xp) (Oy Cn-15 OM), 
then 
k 
& = (Mis Wage yp XA) 
and if 
-1 
BON Mi N02 * Fy Aa AA Ogi? Oa ee)” = ai os 22 ye Oy Os A), 
then 
k 
8M = (AXn, AXn-1,°**, OX) 


for some integer k,1 <k <n. 


Lemma 8.4.2 For each permutation g, g € g » satisfying ga = ag on set Q = 


kk] 
{X1,X2,°°+,Xp}, the number of stable permutation pairs in Q under the action of g or 
ga is 
26(k)(n — 1)! 
IE) 


where 6(k) denotes the Euler function. 


Proof Denote the number of stable pair permutations under the action of g or ga 


by n(g) and C the set of pair permutations. Define the set A = {(g,Q|g € udp Ce 
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C and C8’ = Cor C% = C}. Clearly, for Vgi,g2 € & 
Whence, we get that 


ep We have n(gi) = n(g2). 


A] = |6,,¢,|n(g). (8.4.1) 


On the other hand, by the Lemma 8.4.1, for any permutation pair C = (x1, X%2,°++, Xn) 
(Xn, UXp-1,***,@X1), Since C is stable under the action of g, there must be g = (x1, X2,-+*, Xn)! 
Or ga = (@Xp, @Xp-1,°**,@X,)', where | = oe 1 < s<kand(s,k) = 1. Therefore, there 


are 2¢(k) permutations in Gah acting on it stable. Whence, we also have 
|A| = 2A(K)IC]. (8.4.2) 


Combining (8.4.1) with (.4.2), we get that 


26(K)IC| _ 26(k)\(n — 1)! 
= = LJ 


Now we can enumerate the unrooted complete maps on surfaces. 


Theorem 8.4.1 The number n'(K,) of complete maps of order n > 5 on surfaces is 


I 20 — 2) PK) (n — 2 
L =—_— Sanne ooo 
n'(Kn) = 5) + Cae = aL 
k\n k\n,k=0(mod2) kee" k\(n—1),k#1 
where, 
= ah if k= 1(mod2); 
a(n, k) = 2 2 
as ; ) if k= 0(mod?), 
and 
~1)(n-2 
ome if k= 1(nod2); 
Bn, k) = = = 
oa, if F=0Gn0dd), 


and n'(K,) = 11. 


Proof According to formula (8.3.3) in Corollary 8.3.1 and Theorem 7.2.1 for n > 5, 


we know that 


1 
MK) = sax] D2 Menlt Dd) I@al+ Dd) er 


£1 eS n g2€6 heE n-l 
[k Ul, 


n 
((28) 2s ] kk] 


1 
5X | Due lO@d+ D7 Ep lool + D7 IE, a2 ODI], 


k\n I\n,/=0(mod2) I\(n—-1) 


Sec.8.4 The Enumeration of Complete Maps on Surfaces 289 


where, g; €& g2€E 42, andhe és n1_ are three chosen elements. 


[kk]? [17] iF] 


Without loss of generality, we assume that an element g, g € € 2, has the following 


taal 
cycle decomposition. 


B= (2 A+ Lk 22 ((F = ke (F122) 


k 
and 
?=||,x] |, 
1 2 
where 
[ |, = (1%, 131, esi =) (2, 2'2, age a) ee (a n>, Mies nio-re ; 
and 


ae ~ o([], Jo". 


being a complete map which is stable under the action of g, where s;; € {k+,k — |k = 
12,277, HA}. 

Notice that the quadricells adjacent to the vertex 1 can make 2”-*(n — 2)! different 
pair permutations and for each chosen pair permutation, the pair permutations adjacent to 
the vertices 2,3,---,k are uniquely determined since Y is stable under the action of g. 

Similarly, for each pair permutation adjacent to the vertex k+1,2k+1,---, ( —1)k 
+1, the pair permutations adjacent to k + 2,k + 3,---,2k, and 2k + 2,2k + 3,---,3k,-->, 
and ( - 1)k + 2, ( - 1)k + 3,---,n are also uniquely determined because Y is stable 
under the action of g. 

Now for an orientable embedding M, of K,, all the induced embeddings by ex- 
changing two sides of some edges and retaining the others unchanged in M, are the same 
as M, by the definition of maps. Whence, the number of different stable embeddings 
under the action of g gotten by exchanging x and ax in M, for x ¢ U,U C Xz, where 


Xg= U {x, Px}, is 28)-t, where g(e) is the number of orbits of E(K,,) under the action 
x€E(Kn) 


of g and we substract because we can chosen 17*,k + 1!*,2k + 1'*,---,n-—k+1" first 
in our enumeration. 

Notice that the length of each orbit under the action of g is k for Vx € E(K,,) if k is 
odd and is 5 for x = id i = 1,k+1,---,n-—k+1, ork for all other edges if k is even. 


Therefore, we get that 
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E(Kn) 


i if k= 1(mod2); 
8) =) (K,)-2 


if k= O(mod2). 


k ’ 

Whence, we have that 

‘i mae S) i Piney: 

a(n, k) = g(e)- — = k, 
. = ) if k =O0(mod2), 
2k 
and 
|D(g)| = 20.) (y _ QF, (8.4.3) 


Similarly, if k = O(mod2), we get also that 
|\D(ga)| = 27 (n — 2)1F (8.4.4) 


for an chosen element g,g € Cuky 
Now for VA € o ey without loss of generality, we assume that h = (1,2,---,k) 


n— 1 


=i 
(k + Lk #25002, 28)-4f( ~i)en (a1 k+2,-+*,(n— 1)}(@).. Then the 


above statement is also true for the complete graph K,,_; with the vertices 1,2,---,n— 1. 
Notice that the quadricells n'*,n**,---,n™'* can be chosen first in our enumeration and 


they are not belong to the graph K,,_;. According to the Lemma 8.4.2, we get that 


1 26(k)(n — 2)! 


|D(h)| = 22" (n — 2)! x (8.4.5) 


Where 
AB) 0 OU) ef sine: 
pin) =hO=) cb) nk Bh 
—— a Ik 


k k 
Combining (8.4.3) — (8.4.5), we get that 


, if k= O(mod2). 


1 
m(Ky) = sx (D Eg lIPeol+ D) Epler) 


K\n I\n,l=0(mod2) 


+ D1, allan 


I(n-1) 
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Lia 120. (9 — 2) 1% 

= —xX >; ea ae oie 
kez)! Gl 
n! ” 26(k)(n — 2)!20"-(n — at 


k\n,k=0(mod2) 


nel pn-1yy ae 
in-ear & FC)! Pe (ly) 
n . n-1 
Dy 7 Qenk(n — 2)lk Pi P(k)2P(n =) em 
+ 4  pBenyy ry 
2 in Kin,k=0(mod2) ke)! K(n—1),k#1 n—-1 


For n = 4, similar calculation shows that n’(K,) = 11 by consider the fixing set of 
& 


permutations in & 4 , & 


tse]? a&é 4 and a&r1.1.2)- 


[sy 7 (2s) 
For the orientable case, we get the number n?(K,,) of orientable complete maps of 


order n as follows. 


Theorem 8.4.2 The number n°((K,,) of complete maps of order n > 5 on orientable 


surfaces is 


n{K) = 5004 ) 


k\n k\n,k=0(mod2) 


(a—2)1F b(k\(n — 2)" 


kr)! A(n—1,k#1 a1 
and n(K,) = 3. 


Proof According to the algebraic representation of map, a map M = (.204,P) is 
orientable if and only if for Vx € 2o,%, x and ax are in a same orbit of 2, under the 
action of the group ‘Y; = (a@8,P). Now applying (8.3.1) in Corollary 8.3.1 and Theorem 


7.2.1, similar to the proof of Theorem 8.4.1, we get the number n°(K,,) for n > 5 to be 


1 (n —2)!% o(k)(n — 2)! 
MKi)=50 + Dd) ) : SS 


n 
E(Z)! _ 
k\|n k\n,k=0(mod2) k (z)! k\(n-1),k#1 Ht 1 


and for the complete graph Ky, calculation shows that n(K4) = 3. 


Notice that n°(K,,) + n‘(K,) = n'(K,,). Therefore, we get also the number n(K,,) 
of complete maps of order n on non-orientable surfaces by Theorems 8.4.1 and 8.4.2 


following. 


Theorem 8.4.3 The number n'(K,,) of complete maps of order n,n > 5 on non-orientable 
surfaces is 
(2% — 1)(n — 2)1% 


1 
N 
n(Kn) = = os Roy 
- » k\n,k=0(mod2) kr(@)! 


p(k)(20™ — In = 2)!" 


n— | 


2 


k\(n-1),k#1 
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and n\(K4) = 8. Where, a(n, k) and B(n, k) are the same as in Theorem 8.4.1. 


For n = 5, calculation shows that n“(Ks) = 1080 and n?(Ks) = 45 by Theorems 8.4.1 
and 8.4.2. For n = 4, there are 3 orientable complete maps and 8 non-orientable complete 


maps shown in the Fig.8.4.1. 


Fig.8.4.1 


Now consider the action of orientation-preserving automorphisms of complete maps, 
determined in Theorem 7.2.1 on all orientable embeddings of a complete graph of order 
n. Similar to the proof of the Theorem 8.4.2, we can get the number of non-equivalent 
embeddings of a complete graph of order n, which has been found in [Maol1] and it is the 
same gotten by Mull et al. in [MRW1]. 
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§8.5 THE ENUMERATION OF MAPS UNDERLYING A SEMI-REGULAR GRAPH 


8.5.1 Crosscap Map Group. For a given map M = (242, #), its crosscap map group 
is defined to be 


fT t=<7Vxe 2 t= (4,02) >; 

where, X = E(G). Consider the action of J on M. For V@ € 7, we define 

M?® := (Xo 2,070"); 

M’ :={M°M0ET}. 
Then we have the following lemmas. 
Lemma 8.5.1 Let G be a connected graph. Then for YM € &'(G), there exists an element 
t,T €F and an embedding Mo, Mo € &°(G) such that 

M=M) 

Lemma 8.5.2 For a connected graph G, 


&'(G) = {M"|M € &°(G), rE T}. 


We need to classify maps in &7(G). The following lemma is fundamental for this 


objective. 


Lemma 8.5.3 For maps M, M, € &°(G), if there exist g € AutG and t € T such that 
(M%)" = Mj, then there must be M, isomorphic to M and t € JTy,, and moreover, if 
M, = M, then g € AutM. 


Proof We only need to prove that if M° = Mj,g € AutG and t € 7,then t € Tyy,. 
Assume that M = (Lads Py, M, = Cl A), oP = CaC!_ FY; = Cec, and tT = Ts, 


where S Cc {C;}. For Vx € {C}, a direct calculation shows that 


Pr=.-. -(x,, 801), 802), ° . -, (1) (ax, wg(yr), ° : *, 2801) eae 


By es (FR, Ts Thay 5 FE (OTH, OZ, OTE) 2, [S.2;1) 


where 


Poa +++ (XX, X25°8 + XO V2 MS 


P, —.. (X, Z15 Z25° oa » Zs (AX, AZs, = -, 21) 
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and g(y) = x, 7; € vx,i € {1,2,---, 5} 
Since g € AutG, we know that 


{y, Yi5°7° 5s ye} = {Xj Mist? 5 Xs} 


= {x,Z1,°°+, Zs} (8.35.2) 
and t = s. Now we consider two cases. 
Case 1. x¢@5S. 
In this case, we get that #7 = --- (x, 721, 722,° ++, TZs)(@X, @TZs,°**,@TZ1)**+, from 


(8.5.2). Since Y4 = Y'5, we get that g(y1) = 721, g(¥2) = TZ2,°++, (Vs) = T2s. According 
to (8.5.2), we know that g(y1) = Z1,g(¥2) = Z2,°++, g(vs) = Zs. Therefore, z} ¢ S,Z ¢ 
S,-++,z; € S, thatis {vy} ZS. 


Case 2. xes., 


In this case, we have that a = +++ (AX, TZ, 72Z2,°°°, TZs)(X, ATZ5,°°*,QTZ)°++, Be- 
cause of Y& = Y °°, we get that g(y1) = atzs, g(y2) = ATZs-1,°°*, 80s) = @TZ. Ac- 
cording to (8.5.2) again, we find that g(y1) = Zs, g(y2) = Zs-1,°°', 8s) = Z1. Whence, 
zy € 9,2 €S,---,Z, € S, that is {v,} CS. 

Combining the discussion of Cases | and 2, we know that there exists a vertex subset 
V, Cc V(G) such that V; = S. Whence tT € Ty,. Since M® = Mj = M,, we get that M, is 
isomorphic to M. 

Now if M, = M, we also get that M% = M. Therefore, g ¢ Aut LO 


We get the following result by Lemmas 8.5.1 - 8.3.1. 


Theorem 8.5.1 Let G be a connected graph. Then 

(1) For VM3 € M7 ,M;* € M3, where M,, M2 € &°(G), if M7 is isomorphic to 
Ms", then M, is also isomorphic to M). 

(2) Fora given M € &°(G), VM, M™® © M”, there exists an isomorphism g such 
that g : M*’ — M® if and only if g € AutM and Tp € T,-\(5) Tu. 


Proof (1) Assume g ia an isomorphism between M;° and M5", thus (M;*)* = M;*. 
Since 


g'tse = &\({ [Gex)g=]| |e 'xag'y) 


xeS xeS 


[| (x, ax) = To-l(S)> 


xeg!(S) 
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we get that Ts g = gT,-1(5). Whence, 
(ME etsy" = My, 


According to Lemma 8.5.3, M,; is isomorphic to M). 
(2) Notice that there must be g € AutG. Since (MS )’ = M"’, we find that 


(MEY = M. 
According to Lemma 8.5.3 again, we get that 
g € AutM and Tp € Ty-(5)7 
On the other hand, if there exist 7 ¢ 7 and g € AutM such that tg = T,-1(5) + T, then 


(M")§ = (M8)'rt) = MTrt = M™, 


Therefore, g is an isomorphism between M™ and M". 


8.5.2 Enumerating Semi-Regular Map. We enumerate maps underlying a semi-regular 


graph on orientable or non-orientable surfaces. 


Lemma 8.5.4 Let G = (V, E) be a semi-regular graph. Then for € € AutG 


d(x) 
|\b°(é)| = 
N= LT Saiaas ica) 


and dts) 
wo! qITe\- ITY x 1)!, 
ID" (S)| = Ua ) 


where, i ‘ i are the representations of orbits of € acting on V(G) and E(G) , respectively 
and En,.x) the restriction of € to Ng(x). 


Proof According to Theorem 8.5.1, we know that 
&'(G) ={A'|F € &(G),tET} 


Notice that if Mf = M, then M™S = M™. Now since AutG is semi-regular acting on E(G), 


we can assume that 


Elv@ = (a, b,- Po *(d,e,-++, f+ y+ 52) 
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and 
lng = (ei sias*** seu, *** (en. Ca? ea)? * Ces Cae * 52a,): 


For a stable orientable embedding My = (E(G)a, Ao) under the action of €, it is clear 
that 
\O(MZ, £)| = 277AElea)-orbteiv), 


where orb(€) gq and orb(é|y)) are the number of orbits of E(G), V(G) under the action 
of € and we subtract orb(é|yg)) because one of quadricells in vertices a,--+,d,-+-,x can 
be chosen first in our enumeration. Now since orb(€|zG)) = IT? | and orb(élyq)) = Ite |, 
we get that 

\D(Mg , €)| = 22, 


Notice that if the rotation of the quadricells adjacent to the vertex a has been given, 
then the rotations adjacent to the vertices b,---,c are uniquely determined if the cor- 
respondence embedding is stable under the action of €. Similarly, if a rotation of the 
quadricells adjacent to the vertices a,---,d,---,x have been given, then the map M = 
(E(G)ag,P) is uniquely determined if M is stable under the action of €. Since €|y,x) is 


semi-regular, for Vx € V(G) we can assume that 
ElNgw = (x, x, Paes YF, xt? wee, x) see (oe, Ele Ds42 wee, x”). 


Consequently, we get that 


us 
wo? = {jh oO 


According to the Corollary 8.3.1, we get enumeration results following. 


Theorem 8.5.2 Let G be a semi-regular graph. Then the numbers of maps underlying the 


graph G on orientable or non-orientable surfaces are respectively 


d(x) 
n? G = 
= Ta amar 101 cas aC 


E€AutG 


and 
‘(G) 


x Smet — ae TN cava a is 


= al loa ole) 


1 
where A(E) = 1 if o(€) = O(mod2) and 7 otherwise. 
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Proof By the Corollary 8.3.1, we know that 


1 
O G)= Mp? 
n’(G) JAut,G] > ID; (8) 
2 geet 


and 


ye _ 1 vi 
beh 


According to the Theorem 7.3.4, all automorphisms of orientable maps underlying graph 


G are respectively 
gl and ah|**#, g, h € AutG with o(h) = 0(mod2). 

and all the automorphisms of non-orientable maps underlying graph G are also 
gl? and ah|***, g,h € AutG with o(h) = 0(mod2). 


Whence, we get the number of orientable maps by the Lemma 8.5.4 as follows. 


Mo? 
aa sa SY) 1©7(9) 


geAutG 


1 d(x) 
ye eae, 
2|AutG| (Dy aes 


4 by i 1)!) 


se AutG,o(6)=0(mod2) xeTY o(S|new) 


d(x) 
= — 1), 
[Au ral , fg OE oes ess 


€€AutG 


n°(G) 


Similarly, we enumerate maps underlying ah G on locally orientable surface by 
(8.3.3) in Corollary 8.3.1 following. 


“ug - —1_ r 
n(G) = aul D, Me 


E 4 
ITE |-ITY| 


1 — d(x) 
7 nh 
TAutGl 2 | | nce 


E€AutG xeT} 


E Vv d(x) 
Q ITS IITs | =» 1\t 
i py tA? a 


¢¢€AutG,o(¢)=0(mod2) 


E d(x) 
_ qeygiter ine 
ancl 2, © UT Sanaa a 


€€AutG 
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Notice that 2°(G) + n(G) = n“(G). We get the number of maps on non-orientable 


surfaces underlying graph G to be 


n“(G) = oe —n°(G) 
d(x) 
= ITZ I= ITY | ahr — 
<a eu ©) Is o(Elvew) 
This completes the proof. L 


Furthermore, if G is k-regular, we get a simple result for the numbers of maps on 


orientable or non-orientable surfaces following. 


Corollary 8.5.1 Let G be a k-regular semi-regular graph. Then the numbers of maps on 


orientable or non-orientable a underlying graph G are respectively 


O = _ ITY 
Dare “- x ), Merk 1)!T 


and 


n\(G) = x DS) Ag y(2Tl — 1) = 1), 


geAutG 


|AutG| 


1 
where, A(E) = 1 if o(€) = O(mod2) and 7 otherwise. 


Proof Notice that for Vé € AutG, & is semi-regular acting on ordered pairs of adja- 
cent vertices of G. Therefore, € is an orientation-preserving automorphism of map with 
underlying graph of G. 


Assume that 
Ev@ = (a',@,-++, a@°)(b', B,D) (el, cy, c°). 


It can be directly checked that for Ve € E(G), 


The later is true only if s is an even number. Therefore, we have that 


Vxe V(G), O(ENn,-(x)) = 1. 


Whence, we get n?(G) and n‘(G) by Theorem 8.5.2. oO 


Similarly, if G = Cay(Z, : S) for a prime p, we can also get closed formulas for the 


number of maps underlying graph I. 
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Corollary 8.5.2 Let G = Cay(Z, : S) be a connected graph of prime order p with 
(p —1,|S|) = 2. Then 


(\S| = 1)? + 2p(S| =D! + (p— DUS|= D! 


O — 
n°(G, M) = i, 
and 
b | =— 2p 


4p 


Proof We calculate tgs |,|T : | now. Since p is a prime number, there are p—1 elements 
of degree p, p elements of degree 2 and one element of degree 1. Therefore, we know 
that 


1, if o(g)=p 
IT%l=, 22, if o(g)=2 
p, if o(g)=1 
and 
Ey _ IS]: = 
ITv|=) 2, if o(g)=2 
pS! if o(g)=1 
Notice that AutG = D, and there are p elements order 2, one order 1 and p — 1 order p. 


Whence, we have 


(\S|- DP? + 2pS|- DI + (p- DUS! = D! 


O — 
n°’ (G, @) = z 
and 
2 ap 


4p 


By Corollary 8.5.1. 
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§8.6 THE ENUMERATION OF A BOUQUET ON SURFACES 


8.6.1 Cycle Index of Group. Let (IT; 0) be a group. Its cycle index of a group, denoted 
by Z(I3 51, 52,°-+, S,) is defined by 


1 a Ax( P) 
ZL 2 Si5:85,°**58)) = iG »s ge) 8), » sinl8) 


where, 1;(g) is the number of i-cycles in the cycle decomposition of g. For the symmetric 
group S,,, its cycle index is known to be 


ty Ay Pa 
Sp Sy 00 Sy 


LAS a5 Sis S2,°° 5 Sp) = Tay ID Agl--- Keyl _ eal 


Ay t+2Agt--+kAg=n 


For example, we have that Z(S>) = a ae 


. By aresult of Polya ( See [GrW1] for details), 
we know that the cycle index of S',[S > is 


es 1 +82 s3+84 S2+82K 
2 


om Ae oer ot aki “cose 
2"n! Th Pal Ag! 


A, +2AQ4++-+kAp=n 


Z(S alS 2]; 51, 82,°**, San) = 


8.6.2 Enumerating One-Vertex Map. For any integer k, k|2n, let J, be the conjugacy 
class in S,,[$] with each cycle in the decomposition of a permutation in J; being k-cycle. 
According to Corollary 8.3.1, we need to determine the numbers |®°()| and |®4()| for 


each automorphism of map underlying B,,. 


Lemma 8.6.1 Let € = i (C@)aC@a-") € J, be a cycle decomposition of €, where 
=1 
C(i) = (X41, Xj25° ++ Xi) I 7 ak-cycle. Then 


(1) Ifk # 2n, then 
oe = KS - 1 
and if k = 2n, then |®°(€)| = ¢(2n). 
(2) Ifk => 3 andk # 2n, then 


2n 


[D"(E)| = (2k)F e — 1)! 


and 
|O*(é)| = 2"(2n- 1)! 


if E = (X1)(X2) ++ + (Xn)(@X1 (aX2) + + (@Xp_)M(BxX1)(BX2) + + + (BXn)(@BX1 (@Bx2) +++ (@BX_), and 
|o"(é)| = 
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if & = (x1, @BX1)(X2, ABX2) ++ + (Xn, MBXn)(AX1, BX1 (@X2, BX2) +++ (@Xn,BXn), and 


o@|=— 
~ (n—2s)!s! 
if E = C3 &,€2,°°+,&€, and £ € Epn-2 5) for some integer s, €; = (1,aB) forl <is<s 


and €; = | fors+1< j <n, where )n-2s 5; denotes the conjugate class with the type 


[17-25, 2°] in the symmetry group S ,, and 
\D*(S)] = G(2n) 


if E = 0; €, €2,°+-,€, and @ € Gy and €; = 1 forl1 <i<n-—1, €, = (1, a8), where ¢(t) 


is the Euler function. 


2 
Proof (1) Notice that for a representation of C(i), i = 1,2,---, =, because the 
group (Y,,, @B) is not transitive on 2%, there is one and only one stable orientable map 
B, = (Lup, Pn) with X = E(B,) and Y, = C(aC'a), where, 


C= (X11; X25" _ a Mate M21 a¥220° a » Xing Hikes Laks * _ » X24). 


2 
Counting ways for each possible order for C(i),i = 1,2,---, - and different representa- 
tions for C(i), we know that , 
JO°@) = RS - 
for k # 2n. 
Now if k = 2n, then the permutation is itself a map underlying graph B,. Whence, 


its power is also an automorphism of this map. Therefore, we get that 
|©°(E)| = $(2n). 


(2) Fork > 3 and k # 2n, because the group (¥,, a) is transitive on 24, or 
not, we can interchange C(i) by wC(i)'a™! for each cycle not containing the quadricell 
x1. Notice that we get the same map if the two sides of some edges are interchanged 
altogether or not. Whence, we find that 


2n 2n 2n 


|o*)| = 2F-1yea == ane =. 


Now if & = (x1, @Bx) )(X2, @BX2) ++ + (Xn, MBXn)(AX], BX1 )(@X2, BX2) ++ *(AXn, BXy), there 
is one and only one stable map (.2%,, Y,) under the action of €, where 


1 
P= (Ki My 5 Rng OP Mis OP Ma, + *, CBX, (OM; Xj, 5 PA OA, * OM); 
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which is orientable. Whence, |®/(€)| = |®°(é)| = 1. 

Tf & = (x1 )(%2) +++ (An )(@x1 )(@X2) ++ + (@Xn)(BX1 (BX2) ++ + (BXn)(ABX1 (ABX2) +++ (@BXn), 
we can interchange (@Gx;) with (Gx;) and obtain different embeddings of B,, on surfaces. 
Whence, 

|o*(€)| = 2"(2n - 1)! 


Now if € = (€; €1, €2,°++,&,) and € € En-2s 9s) for some integer s, ¢; = (1, a8) for 
1<is< sande; = 1 fors+1< j <n, wecan not interchange (x;, a6x;) with (a@x;, Bx;) 
to get different embeddings of B,, for it is just interchanging the two sides of one edge. 


Consequently, we get that 


n! s n! 


|o"(é)| = T-25(q — 2s)l2°s1 x2" = @—2aylst 

For € = (65 €1, €2,°++,&,), 0 € Gj and €; = 1 for1 <i<n—1, €, = (1, a8), we can 
not get different embeddings of B,, by interchanging the two conjugate cycles. Whence, 
we get that 


|O“(€)| = |©°()| = (27). 


This completes the proof. L 


Now we enumerate maps on surfaces underlying graph B,, by Lemma 8.6.1. 


Theorem 8.6.1 For an integer n > 1, the number n°(B,,) of maps on orientable surfaces 


underlying graph B,, is 


an_, ,2n 1 dF (Z(S,[S2])) 
n?(Bn) = ke (= = 1)! n —— le 
2. k (3)! as 
AZ(S »LS 2])) 


+ (21) I san =0 
2n 


Proof According to the formula (8.3.1) in Corollary 8.3.1, we know that 


1 
n?(B,) = ———— |o"(é)). 
2 x 2"! sas 


Since for Vé,,é € S,[S.], if there exists an element 6 € S,,[S] such that € = 6€,0"', 
then |©°(€,)| = |®°(é)| and |©°(é)| = |®°(€a)|. Notice that |®°(é)| has been gotten by 
Lemma 8.6.1. Applying Lemma 8.6.1(1) and the cycle index Z(S,[S2]), we get that 
1 2n 2n 
O _ Ce 
n(Bn) = sql Dy REM DUTal + $2) Tonl) 


* kl2n,k#2n 


Sec.8.6 The Enumeration of Bouquet on Surfaces 303 


7 py Gace 1): - eee 
k|2n,k#2n k (=) ! Os® 
k 
O(Z(S »[S2])) 


+6(21) FN san=0 
2n 


Now we consider maps on non-orientable surfaces underlying graph B,,. Similar to 
the discussion of Theorem 8.6.1, we get the following enumeration result for the maps on 


non-orientable surfaces. 


Theorem 8.6.2 For an integer n > 1, the number n(B,) of maps on non-orientable 


surfaces underlying graph B,, is 


2n - 1)! nD dF (Z(S ,[S 
nip, = So, 2K py EOD) 
a K2n,3Sk<2n i Os * 


Man yy PLSnlS2)), 
Pala Ga dayat 74° ~ DG Ino ~ LD) 


Proof Similar to the proof of Theorem 8.6.1, applying formula (1.3.3) in Corollary 
8.3.1 and Lemma 8.6.1(2), we get that 


(2n - 1) 


! O"(Z(S »LS 
— a" + $2n) (Z(S »LS 2) 


ast lsaaed 


1 n! . A"(Z(S nlS2)) ; 
rat Dy (n—2s)!s! Tae rn - L51)) 


2) # 1S — yy EE 


kl2n,3<k<2n Os; 


n'(Bn) 


+ 


Notice that n?(B,,) + n’(B,,) = n“(B,). Applying Theorem 8.6.1, we find that 


(2n — 1)! in_4 On Or (ZS (Sal) 
n'(B,) = ——— + (2K FMS - pyle 0 
: K2n,3<k<2n Os 


: = RE TCACACLICE)) EL 
Pal Qa Geaasyel * 2 ode ee 


This completes the proof. 


Calculation shows that 
Sits. 


Z(S {[S2]) = 


and 
St + Qsts. + 355 +254 


Z(S2[S2]) = 3 , 
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Whence, if n = 2, calculation shows that there are 1 map on the plane, 2 maps on the 
projective plane, 1 map on the torus and 2 maps on the Klein bottle. All of those maps are 


non-isomorphic and the same as gotten by Theorems 8.6.1 and 8.6.2 shown in Fig.8.6.1. 


§8.7 REMARKS 


8.7.1 The enumeration problem of maps was first introduced by Tutte on planar rooted 
triangulation by solving a functional equation in 1962. After him, more and more papers 
and enumeration result on rooted maps on surfaces published. For surveying such an 


enumeration, the readers are refereed to references [Liu2]-[Liu4] for details. 


8.7.2 The enumeration of rooted maps on surfaces is canonically by an analytic approach. 


Usually, this approach for enumeration of rooted maps applies four steps as follows: 


STEP 1. Decompose the set of rooted maps M considered; 
STEP 2. Define the enumeration function fy on maps by parameters, such as those of 


order n(M), size m(M), valency of rooted vertex or rooted face, --- of maps, for example, 
fu= >, tM) fuz >» nM) fu >; 7M) nM) and fy = >, "(M) yn(M) 21M) 
MeM MeM MeM MeM 


are four enumeration functions respectively by order n(M), size m(M) and valency of 


rooted vertex /(M) of map and then establish equations satisfied by fi. 
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STEP 3. Find properly parametric expression for variables x, y, z, --- 
STEP 4. Applying the Lagrange inversion, i.e., if x = t¢(x) with ¢(0) # 0, then 


ti du! id 
f(x) = f+ 35 — (0 sy 


solves the equations for enumeration. 


The importance of Theorems 8.1.7 and 8.1.8 is that they clarify the essence of the 


enumeration of rooted maps on surfaces, i.e., a calculation of the summation 


2e(G) [] (ep) - 1)! DAoC) TL @@)=1)! 
YY veV(G) ot .y veV(G) 
ea |Aut: G| ee |Aut: G| 
where G denotes a graph family. For example, we know that the number of rooted tree of 


size nis ie Whence, 


I] @-D)! 


deD(T) _ Gn-1)! 


ore |AutT| n'(n + 1)! 


where J and D(T) denote sets of non-isomorphic trees of size n and the valency sequence 
of a tree T € J, respectively. 

Similarly, Theorem 8.2.1 implies the enumeration of rooted maps on a surface S of 
genus i is in fact a calculation of the summation 


2e(G)gi(G) 


Ga |Aut: GI 


where G(S ) denotes a graph family embeddable on S. For example, We know that there 


are 
2(2n — 1)\(2n + 1)! 


(n+2)\(n+ 1)!!n!(~m — 1)! 
planar cubic hamiltonian rooted maps. Whence, 
y 2e(G)g(G) 22n—-1)!(2n+ 1)! 
LA lAutG| ~~ (n+2)\(n+ D!lal(n-— DV 


where @, denotes the family of hamiltonian cubic. 


8.7.3. By applying Burnside lemma, Biggs and White suggested a scheme for enumerat- 


ing non-equivalent embeddings of a graph G on surfaces, 1.e., orbits under the action of 
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AutG on all embeddings of G in [BiW1]. Such an action is in fact orientation-preserving. 
Theorem 8.3.2 is a generalization of their result by considering the action of Aut 1 Gx <a) 
on all embeddings of G on surfaces. This scheme enables one to find non-isomorphic 
maps on surfaces underlying a graph. Indeed, complete maps, semi-regular maps and 
one-vertex maps are enumerated in Sections 8.4-8.6. Certainly, there are more maps on 


surfaces needed to enumerated, such as those of maps included in problems following. 


Problem 8.7.1. Enumerate maps on surfaces underlying a vertex-transitive, an edge- 


transitive or a regular graph, particularly, a Cayley graph Cay(T : S). 


Problem 8.7.2 Enumeration maps on surfaces underlying a graph G with known Aut 1 G, 


such as those of Cy, X Pz and Cy, X C, X C; for integers n, m, 1 > 1. 


Problem 8.7.3. Enumerate a typical maps underlying a graph, for example, regular maps 


or Cayley maps. 


The enumeration of maps on surfaces underlying a graph also brings about problems 


following on graphs. 


Problem 8.7.4 Find a graph family G on a surface S such that the number of non- 


isomorphic maps underlying graph in G is summable. 


Problem 8.7.5 Fora surface S and an integer n > 2, determine the family G,(S ) embed- 
dable on S with |Aut:| = nforV¥G €G,(S). 


CHAPTER 9. 


Isometries on Smarandache Geometry 


We have known that classical geometry includes those of Euclid geometry, 
Lobachevshy-Bolyai-Gauss geometry and Riemann geometry. Each of the 
later two is proposed by denial the 5th postulate for parallel lines in Euclid 
postulates on geometry. For generalizing classical geometry, a new geometry, 
called Smarandache geometry was proposed by Smarandache in 1969, which 
may enables these three geometries to be united in the same space altogether 
such that it can be either partially Euclidean and partially non-Euclidean, or 
non-Euclidean. Such a geometry is really a hybridization of these geome- 
tries. It is important for destroying the law that all points are equal in status 
and introducing contradictory laws in a same geometrical space. For an in- 
troduction to such geometry, we formally define Smarandache geometry, par- 
ticularly, those of mixed geometries in Section 9.1, and classify s-manifolds, 
a kind of Smarandache 2-manifolds by applying planar maps in Section 2. 
After then, Sections 3 and 4 concentrate on the isometries on finite or infi- 
nite pseudo-Euclidean spaces (R", 4) by verifying the action of isometries of 
R’ on (R", w) for n = 2. Certainly, all isometries on finite pseudo-Euclidean 
spaces (R”, 44) are automorphisms of (R”, jz), and can be characterized combi- 
natorially by that of maps on surfaces if n = 2 or embedded graphs in R” if 


n> 3. 
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§9.1 SMARANDACHE GEOMETRY 


9.1.1 Geometrical Axiom. As we known, the Euclidean geometrical axiom system 


consists of five axioms following: 


(E1) There is a straight line between any two points. 

(E2) A finite straight line can produce a infinite straight line continuously. 

(E3) Any point and a distance can describe a circle. 

(E4) All right angles are equal to one another. 

(E5) If a straight line falling on two straight lines make the interior angles on the 
same side less than two right angles, then the two straight lines, if produced indefinitely, 


meet on that side on which are the angles less than the two right angles. 


The last axiom (E5) is usually replaced by: 


(ES’) For a given line and a point exterior this line, there is one line parallel to this 


line. 


Then a hyperbolic geometry is replaced axiom (E5) by (L5) following 


(L5) There are infinitely many lines parallel to a given line passing through an 


exterior point, 


and an elliptic geometry is replaced axiom (E5) by (R5) following: 


There are no parallel to a given line passing through an exterior point. 


9.1.2 Smarandache Geometry. These non-Euclidean geometries constructed in the 
previous subsection implies that one can find more non-Euclidean geometries replacing 
Euclidean axioms by non-Euclidean axioms. In fact, a Smarandache geometry is such a 


geometry by denied some axioms (E1)-(E5) following. 


Definition 9.1.1 A rule R € R in a mathematical system (%;R) is said to be Smaran- 
dachely denied if it behaves in at least two different ways within the same set X, i.e., 


validated and invalided, or only invalided but in multiple distinct ways. 


Definition 9.1.2 A Smarandache geometry is such a geometry in which there are at 
least one Smarandachely denied ruler and a Smarandache manifold (M; A) is an n- 
dimensional manifold M that support a Smarandache geometry by Smarandachely denied 


axioms in A. 
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In a Smarandache geometry, points, lines, planes, spaces, triangles, --- are called 
respectively s-points, s-lines, s-planes, s-spaces, s-triangles, --- in order to distinguish 


them from that in classical geometry. 


Example 9.1.1 Let us consider a Euclidean plane R? and three non-collinear points A, B 
and C. Define s-points as all usual Euclidean points on R? and s-lines any Euclidean line 
that passes through one and only one of points A, B and C. Then such a geometry is a 


Smarandache geometry by the following observations. 


Observation 1. The axiom (E1) that through any two distinct points there exist 
one line passing through them is now replaced by: one s-line and no s-line. Notice that 
through any two distinct s-points D,E collinear with one of A,B and C, there is one 
s-line passing through them and through any two distinct s-points F,G lying on AB or 
non-collinear with one of A, B and C, there is no s-line passing through them such as 
those shown in Fig.9.1.1(a). 

Observation 2. The axiom (E5) that through a point exterior to a given line there is 
only one parallel passing through it is now replaced by two statements: one parallel and 
no parallel. Let L be an s-line passes through C and is parallel in the Euclidean sense to 
AB. Notice that through any s-point not lying on AB there is one s-line parallel to L and 
through any other s-point lying on AB there is no s-lines parallel to L such as those shown 
in Fig.9.1.1(b). 


L 
b 


Fig.9.1.1 


9.1.3 Mixed Geometry. In references [Smal]-[Sma2], Smarandache introduced a 
few mixed geometries, such as those of the paradoxist geometry, the non-geometry, the 
counter-projective geometry and the anti-geometry by contradicts axioms (£1) — (£5) 
in a Euclid geometry following. All of these geometries are examples of Smarandache 


geometry. 
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Paradoxist Geometry. In this geometry, its axioms consist of (E1)— (£4) and one of the 


following: 


(1) There are at least a straight line and a point exterior to it in this space for which 
any line that passes through the point intersect the initial line. 

(2) There are at least a straight line and a point exterior to it in this space for which 
only one line passes through the point and does not intersect the initial line. 

(3) There are at least a straight line and a point exterior to it in this space for which 
only a finite number of lines /,, ,---,/,, k = 2 pass through the point and do not intersect 
the initial line. 

(4) There are at least a straight line and a point exterior to it in this space for which 
an infinite number of lines pass through the point (but not all of them) and do not intersect 
the initial line. 

(5) There are at least a straight line and a point exterior to it in this space for which 


any line that passes through the point and does not intersect the initial line. 


Non-Geometry. The non-geometry is a geometry by denial some axioms of (F1)— (£5), 


such as those of the following: 


(E1~) It is not always possible to draw a line from an arbitrary point to another 
arbitrary point. 

(£2-) It is not always possible to extend by continuity a finite line to an infinite line. 

(E3-) It is not always possible to draw a circle from an arbitrary point and of an 
arbitrary interval. 

(E4-) Not all the right angles are congruent. 

(E5~) If a line cutting two other lines forms the interior angles of the same side of it 
strictly less than two right angle, then not always the two lines extended towards infinite 


cut each other in the side where the angles are strictly less than two right angle. 


Counter-Projective Geometry. Denoted by P the point set, L the line set and R a relation 
included in PX L. A counter-projective geometry is a geometry with these counter-axioms 
(C) — (C3) following: 


(C1) There exist either at least two lines, or no line, that contains two given distinct 
points. 

(C2) Let p1, p2, p3 be three non-collinear points and q;, g2 two distinct points. Sup- 
pose that {p1.g1, p3} and {p2, g2, p3} are collinear triples. Then the line containing p;, p2 
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and the line containing gq, gz do not intersect. 


(C3) Every line contains at most two distinct points. 


Anti-Geometry. A geometry by denial some axioms of the Hilbert’s 21 axioms of Eu- 


clidean geometry. 


§9.2 CLASSIFYING ISERI’S MANIFOLDS 


9.2.1 Iseri’s Manifold. The idea of Iseri’s manifolds was based on a paper [Wee1] and 
credited to W.Thurston. A more general idea can be found in [PoS1]. Such a manifold is 


combinatorially defined in [Ise1] as follows: 


An Iseri’s manifold is any collection C(T,n) of these equilateral triangular disks 


T;, 1 <i<n satisfying the following conditions: 


(1) Each edge e is the identification of at most two edges e;, e; in two distinct trian- 
gular disks T;,T;,1 < i,j <nandi # j; 
(2) Each vertex v is the identification of one vertex in each of five, six or seven 


distinct triangular disks. 


The vertices of an Iseri’s manifold are classified by the number of the disks around 
them. A vertex around five, six or seven triangular disks is called an elliptic vertex, a 
Euclid vertex or a hyperbolic vertex, respectively. 

An Iseri’s manifold is called closed if the number of triangular disks is finite and 
each edge is shared by exactly two triangular disks, each vertex is completely around 
by triangular disks. It is obvious that a closed Iseri’s manifold is a surface and its Euler 
characteristic can be defined by Theorem 4.2.6. 

Two Iseri’s manifolds C,(7, n) and C2(T, n) are called to be isomorphic if there is an 
1 — 1 mapping Tt : C\(7,n) — C,(T,n) such that for VT|,7) € C\(T,n), t(T) (1) T2) = 
T(T1) (\ T(72). If CT, n) = Ci(T,n) = C(T,n), T is called an automorphism of Iseri’s 
manifold C(T, n). All automorphisms of an Iseri’s manifold form a group under the com- 


position operation, called the automorphism group of C(T, 7) and denoted by AutC(7, n). 


9.2.2 A Model of Closed Iseri’s Manifold. For a closed Iseri’s manifold C(7, 7), we 
can define a map M by V(M) = {the vertices in C(T,n)}, E(M) = {the edges in C(T, n)} 
and F(M) = {T,T € C(T,n)}. Then M is a triangular map with vertex valency € {5, 6, 7}. 
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On the other hand, if M is a triangular map on surface with vertex valencye {5, 6,7}, we 
can define an Iseri’s manifold C(T, 6(M)) by 


CT, 6M) = {flf € FMD}. 


Then C(T, ¢(M)) is an Iseri’s manifold. Consequently, we get a result following. 


Theorem 9.2.1 Let Ce n), M(T,n) and M*(T,n) be the set of Iseri’s manifolds with n 
triangular disks, triangular maps with n faces and vertex valency € {5,6,7} and cubic 


maps of order n with face valency € {5, 6,7}. Then 


(1) There is a bijection between M(T, n) and Cm: n); 
(2) There is also a bijection between M*(T,n) and C(T, n). 


According to Theorem 9.2.1, we get the following result for the automorphisms of 


an Iseri’s manifold following. 


Theorem 9.2.2 Let C(T,n) be a closed s-manifold with negative Euler characteristic. 
Then |AutC(T, n)| < 6n and 


|AutC(T, n)| < —21y(C(T, n)), 


with equality hold only if C(T,n) is hyperbolic, where y(C(T,n)) denotes the genus of 
C(T, n). 


Proof The inequality |AutC(T, n)| < 6n is known by the Corollary 6.4.1. Similar to 
the proof of Theorem 6.4.2, we know that 


—xX(C(T, n)) 
e(C(T,n)) = A 
3k 
1 
here k = ————— iv; < 7 and with th lity holds only if k = 7, 1.e., C(T,n) 1 
where Cn) 2 iv and wi e equality holds only 1 1.e., C(T,n) is 
hyperbolic. L 


9.2.3 Classifying Closed Iseri’s Manifolds. According to Theorem 9.2.1, we can clas- 
sify closedIseri’s manifolds by that of triangular maps with valency in {5, 6, 7} as follows: 
Classical Type: 

(1) A; = {5 — regular triangular maps} (elliptic); 

(2) Ao = {6 — regular triangular maps}(euclid); 
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(3) As = {7 — regular triangular maps}(hyperbolic). 
Smarandachely Type: 


(4) Ay = {triangular maps with vertex valency 5 and 6} (euclid-elliptic); 
(5) As = {triangular maps with vertex valency 5 and 7} (elliptic-hyperbolic); 
(6) Ag = {triangular maps with vertex valency 6 and 7} (euclid-hyperbolic); 


(7) A; = {triangular maps with vertex valency 5, 6 and 7} (mixed). 


We prove each of these types is not empty following. 


Theorem 9.2.3 For classical types A, — A3, there are 
(1) A; = {O29, Pio}; 
(2) A = {T;, Kj, 1 < i, j < +00}; 
(3) Ay = {H;, 1 <i < +00}, 
where Ox, P19 are shown in Fig.9.2.1, T3, K3 are shown in Fig.9.2.2 and H, is the Hurwitz 


maps, i.e., triangular maps of valency 7. 


1 


a 


T6 Kg 


Fig.9.2.2 
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Proof If M is a k-regular triangulation, we get that 2e(M) = 3¢(M) = ky(M). 


Whence, we have 
3¢(M) 
2 


By the Euler-Poincare formula, we know that 


and y(M) = mas 


eE(M) = 


a. 
AME) = VM) SEMEN) = (oe OC): 


o(M) 


If M is elliptic, then k = 5. Whence, y(M) = > 0. Therefore, if M is orientable, 
then y(M) = 2, Whence, ¢(M) = 20,v(M) = 12 and e(M) = 30, which is just the 
map Oy9. If M is non-orientable, then y(M) = 1, Whence, dM) = 10,v(M) = 6 and 
é(M) = 15, which is the map Pj. 

If M is Euclidean, then k = 6. Thus y(M) = 0, i.e., M is a 6-regular triangulation 7; 
or K; for some integer / or j on the torus or Klein bottle, which is infinite. 

If M is hyperbolic, then k = 7. Whence, y(M) < 0. M is a 7-regular triangulation, 


i.e., the Hurwitz map. According to the results in [Sur], there are infinite Hurwitz maps 


on surfaces. This completes the proof. L 


For these Smarandache Types, the situation is complex. But we can also obtain the 
enumeration results for each of the types A, - A;. First, we prove a condition for the 


numbers of vertex valency 5 with that of 7. 
Lemma 9.2.1 Let C(T,n) be an Iseri’s manifold. Then 
v7 2V5 +2 


if x(C(T, n)) < —1 and 


V7 < v5 —2 
if y(C(T, n)) = 1, where v; denotes the number of vertices of valency i in C(T, n). 


Proof Notice that we have know 


- T 
aye. 


3° OK 
where k is the average valency of vertices in C(T,n). Since 
_ Svs + 66 + 77 
V5 + V6 + V7 


and e(C(T,n)) = 3. Consequently, we get that 
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(1) If y(C(7, n)) < -1, then 


1 2v5 + 2v6 + 27 <a 
3 5 v5 + 6V6 + TV7 , 


1e., v7 > vs + 1. Now if v7 = vs + 1, then 
5v5 + 6V6 + 7¥7 = 12v5 + 6V6 + 7 = 1(mod2). 
Contradicts to the fact that 


> po(v) = 2e(G) = 0(mod2) 


veV(G) 


for a graph G. Whence there must be 
V7 > V5 +2. 


(2) If y(C(T, n)) = 1, then 


1 2v5 + 2v6 + 27 ze 
3 5v5 + 6V6 + 7¥7 , 


1.€., V7 < v5 — 1. Now if v7 = vs — 1, then 
5v5 + 6V6 + 7¥7 = 12v5 + 6V6 — 7 = 1(mod2). 


Also contradicts to the fact that 


> po(v) = 2e(G) = 0(mod2) 


veV(G) 


for a graph G. Whence, there must be 


V7 < V5-2. 


Corollary 9.2.1 There are no Iseri’s manifolds C(T, n) such that 
evs] 1, 


where v; denotes the number of vertices of valency 7 in C(T, 7). 


Define an operator © : M — M* on a triangulation M of a surface by 
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Choose each midpoint on each edge in M and connect the midpoint in each triangle 
as shown in Fig.9.2.3. Then the resultant M* is a triangulation of the same surface and 


the valency of each new vertex is 6. 


Fig. 9.2.3 


Then we get the following result. 


Theorem 9.2.4 For these Smarandache Types A4-Az, there are 


(1) |As| = 2; 
(2) Each of |Aq|, |Ag| and |A| is infinite. 


Proof For M ¢€ Aq, let k be the average valency of vertices in M. Since 


_(M 

pa 2G and eae. 
V5 + V6 L @ 

3 Ok 


we have that y(M) = 1. Calculation shows that v5 = 6 if y(M) = | and v5 = 12 if 
X(M) = 2. We can construct a triangulation with vertex valency 5, 6 on the plane and the 


projective plane in Fig.9.2.4. 


(a) (b) 


Fig.9.2.4 


Now let M be a map in Fig.9.2.4. Then M® is also a triangulation of the same surface 
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with vertex valency 5,6 and M® # M. Whence, |A,| is infinite. 
For M € As, by the Lemma 9.2.1, we know that v7 < vs — 2 if y(M) > 1 and 
V7 => v5 +2 if y(M) < —1. We construct a triangulation on the plane and projective plane 


in Pig:9.2.5. 


Fig.9.2.5 


6V6 + 7 ; 
For M € Ag, we know that k = ORME ELS > 6. Whence, y(M) < —-1. Since 


V6 + V7 
36(M) = 6v6 + 7v7 = 2E(M), we get that 
6V6 + 77 6V6 + 77 
=| 
Therefore, we have v7 = —y(M). Notice that there are infinite Hurwitz maps M on sur- 


V6 + V7 - = y(M),. 


faces. Then the resultant triangular map M* is a triangulation with vertex valency 6, 7 and 
M* # M. Thus |Ag| is infinite. 


For M ¢€ Aj, we construct a triangulation with vertex valency 5, 6, 7 in Fig.9.2.6. 


Fig.9.2.6 


Let M be one of the maps in Fig.9.2.6. Then the action of © on M results infinite 


triangulations of valency 5,6 or 7. This completes the proof. 


For the set As, we have the following conjecture. 


Conjecture 9.2.1 The number |As| is infinite. 
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§9.3 ISOMETRIES OF SMARANDACHE 2-MANIFOLDS 


9.3.1 Smarandachely Automorphism. Let (/;.A) be a Smarandache manifold. By 
definition a Smarandachely denied axiom A € A can be considered as an action of A 
on subsets S c M, denoted by S$“. Now let (M;;.A,) and (M2;.A2) be two Smarandache 
manifolds, where A;, A» are the Smarandachely denied axioms on manifolds M, and M), 
respectively. They are said to be isomorphic if there is | — 1 mappings t : M; — Mp) and 
ao : A, — Ay such that r(S4) = r(S$)°™ for VS Cc M, and A € A. Such a pair (7, c) is 
called an isomorphism between (M,; A,) and (M); Az). Particularly, if M, = M, = M and 
A, = Ay = A, such an isomorphism (rt, 0) is called a Smarandachely automorphism of 
(M, A). Clearly, all such automorphisms of (M,.A) form an group under the composition 
operation on Tt for a given o. Denoted by Aut(M, A). 


9.3.2 Isometry on R*. Let X be a set andp : X x X — Ra metric on X, ice., 


(1) p(x, y) = 0 for x, y € X, and with equality hold if and only if x = y; 
(2) p(x, y) = pQ, x) for x,y € X; 
(3) p(x, y) + p(y, Z) = p(x, z) for x,y,z € X. 


A set X with such a metric p is called a metric space, denoted by (X, p). 


Example 9.3.1 Let R* = { (x,y) | x,y € R }. Define 


p(X1, X2) = V(x — x2)? + On -— y2)” 


for x; = (x1, 1), Xo = (%2, y2) € R*. Then such ap is a metric on R’. We verify conditions 
(1)-(3) in the following. 
Clearly, conditions (1) and (2) are consequence of x* = 0 => x = 0 and x” = (—x)’ 


for x € R. Now let (x;,y;), (x2, y2) and (x3, y3) be three points on R? with 


(x2,y2) = (%1 +41,¥1 + bi) 


(x1 + a, + G2, y, + by + bp) 


(x3, y3) 


Then the condition (3) implies that 


Vath + Jaet+b5> Vay +a)? + (bi +b), 


which can be verified to be hold immediately. 
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An isometry of a metric space (X, p) is a bijective mapping ¢ : X — X that preserves 
distance, i.e., o(¢(x), d(y)) = p(x, y). Denote by Isom(X, p) the set of all isometries of 
(X, ce). Then we know the following. 


Theorem 9.3.1 Isom(X, p) is a group under the composition operation of mapping. 


Proof Clearly, 1x € Isom(X) and if ¢ € Isom(X), then ¢' € Isom(X). Furthermore, 
if 1, ¢2 € Isom(X), by definition we know that 


P(P162(X), 1b2(Y)) = P(G2(X), b2(Y)) = p(x, y). 


Whence, ¢)¢2 is also an isometry, 1.e., 6j¢2 € Isom(X). So Isom(X, p) is a group. 


Let A, A’ be two triangles on R’. They are said to be congruent if we can label their 
vertices, for instance A = ABC and A’ = A’ B’C’ such that 


|AB| = |A’B"|, |BC| = |B’C'|, |CA| = |C’A', 
ZCAB = ZC’A'B’, ZABC = ZA'B'C’, ZBCA = ZB‘C'A’. 


Theorem 9.3.2 Let ¢ be an isometry on R®. Then ¢ maps a triangle to its a congruent 


triangle, preserves angles and maps lines to lines. 


Proof Let A be a triangle with vertex labels A, B and C on R’. Then ¢(A) is congruent 
with A by the definition of isometry. 

Notice that an angle Z < 7 and an angle Z > 7 can be realized respectively as an 
angle ZCAB, or an exterior angle of a triangle ABC. We have known that ¢(ABC) is 
congruent with ABC. Consequently, 7¢(C)¢(A)¢(B) = ZCAB, i.e., ¢ preserves angles in 
R’. If Z = 7, this result follows the law of trichotomy. 

For a line L in R’, let B, C be two distinct points on L, and let L’ be the line through 
points B’ = A(B) and C’ = ¢(C). Then for any point A € R’, it follows that 


PADEPGL) © AELOODKZCAB<z 
& 0<ZCO(A)B <1 6 HA) EL’ 


Therefore, A(L) = L’. 


The behavior of an isometry is completely determined by its action on three non- 


collinear points shown in the next result. 


320 Chap.9 Isometries on Smarandache Geometry 


Theorem 9.3.3 An isometry of R? is determined by its action on three non-collinear 


points. 


Proof Let A, B, C be three non-collinear points on R? and let ¢;, ¢2 € Isom(R’) 


have the same action on A, B, C. Thus 


P(A) = $2(A), $1(B) = 62(B),  :1(C) = b2(C). 


1.€.,, 
b>'¢\(A)=A, ¢7'6:\(B) = B, 65'6\(C) =C. 


Whence, we must show that if there exists y € Isom(R’) such that y(A) = A, y(B) = 
B, y(C) = C, then y(P) = P for each point P € R?. 

In fact, since y preserves distance and y(A) = A, it follows that P and y(P) are 
equidistant from A. Thus y(P) lies on the circle @, centered at A with radius |AP|. Sim- 
ilarly, y(P) also lies on the circle @ centered at B with radius |BP|. Whence, y(P) € 
G11 6. 

Because © and @ are not concentric, they intersect in at most two points, such as 


those shown in Fig.9.3.1 following. 


€ y(P) 
62 


L--- Eb as 


Fig.9.3.1 


Notice that P lies on both of G@ and G. Thus @ 1 G # @. Therefore, |G, A G| = 1 
or 2. If |@ N G| = 1, then y(P) = P. If |G MN G| = 2, let L be the line through A, B, 
which is the perpendicular bisector of y(P) and P, such as those shown in Fig.9.3.1. By 
assumption, C ¢ L, we get that |CP| # |Cy(P)|. Contradicts to the fact that P, p(P) are 


equidistant from C. Whence |@, \ @3| = 1 and we get the conclusion. O 
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There are three types of isometries on R? listed in the following. 


Translation T. A translation T is a mapping that moves every point of R? through 


a constant distance in a fixed direction, i.e., 
Tap :R° OR’, (x.y) > Gr +4,y1 +d), 


where (a, b) is a constant vector. Call the direction of (a, b) the axis of T and denoted by 
(i the 


Rotation Ry. A rotation R is a mapping that moves every point of R? through a 
fixed angle about a fixed point, called the center. By taking the center O to be the origin 


of polar coordinates (7, @), a rotation Rg : R? > R’ is 
R: (7,0) > (7,6+ 0), 


where @ is a constant angle, @ € R (mod2z:). Denoted by R = Rg. 


Reflection F. A reflection F is a mapping that moves every point of R? to its mirror- 
image in a fixed line. That line L is called the axis of F, denoted by F = F(L). Thus for a 
point P in R’, if P € L, then F(P) = P, and if P ¢ L, then F(P) is the unique point in R? 
such that L is the perpendicular bisector of P and F(P). 


Theorem 9.3.4 For a chosen line L and a fixed point O € L in R’, any element 9 € 


Isom(R’) can written uniquely in the form 
g=TRF, 
where F denotes the reflection in L, € = 0 or 1, R is the rotation centered at O, T € T, and 


the subgroup of orientation-preserving isometries of R* consists of those o with € = 0. 
group P & Y 


Proof Let T be the translation transferring O to y(O). Clearly, T~'y(O) = O. Now 
let P € L be a point with P # O. By definition, 


0 < p(O, P) = p(T" (0), T'p(P)) = p(O,T 'p(P)), 


there exists a rotation R centered at O transferring P to T~'!y(P). Thus R-'T~'g fixes both 
points O and P. 
Finally, let Q ¢ L be a point. Then points Q and R"'T~'y(Q) are equidistant both 


from points O and P. Similar to the proof of Theorem 9.3.3, we know that points Q and 
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R™'T~'y(Q) are either equal or mirror-images in L. Choose € = 0 if Q = R"'T~!y(Q) and 
€=1ifQ#R'T'y(Q). Then the isometry F*R-'T~'y fixes non-collinear points O, P 
and Q. According to Theorem 9.3.3, there must be 


F°R“T *@ = 1p. 


Thus 
ee TRE, 


For the uniqueness of the form, assume that 


TRF‘ = T'R’F®, 


where e, 6 € {0,1}, T, T’ € T and R, R’ € Ro. Clearly, e = 6 by previous argument. 
Cancelling F if necessary, we get that TR = T’R’. But then (7’)'T = R’R™ belongs 


to Ro N T, 1.e., a translation fixes point O. Whence, it is the identity mapping 1,2. Thus 
T=T' andR=R’. 


Notice that T, R are orientation-preserving but F is orientation-reversing. It follows 


that TRF* is orientation-preserving or orientation-reversing according to € = 0 or 1. This 


completes the proof. O 


9.3.3 Finitely Smarandache 2-Manifold. A point P on a Euclidean plane R? is in fact 
associated with a real number z. Generally, we consider a function 4: : R? — [0, 27) and 


classify points on R? into three classes following: 


Elliptic Type. All points P € R? with p(P) <x. 
Euclidean Type. All points Q € R? with p(P) = x. 
Hyperbolic Type. All points U € R? with p(P) > 2. 


Such a Euclidean plane R? with elliptic or hyperbolic points is called a Smarandache 
plane, denoted by (R’, ) and these elliptic or hyperbolic points are called non-Euclidean 
points. A finitely Smarandache plane is such a Smarandache plane with finite non- 
Euclidean points. 

Let L be an s-line in a Smarandache plane (R?, ) with non-Euclisedn points A,, Ao, 


--+,A, for an integer n > 0. Its curvature R(L) is defined by 


R(L) = D(a - wAi)). 


i=l 
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An s-line L is called Euclidean or non-Euclidean if R(L) = +27 or # +27. The following 


result characterizes s-lines on (R’, 1). 


Theorem 9.3.5 An s-line without self-intersections is closed if and only if it is Euclidean. 


Proof Let (R’, 4) be a Smarandache plane and let L be a closed s-line without self- 
intersections on (R’, 2) with vertices A;, A2,:--,A,. From the Euclid geometry on plane, 
we know that the angle sum of an n-polygon is (n — 2). Whence, the curvature R(L) of 
s-line L is +27 by definition, i.e., L is Euclidean. 

Now if an s-line L is Euclidean, then R(L) = +27 by definition. Thus there exist 


non-Euclidean points B,, B2,---, B, such that 
Sr - u(B))) = £2n. 
i=l 


Whence, L is nothing but an n-polygon with vertices B;, Bz,---, B, on R’. Therefore, L 


is closed without self-intersection. 


Furthermore, we find conditions for an s-line to be that of regular polygon on R? 


following. 


Corollary 9.3.1 An s-line without self-intersection passing through non-Euclidean points 


A, A2,°+:,An is a regular polygon if and only if all points A,, A2,+++, An are elliptic with 
2 
(Aj) = (1 ==) 
n 
or all A,, A2,+++,A, are hyperbolic with 
2 
M(A;) =|1+-]z 
n 
for integers | <i<n. 


Proof If an s-line L without self-intersection passing through non-Euclidean points 
A,, A2,-::,A, is a regular polygon, then all points A;, A>,---,A, must be elliptic (hyper- 


bolic) and calculation easily shows that 
2 2 
L(A;) = (1 — =) or A;) = (1 + =). 
n n 


for integers 1 < i < n by Theorem 9.3.5. On the other hand, if L is an s-line passing 


through elliptic (hyperbolic) points A;, A2,---,A, with 


M(A;) = f - =) or U(A;) = (1 + =n 
n n 
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for integers | < i < n, then it is closed by Theorem 9.3.5. Clearly, L is a regular polygon 
with vertices A;,A,--+,A,. im 


Let ep be the metric on R* defined in Example 9.3.1. An isometry on a Smarandache 
plane (R’, 1) is such an isometry tT : R* > R? with p(t(x)) = (x) for x € R’. Clearly, 
all isometries on (R’, ) also form a group under the composition operation, denoted by 
Isom(R?’, 2). Corollary 9.3.1 enables one to determine isometries of finitely Smarandache 


planes following. 


Theorem 9.3.6 Let (R’, 11) be a finitely Smarandache plane. Then any isometry 7 of 
(R’, 1) is generated by a rotation R and a reflection F on R’, i.e, Z = RF* with € = 0, 1. 


Proof Let Z be an isometry on a finitely Smarandache plane (R’,). Then for a 
point A on (R’, 1), the type of A and .7(A) must be the same with y(.7(A)) = y(A) by 
definition. Whence, if there is constant vector (a,b) € R* such that T,, : (R’,u) > 
(R’, ) determined by 

(x,y) > (x+a,y +b) 


is an isometry and A a non-Euclidean point in (R’, 1), then there are infinite non-Euclidean 
points A, 7, (A), TA), ree, Ti p(A), --+, for integers n > 1, contradicts the assumption 
that (R’, ) is finitely Smarandache. Thus .7 can be only generated by a rotation and a 
refection. Thus Y = RF*. Conversely, we are easily constructing a rotation R and a 
reflection F on (R’,). For example, a rotation R : 6 — @+ 2/2 centered at O and 
a reflection F in line L on a finitely Smarandache plane (R’, 1) is shown in Fig.9.3.2 


(a) and (b) in which the labeling number on a point P is u(P) if u(P) # 2. Otherwise, 


L(P) = 7 if there are no a label for p € R’. L 


I 
AD 12 


2 : 2 
L 
,7 
5 
(a) (b) 


Fig.9.3.2 
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The classification on finitely Smarandache planes is the following result. 


Theorem 9.3.7 Let k|n or k\(n — 1) and 0 < d, < dy < +--+ dk an integer sequence. Then 
there exist one and only one finitely Smarandache plane (R’, 1) with n non-Euclidean 


points A,, A2, +++,An such that 
Isom(R’, 2) =~ Dox 


and 


rls 


2 


if k|n, or 


2 -1 
p(O, Aj,) = dj, H(A;,) -(1-3). G- Dk+ in Les jk: l<j< — 


with O = A, if k\(n — 1). 
2 
Proof Choose @ = ml and a rotation R, : (7,0) — (r,6+ @) centered at O. 


Assume k|n. Let P1,Po,--- Px be : concentrically regular k-polygons at O with radius 
d, dy, +++, dy. Place points Aj, Ao,---, Az on vertices of P;, Axg,, Ax+2,°+ +, A2% On vertices 


of Pz, +++, and An_fs1,An—x42,°**,An On vertices of Pz, such as those shown in Fig.9.3.3. 


An-k3 An 
Rae fee se Ses Ses Sees » 
Pees ae eee Se ee x cn 
Alt3 2222-8. Ae ">, 
Aj. Ad, : 
@- 5555 ®----@-------- rn ---- eee ee woes elles 
O Ay »’Age . Anes 
@------- ae an 
Ax me 
e------ ee ee ee o 
Ark 
WF mc icc drarmvautstedne. ‘ 
An-1 An 
Fig.9.3.3 


Then we are easily know that 
Isom(R?, 1) ~ Dog. 


For the uniqueness, let P|, P),--- Pr be : concentrically regular k-polygons at O’ 


with radius d, d2, ---, d, and vertices A}, A4,---,Aj, labeled likely that in Fig.9.3.3. 
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Choose Too being a translation moving point O’ to O and Ry: 4, a rotation centered at O 
moving A‘, to Aj. Transfer it first by Too and then by Ry; 4,. Then each non-Euclidean 
point A’ coincides with A; for integers | < i < n, 1.e., they are the same Smarandache 


plane (R?, 1). 


Similarly, we can get the result for the case of k|(n — 1) by putting O = A,. O 


9.3.4 Smarandachely Map. Let S be a surface associated with uw : x — [0, 27) for 
each point x € S, denoted by (S,u). A point x € S is called elliptic, Euclidean or 
hyperbolic if it has a neighborhood U, homeomorphic to a 2-disk neighborhood of an 
elliptic, Euclidean or a hyperbolic point in (R’, 1). Similarly, a line on (S, 2) is called an 
s-line. 

A map M = (20%, Y) on (S,p) is called Smarandachely if all of its vertices is 
elliptic (hyperbolic). Notice that these pendent vertices is not important because it can 
be always Euclidean or non-Euclidean. We concentrate our attention to non-separated 
maps. Such maps always exist circuit-decompositions. The following result characterizes 


Smarandachely maps. 


Theorem 9.3.8 A non-separated planar map M is Smarandachely if and only if there 


exist a directed circuit-decomposition 
E,(M) = GE EC) 
i=l 


of M such that one of the linear systems of equations 


or 


is solvable, where E1(M) denotes the set of semi-arcs of M. 


Proof If M is Smarandachely, then each vertex v € V(M) is non-Euclidean, i.e., 


Lv) # 2. Whence, there exists a directed circuit-decomposition 


E,(M) = @ EC) 
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of semi-arcs in M such that each of them is an s-line in (R’, uw). Applying Theorem 9.3.5, 


we know that 
) @- Mv) = 20 or )) (n= pv) = -20 
yeviC,) vev(C) 


for each circuit C;, 1 < i < s. Thus one of the linear systems of equations 


oy (m-—x,)=2n, 1<i<s or > (t-—x,)=-2n, l<i<s 
vev(C,) vev(C,) 
is solvable. 


Conversely, if one of the linear systems of equations 


>) @- x) = 2x, l<i<s or >) @- ay) = -2n, l<i<s 
yeviC,) vev(Ci) 


is solvable, define a mapping py : R* — [0, 47) by 


ws x ifx=veV(M), 
x= 
fe mn ifxév(M). 


Then M is a Smarandachely map on (R’, ). This completes the proof. 


In Fig.9.3.4, we present an example of a Smarandachely planar maps with yz defined 


by numbers on vertices. 


7 T TT 
2 2 2 
T T 
a 2 
TT TT 7 
2 2 2 
Fig.9.3.4 


Let wo € (0,7). An s-line L is called non-Euclidean of type wo if R(L) = +27 + wo. 


Similar to Theorem 9.3.8, we can get the following result. 
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Theorem 9.3.9 A non-separated map M is Smarandachely if and only if there exist a 


directed circuit-decomposition 
E\(M) = DEC) 
i=l 


of M into s-lines of type Wo, Wo € (0,7) for integers 1 < i < s such that one of the linear 


systems of equations 


2 (m — x,) = 2% — Wo, l<i<s, 
evi) 
Dy (a — x,) = —2m — Wo, l<i<s, 
evil) 
> (x — x,) = 27 + Wo, l<i<s, 
evi) 
Dy (a — x,) = —2m + wo, l<i<s 


ve 16 ra) 


is solvable. 


9.3.5 Infinitely Smarandache 2-Manifold. Notice that the function pw : R? — [0,27) 
is not continuous if there are only finitely non-Euclidean points in (R’, 2). We consider 
a continuous function w : R? — [0,2z) in this subsection, in which we meet infinite 
non-Euclidean points. 


5 f r(s) 


Fig.9.3.5 


Let r : (a,b) > R’ bea plane curve C parametrized by arc length s, seeing Fig.9.3.5. 


Notice that p(x) is an angle variant from z of a Euclidean point to p(x) of a non-Euclidean 
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x in finitely Smarandache plane. Consider points moves from X to Y on r(s). Then the 


variant of angles from /; to J, is 6 = ¢ — w. Thus p(x) = a . Define the curvature R(C) 
Six 


d 
R(C) = {¢ 


Cc 


of curve C by 


Then if C is a closed curve on R? without self-intersection, we get that 


2nr 
d d 
R(C) = {¢ {¢ = bhoar — blo = 2n. 
Cc 0 


Let r = (x(s), y)(s)) be a plane curve in R*. Then 


dx dy . 
— =cos¢, —=sing. 
ds 


ds 
Consequently, 
ax ange _ dyd¢ dy _ song _ dxd@ 
ds? ds dsds’ ds? ds dsds’ 


Multiplying the first formula by -2, the second by - on both sides and plus them, we 
get that 
dp dxd’y d*xdy 
ds dsds ds?ds 
by applying sin? ¢ + cos? ¢ = 1. 
If r(t) = (x(4), y(d)) is a plane curve C parametrized by t, where t maybe not the arc 


t 
dx\ dy ; 
s=f (= (2) dt, 
0 


length, since 


we know that 


ds dx\ dy > dx ax\ ids dy dy\ [ds 
—= —])] +/—], —=(—]/|—] and — =|—]/|—}. 
dt dt d ds dt dt ds dt dt 
Whence, 
dx d’y : d’x dy 


db de edt 


* (a) GN) 
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Consequently, we get the following result by definition. 


Theorem 9.3.10 A curve C determined by r = (x(t), y)(t)) exists in a Smarandache plane 
(R’, 1) if and only if the following differential equation 


dx d*y 7 d’x dy 
dt dt dt dt 


(4) -()) 


Example 9.3.1 Let r(@) = (cos 6, sin@) (0 < 6 < 2m) be a unit circle C on R’. Calculation 


=u 


is solvable. 


shows that ied? tug 
Xavy Xay 9 29 
nie dia 


and 


3 
vd 


ph 2 
(=) (2 | = sin? @+ cos’ 6 = 1. 


Whence, the circle C exists in a Smarandache plane (R’, 1) if and only if u(x, y) = 1 for 
Vixyyl eC. 


Example 9.3.2 Let r(#) = (a(t — sint), a(1 — cosf)) (0 < t < 2m) be a spiral line on R?. 


Calculation shows that 
do _ 1 


ds 


4a sin = 
asin 5 
Whence, this spiral line exists in a Smarandache plane (R’, ju) if and only if 


1 


M(x, y) = 
j — 
4a sin 


for x = a(t — sinf) and y = a(1 — cos?). 


Now we turn our attention to isometries of Smarandache plane (R’, z) with infinitely 
Smarandache points. These points in (R’,j) can be classified into three classes, i.e., 


elliptic points V.;, Euclidean points V,, and hyperbolic points Vj, following: 
Ver ={u € (R*, 4) | Mu) <7}, 


Veu ={v €(R’,W | uv) = 77}, 
Viy = { w € (R’,u) | uw) > 7}. 
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Theorem 9.3.11 Let (R, 42) be a Smarandache plane. If V.; # 0 and Vjy # 0, then Vey # 9. 


Proof By assumption, we can choose points u € V,; and v € V;,. Consider points on 
line segment uv in (R?, 1). Notice that (uv) < mand pu(v) > 2. Applying the connectedness 


of yu, there exists at least one point w, w € uv such that uw(w) = 7, 1e., w € V., by the 


intermediate value theorem on continuous function. Thus V,, # 0. 


Corollary 9.3.2 Let (R, 4) be a Smarandache plane. If Vy = 9, then either all points of 
(R’, 11) are elliptic or hyperbolic. 


Corollary 9.3.2 enables one to classify Smarandache planes into classes following: 


Euclidean Type. These Smarandache planes in which each point is Euclidean. 
Elliptic Type. These Smarandache planes in which each point is elliptic. 
Hyperbolic Type. These Smarandache planes in which each point is hyperbolic. 
Smarandachely Type. These Smarandache planes in which there are elliptic, Eu- 
clidean and hyperbolic points simultaneously. This type can be further classified into 


three classes by Corollary 9.3.2: 


(S1) Such Smarandache planes just containing elliptic and Euclidean points; 
(S2) Such Smarandache planes just containing Euclidean and hyperbolic points; 


(S3) Such Smarandache planes containing elliptic, Euclidean and hyperbolic points. 


By definition, these isometries of a Euclidean plane R’, i.e., translation, rotation and 
reflection exist also in Smarandache planes (R’, 11) of elliptic and hyperbolic types if we 
let up : R* — [0,z) be a constant< m or > m. We concentrate our discussion on these 


Smarandachely types. 
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For convenience, we respectively colour the elliptic, Euclidean and hyperbolic points 
by colors red (R), yellow (Y) and white (W). For the cases (S1) or (S2), if there is an 
isometry of translation T,,, on (R’, 1), then this Smarandache plane can be only the case 
shown in Fig.9.3.6, where X =R or W and all other points colored by Y. Whence, if there 
is also a rotation Ry on (R’, 1), there must be a = b and @ = x/2 with center at X or 
the center of one square. In this case, w can easily find a reflection F in a horizontal or a 


vertical line passing through X. Whence, there are isometries of types translation, rotation 


and reflection in cases (S1) and (S2). 
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Furthermore, if there is an isometry of rotation Ry on (R’, 1), then this Smarandache 
plane can be only the case shown in Fig.9.3.7, where X, U, Z € {R, W} and all other 
points colored by Y. In this case, there are reflections F in lines passing through points O, 


X and there are translations T,,, on (R’, ) only if 6 = 2/2 anda = b. 


3 
@ 


® 
@ 
® 


Fig.9.3.7 
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Consider the case of (S3). In this case, if there is an isometry of translation T,, 
on (R’, 4), then this Smarandache plane can be only the case shown in Fig.9.3.8, where 
X € {R, W}, Z € {R, W} \ {X} and all other points colored by Y. Now if there is an 
isometry of rotation Ry on (R’, 1), there must be a = b and @ = 7/2 centered at X, Z or 
the center of one square. 

Similarly, if there is an isometry of rotation Rg on (R’, 2) such as those shown in 
Fig.9.3.7. Then there are reflections F in lines passing through points O, X. In this case, 
there exist translations 7, on (R’, 4) only if 6 = 2/2 and a = b. 

Summarizing up all the previous discussions, we get the following result on isome- 


tries of Smarandache planes (R’, ) with a continuous function p : R? > [0, 27). 


Theorem 9.3.12 Let (R’,) be a Smarandachely type plane with uw : R* — [0,2z) a 
continuous function. Then there are isometries of translation T,, and rotations Rg only 
if a = b and @ = n/2, and there are indeed such a Smarandache plane (R°, 1) with 
isometries of types translation, rotation and reflection concurrently in each of classes 
(S1)-(S3). 


§9.4 ISOMETRIES OF PSEUDO-EUCLIDEAN SPACES 


9.4.1 Euclidean Space. A Euclidean space on a real vector space E over a field F is a 
mapping 
(--):ExE- R with (@), @) > (@, @) for Vé,,@ € E 

such that for @, @),@. € E,a € F 

(Al) (é, é1 + €2) = (€, 21) + (2, €2); 

(A2) (@,@@)) = a (é, 1); 

(A3) (1,2) = (€2,@1); 

(A4) (2,2) > O and (2,2) = Oif and only if @ = 0. 

In an Euclidean space E, the number -+/(é, @) is called its norm, denoted by |[el| for 
abbreviation. It can be shown that 

(1) (0,2) = (2,0) = 0 for Ve € E; 


n m n m 
(2) (3 xe, vi] = >, ) xy; (@.@;), for @ € E, where 1 < i < max{m,n} and 
i=1 j=l i=1 i=1 
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s=lor2. 
Certainly, let e; = @2 = Oin (Al), we find that (2, 0) = (0. Applying (A3), we get that 
(0, om) = 0. This is the formula in (1). For (2), applying (A1)-(A2), we know that 


n m 
sl 2 
Xj» PD Vie; 

i=l j=l 
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9.4.2 Linear Isometry on Euclidean Space. Let E be an n-dimensional Euclidean space 
with normal basis {€1,€,+++,€,}, ie., (&,€;) = 0 and |g = 1 for integers 1 < i,j <n. A 


linear isometry T : E > Eis such a transformation that 
T(cye| + C2@2) = c)T(@1) + CoT(@2) and = (T(e)), T(@2)) = (é1, 2) 
for @}, @. € Eandc), co € F. 


Theorem 9.4.1 Let E be an n-dimensional Euclidean space with normal basis {€,, €:, 
-++,€,} and T a linear transformation on E. Then T is an isometry on E if and only if 
{T(E,), T(€),-+-, T(€,)} is anormal basis of E. 


Proof If T is a linear isometry, then (TE), T(é;)) = (,€;) = 6;; by definition, 
where 6;; = 1 if i = j and 0 otherwise. Whence, {7 (€,), T(€2),---, T(€,)} is a normal basis 
of E. 

Conversely, let {€), €,---,€,}, {7 (€&), T(&),--:,7(€,)} be normal basis of E and 
vy € E. Without loss of generality, assume V = a) €, + d2€) +--+ +,€,. Then we know that 
T(®) = aT) + aT &) +++ +4,T E,). Notice that (7), TE;)) = 6, and (€;,€)) = 63 


for integers 1 < i, 7 < n. We get that 


— 2 2 — a 2 
VV) = aj,@,++--+a, and (7(),T)) =4),a, +++: +4,. 


Thus (T(v), T(v)) = (7,9). O 
A matrix A = [a: ‘| me is called orthogonal if AA’ = [,.,, where A’ is the transpose of 
A if 


a + a, oh ee +a, =1 and Ajay, + Aja j2 + +++ + Ain jn = 0 
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for integers 1 <i, j<n, iF j. 


Theorem 9.4.2 Let E be an n-dimensional Euclidean space with normal basis {€,, &, 
-++,€,} and T a linear transformation on E determined by Y= [ai il, Xx, where X = 


(€\,€,°-:,€,) and Y = (T(E,), T(€2), ++, 7 (E,)). Then T is a linear isometry on E if and 


only if [a: il is an orthogonal matrix. 
Proof If T is a linear isometry on E, then (T€,), T(E;)) = (€,€;) = 6. Thus 


Aj Aj, + AnAj2 + +++ + GinA jn = 6i;, 


1.€., [a: ‘| . is an orthogonal matrix by definition. 
nXNn 
On the other hand, if [a: | is an orthogonal matrix, then we are easily know that 


NXT 


{T(€,), T(€),---, T(€,)} is anormal basis of E. Let b = be, +boe)+---+b,€, € E. Then 
T(b) = T(di€, a br€ a ote bn€En) = bi T(é,) ae boT (Er) apatite Dal (En): 


Thus 
(1(b), T(b)) = bj + b3 +--+ +b; = (bb), 


i.e., T is a linear isometry by definition. 


9.4.3 Isometry on Euclidean Space. Let E be an n-dimensional Euclidean space with 
normal basis {€,, €, ---, €,}. As in the case of R” by the distance-preserving property, any 


isometry on E is a composition of three isometries on E following: 


Translation Tz. A mapping that moves every point (x1, %2,---,X,) of E by 
Te: (X1, X25°++ Xn) A (XI + €1, X2 + €2,°+ +, Xn + En), 
where @ = (€), €2,°-+,€y). 


Rotation R;. A mapping that moves every point of E through a fixed angle about a 
fixed point. Similarly, taking the center O to be the origin of polar coordinates (7, ¢), ¢2, 
++, @n-1), a rotation Rg, 9,...9,., : E > Eis 


»Tn-1 


Rap dicstig = Oy Oty 02.7 ** Dag) > (Or + Cis Oe + On, 225.0 + Oi): 


where 6; is a constant angle, 6; € R (mod2z) for integers 1 <i<n-1. 


Reflection F. A reflection F is a mapping that moves every point of E to its mirror- 


image in a fixed Euclidean subspace E’ of dimensional n— 1, denoted by F = F(E’). Thus 
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for a point Pin E, F(P) = Pif P € E’, and if P ¢ E’, then F(P) is the unique point in E 
such that E’ is the perpendicular bisector of P and F(P). 


The following result is easily to know similar to the proof of Theorem 9.3.4 by the 
distance-preserving property of isometries. 
Theorem 9.4.3 All isometries fixing the origin on a Euclidean space E are linear. 


Whence, by Theorems 9.4.1-9.4.2, we get the following result. 


Theorem 9.4.4 Any isometry I on a Euclidean space E is affine, i.e., 


Y=a [a: Fess X +z, 


where A is a constant number, [a: i| sen orthogonal matrix and @ a constant vector in E. 
nxn 


9.4.4 Pseudo-Euclidean Space. Let R" = {(x%), x2,--+,X,)} be a Euclidean space of di- 
mensional n with a normal basis €; = (1, 0,---,0), & = (0, 1,---,0),---, 6, = (0,0,---, 1), 
x € R” and Vs, sv two vectors with end or initial point at X, respectively. A pseudo- 
Euclidean space (R", 4) is such a Euclidean space R” associated with a mapping wu : 
Vz > ay for x € R", such as those shown in Fig.9.4.1, 


Vy sv Ve 


al 
el 


(a) (b) 


Fig.9.4.1 


where V: and =V are in the same orientation in case (a), but not in case (b). Such points in 
case (a) are called Euclidean and in case (b) non-Euclidean. A pseudo-Euclidean (R", 2) 
is finite if it only has finite non-Euclidean points, otherwise, infinite. 

Notice that a vector V can be uniquely determined by the basis of R’ > For x € R", 
there are infinite orthogonal frames at point x. Denoted by O; the set of all normal bases 
at point x. Then a pseudo-Euclidean space (R, 4) is nothing but a Euclidean space R” 
associated with a linear mapping w : {€),€,---,€} > {€,6,--:,.€,} € Os such that 
M(E1) = €;, wer) = ©, +++, U(En) = E, at point X € R". Thus if Ve = CE, HCpea t+ + + OnE, 


then UV) = cu(E1) + Co(En) + +++ + Cofl(En) = CLE, + C2) +++ + CE, 
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Without loss of generality, assume that 


HM(E1) = X11€1 + X12€2 + +++ + Xin€n, 
HM(Ez) = X21€1 + X22€2 + +++ + Xon€n, 


(En) = Xn €1 oF Xn2€2 ett or Vine ae 
Then we find that 


WGV) = (C1rCar*+*s CUE), MEd), «+ En)! 


X11 X12 °°") Xin 
= enern sep Qe Ee 
a? oe 
Denoted by 
Xip X12 *** Xin (U(E1), 1) (HCE1), €2) +++ (HCE1), End 
Xi X22 +++ Xn (U(Er), €1)  (u(E2), 2) ++ (CED), En) 


[#] = eee eee eee eee = eee eee eee eee ‘ 


Xni  Xn2 °°) Xan (M(En), €1) (H(En), €2) ute (H(En)» End 


called the rotation matrix of X in (R", uw). Then p : 1 > a, is determined by p(x) = [x] 
for x € R". Furthermore, such an rotation matrix [x] is orthogonal for points ¥ € R” by 
definition, i.e., [X] [X]' = Jrxn. Particularly, if ¥ is Euclidean, then such an orientation ma- 
trix is nothing but (x) = J,x,. Summing up all these discussions, we know the following 


result. 


Theorem 9.4.5 Jf (R",) is a pseudo-Euclidean space, then u(x) = [x] is annxn 


orthogonal matrix for V x € R". 


Likewise that the case of (R’, 1), a line L in pseudo-Euclidean space (R", j) is usually 
called an s-line. Define the curvature R(L) of an s-line L passing through non-Euclidean 


points X1,X2,°-:,Xm € R" for m = 0 in (R", u) to be a matrix determined by 


R(L) = Puc 


i=l 
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and Euclidean if R(L) = Inxn, otherwise, non-Euclidean. It is obvious that a point in a 
Euclidean space R” is indeed Euclidean by this definition. Furthermore, we immediately 


get the following result for Euclidean s-lines in (R”, 1). 


Theorem 9.4.6 Let (R", 1) be a pseudo-Euclidean space and L an s-line in (R", 4) passing 
through non-Euclidean points X\,X2,°**,Xm € R". Then L is closed if and only if L is 


Euclidean. 
2 . : : —— == 
Proof If Lis a closed s-line, then L is consisted of vectors XX2, X2X3, °+:, XnX1. By 
definition, 
=———= =— 
NitiXi  Xi-1 Xi 
Sy > a HOD 
fr Fa 13 


for integers 1 < i < m, where i + 1 = (modm). Consequently, 


11 
==? =—- : = 
X1X2 = X1X2 | | i(%)). 
i=1 


m 


Thus | | U(X) = Inn, ie., L is Euclidean. 


i=l 
m 


Conversely, let L be Euclidean, i.e., [| M(%) = Inxn. By definition, we know that 


— — 
Noa xX X1x. am|_ 


NitiXi —  XiH-INM 
Sy = a HO)... Fak = os -1 Hi MG) 
Tit fea Miike 


m 


for integers 1 < i < m, where i+ 1 = (modm). Whence, if [ | %) = lee, then there 
i=l 


must be 
= m 
XjX2 = Xj X2 [| L(x) 
i=l 
‘ == ==> =e , F i 
Thus L consisted of vectors X|X2, X2X3, ++, X,xX1 1S a closed s-line in (R", 2). 


Let n = 2. We consider the pseudo-Euclidean space (R’, 4) and find the rotation 


matrix (x) for points ¥ € R’. Let 6; be the angle form €, to wé,. Then it is easily to know 


- cos@z sind; 
(x) = 


sind= —cosés 


that 
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Now if an s-line L passing through non-Euclidean points X,, X2,--+,Xm € R’, then Theo- 


rem 9.4.6 implies that 


cos@z, sind;, cos@z, sin@;, cos@z, sind, F 
: : aa ‘ = L£nxn- 
sind gy, —cose sz, sey, —CcOsés, smgs, —cosis. 


Thus 


& cost gz, + 0s 43+ +0q) sin(6z, +@z,+-:-+6,) I 
x)= = Inxn- 
sin@@z, +05, +--"+0%,) cos(z, +05, +--'+6z) . 


Whence, 65, + Ox, +--+: +6, = 2kz for an integer k. This fact is in agreement with that 
of Theorem 9.3.5. 


An embedded graph G on R” is a 1 — 1 mapping t : G — R” such that for Ve, e’ € 
E(G), t(e) has no self-intersection and t(e), t(e’) maybe only intersect at their end points. 
Such an embedded graph G in R” is denoted by Gg. For example, the n-cube C,, is such 
an embedded graph with vertex set V(C,,) = { (%1, X2,°++,Xn) |x; =0 or 1 forl <i<n} 
and two vertices (X;, X2,-++,X,)) and (x/, x5,-+-,x;,) are adjacent if and only if they are 


differ exactly in one entry. We present two n-cubes in Fig.9.4.2 for n = 2 andn = 3. 


(1,0) (1,1) (1,1,0) (1,1,1) 


(0,1,1) 


(0,0) (0,1) (0,0,0) (0,0,1) 


Fig.9.4.2 


An embedded graph Gp: is called Smarandachely if there exists a pseudo-Euclidean 
space (R",) with a mapping w : X € R" — [|] such that all of its vertices are non- 
Euclidean points in (R”,,). Certainly, these vertices of valency | is not important for 
Smarandachely embedded graphs. We concentrate our attention on embedded 2-connected 


graphs. 


340 Chap.9 Isometries of Smarandache Geometry 


Theorem 9.4.7 An embedded 2-connected graph Gg» is Smarandachely if and only if 


there is a mapping ft: X € R" > [X| and a directed circuit-decomposition 


such that these matrix equations 


[| Xe=Iixn 1[<i<s 


XE VC) 
are solvable. 


Proof By definition, if Gan is Smarandachely, then there exists a mapping pt : X € 
R" = [x] on R” such that all vertices of Gg» are non-Euclidean in (R", 4). Notice there are 
only two orientations on an edge in E(Gp:). Traveling on Gp: beginning from any edge 
with one orientation, we get a closed s-line c. i.e., a directed circuit. After we traveled 


all edges in Gg» with the possible orientations, we get a directed circuit-decomposition 


Ey = an E(C,;) 
i=l 


with an s-line ver for integers 1 <i < s. Applying Theorem 9.4.6, we get 


[ | UX) =Inxn 1 <is<s. 
xeviC;) 
Thus these equations 
|| tex Tere 
xeviC;) 
have solutions Xz = p(x) for X € v(C;). 


Conversely, if these is a directed circuit-decomposition 


such that these matrix equations 


| | Xe=Inn l<i<s 


XE wc) 
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are solvable, let X; = Az be such a solution for x € VC): 1 <i<_s. Define a mapping 
pe: x € R" > [x] on R” by 


M(x) = — 
| ee if Xx ¢ V(Gpr). 


Then we get a Smarandachely embedded graph Gp. in the pseudo-Euclidean space (R", ,2) 
by Theorem 9.4.6. 


Now let C(t) = (x; (f), x2(t), +--+, x,(f)) be a curve in R"”, 1.e 
C(t) = x11 + x2(e2 +--+ + Xn(DEn. 


If it is an s-line in a pseudo-Euclidean space (R", yz), then 


EO 0 oO 
iG p= Ix FG ie H(€2) = |x Iapl »M(En) = x,(D) En- 


Whence, we get the following result. 


Theorem 9.4.8 A curve C(t) = (x; (0), %2(f),-++, X%,(f)) with parameter t in R” is an s-line 
of a pseudo-Euclidean space (R", 1) if and only if 
x; (t) 
X2(t) O 
M(t) = 


in) 


9.4.5 Isometry on Pseudo-Euclidean Space. We have known Isom(R") = (Tz, R;, F). 


An isometry T of a pseudo-Euclidean space (R”, Z) is an isometry on R” such that u(7(X)) = 
L(x) for Vx € R”. Clearly, all such isometries form a group Isom(R", jz) under composition 
operation with Isom(R", 12) < Isom(R”). We determine isometries of pseudo-Euclidean 
spaces in this subsection. 

Certainly, if (x) is a constant matrix [c] for Vx € R", then all isometries on R” is 
also isometries on (R”, “). Whence, we only discuss those cases with at least two values 
for uz: X € R” > [5] similar to that of (R’, y). 


Translation. Let (R",,) be a pseudo-Euclidean space with an isometry of transla- 


tion Tz, where @ = (e), €2,:--,e,) and P, Q € (R", yw) a non-Euclidean point, a Euclidean 
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point, respectively. Then p(TS(P)) = u(P), u(TE(Q)) = w(Q) for any integer k > 0 by 


definition. Consequently, 


P, TAP), TAP), 09, TEP), 
QO, TAQ), T2(Q), ---, T3(Q),-- 


are respectively infinite non-Euclidean and Euclidean points. Thus there are no isometries 
of translations if (R", 4) is finite. 

In this case, if there are rotations Rg, »,...9,,, then there must be 6), 62,---,O,-1 € 
{0,2 /2} and if 6; = 2/2 forl <i</,6;=Oifi21+4+1, then e; =e. =--- = ey. 


Rotation. Let (R”, 1) be a pseudo-Euclidean space with an isometry of rotation 
Ro, 6, and P, Q € (R", uw) anon-Euclidean point, a Euclidean point, respectively. Then 
H(R6, 5,6,,(P)) = UCP), (Re, 6,.-.6,,(2)) = u(Q) for any integer k > 0 by definition. 
Whence, 


2 k 
Pr Rey 65--6,-(P)s Rb 654-6, P)» oes RG, O5-Oy-1 (P), uty 


CG, Ra, 05 --i8.1(Q), Re, 05.0, <Q)» me 1s 05-.,_4«Q)» ute 


are respectively non-Euclidean and Euclidean points. 

In this case, if there exists an integer k such that 6;|2km for all integers 1 < i < 
n— 1, then the previous sequences is finite. Thus there are both finite and infinite pseudo- 
Euclidean space (R”, 4) in this case. But if there is an integer ip, 1 < ip9 < n— 1 such 
that 6,, { 2k for any integer k, then there must be either infinite non-Euclidean points or 
infinite Euclidean points. Thus there are isometries of rotations in a finite non-Euclidean 
space only if there exists an integer k such that 6,|2k for all integers 1 < i < n—-1. 


Similarly, an isometry of translation exists in this case only if 6), 62,---,0,-; € {0, 7/2}. 


Reflection. By definition, a reflection F in a subspace E” of dimensional n — 1 is an 
involution, i.e., F? = 1g». Thus if (R", ) is a pseudo-Euclidean space with an isometry 
of reflection F in E’ and P, Q ¢€ (R",) are respectively a non-Euclidean point and a 
Euclidean point. Then it is only need that P, F(P) are non-Euclidean points and Q, F(Q) 
are Euclidean points. Therefore, a reflection F can be exists both in finite and infinite 


pseudo-Euclidean spaces (R", 11). 


Summing up all these discussions, we get results following for finite or infinite 


pseudo-Euclidean spaces. 
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Theorem 9.4.9 Let (R", 4) be a finite pseudo-Euclidean space. Then there maybe isome- 


tries of translations Tz, rotations Rj and reflections on (R", 1). Furthermore, 


(1) If there are both isometries Tz and Rj, where e€ = (€1,€2,°*+,€n) and @ = 
(0;,92,°++,0,-1), then @,,02,--+,O,-; € {0,2/2} and if 6, = m/2 forl <i< 16 =0 
ifi>1+1, thene, = ey =-++ = ej. 

(2) If there is an isometry Ro, 9,....,_,, then there must be an integer k such that 6; | 2kx 
for all integers 1 <i<n-1. 

(3) There always exist isometries by putting Euclidean and non-Euclidean points 


xX € R” with u(x) constant on symmetric positions to E’ in (R", ). 


Theorem 9.4.10 Let (R", 1) be a infinite pseudo-Euclidean space. Then there maybe 


isometries of translations Tz, rotations Rz and reflections on (R", 1). Furthermore, 


(1) There are both isometries Tz and Rj with @ = (e), €2,-++,€n) and @ = (01, 2, 
-++,6,-1), only if 01, 02,+-+,On-1 € {0, 2/2} and if 0; =a/2 forl1 <i<16,=O0ifi=1+1, 
then €; = €) =-+++ = €j44. 

(2) There exist isometries of rotations and reflections by putting Euclidean and non- 


Euclidean points in the orbits x0) and y” with a constant p(X) in (R", 1). 


We determine isometries on (R°, 44) with a 3-cube C? shown in Fig.9.4.2. Let [a] be 
an 3 x 3 orthogonal matrix, [a] # J5,3 and let w(x), x2, x3) = [a] for x1, x%2,x3 € {0, 1}, 


otherwise, {(x1, X2, X3) = 13x3. Then its isometries consist of two types following: 
Rotations: 


R,, Ro, R3: these rotations through 7/2 about 3 axes joining centres of opposite 
faces; 

Ry, Rs, Ro, R7, Rg, Ro: these rotations through z about 6 axes joining midpoints of 
opposite edges; 


Rio, Ri, Riz, R13: these rotations through about 4 axes joining opposite vertices. 


Reflection F: the reflection in the centre fixes each of the grand diagonal, reversing 


the orientations. 


Then Isom(R?, 2) = (R;, F, 1 <i< 13) ~ S4xX Z. But if let [>| be another 3 x 3 
orthogonal matrix, [2| # [a] and define p(x), x2, x3) = [a] for x, = 0, x, x3 € {0, 1}, 
(x1, X2, X3) = [>| for x; = 1, x2, x3 € {0, 1} and u(x), x2, x3) = 5x3 otherwise. Then only 


the rotations R, R?, R°, R* through 2/2, 2, 32/2 and 27 about the axis joining centres of 
g 
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opposite face 

{(0, 0, 0), (0, 0, 1), (0, 1, 0), (0, 1, 1)} and {(1, 0, 0), 1, 0, 1), 1, 1,0), C1, 1, 1D}, 
and reflection F through to the plane passing midpoints of edges 

(0,0, 0) — (0,0, 1), (0, 1,0) — (0, 1,1), 1, 0,0) — (1,0, 1), 1, 1,0) - 1, 1, 1) 
or (0,0,0)-(0,1,0), (0,0, 1)- (0,1, 1), 1,0,0)- (1, 1,0), G,0,1)-d,1,) 
are isometries on (R°, jz). Thus Isom(R?, w) = (R,, Ro, R3, Ra, F) = Dg. 

Furthermore, let [a], 1 < i < 8 be orthogonal matrixes distinct two by two and de- 

fine u(0, 0,0) = [a1], u(0, 0, 1) = [a], w(0, 1,0) = [as], 00, 1, 1) = [a4], WC, 0, 0) = [as], 


pec, 0; 1) = [do], uC, 1,0) = [a7], ud, 1, 1) = [as | and p(x;, X2, X3) = by3 if x), X2, X3 # 0 
or 1. Then Isom(R°, jz) is nothing but a trivial group. 


§9.5 REMARKS 


9.5.1 The Smarandache geometry is proposed by Smarandache by denial the 5th postu- 
late for parallel lines in Euclidean postulates on geometry in 1969 (See [Smal ]-[Sma2] 
for details). Then a formal definition on such geometry was suggested by Kuciuk and An- 
tholy in [KuA1]. More materials and results on Smarandache geometry can be found in 
references, such as those of [Smal] ]-[Sma2], [Iser1 ]-[Iser2], [Mao4], [Mao25] and [Liu4]. 


9.5.2 For Smarandache 2-manifolds, Iseri constructed 2-manifolds by equilateral triangu- 
lar disks on Euclidean plane R?. Such manifold can be really come true by paper model in 
R> for elliptic, Euclidean and hyperbolic cases ([Iseil]). Observing the essence of identifi- 
cation 5, 6, 7 equilateral triangles in Iseri’s manifolds is in fact a mapping ps : R* > 52/3, 
2x or 77/3, a general construction for Smarandache 2-manifolds, i.e., map geometry was 
suggested in [Mao3] by applying a general mapping  : R* — [0, 27) on vertices of a 
map, and then proved such approach can be used for constructing paradoxist geometry, 
anti-geometry and counter-geometry in [Mao4]. It should be noted that a more general 
Smarandache n-manifold, i.e., combinatorial manifold was combinatorially constructed 
in [Maol15]. Moreover, a differential theory on such manifold was also established in 


[Mao15]-[Maol17], which can be also found in the surveying monograph [Mao25]. 


9.5.3. All points are equal in status in a Euclidean space E. But it is not always true in 
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Smarandache 2-manifolds and pseudo-Euclidean spaces. This fact means that not every 
isometry of R” is still an isometry of (R",j). For finite Smarandache 2-manifolds or 
pseudo-Euclidean space, we can determine isometries by a combinatorial approach, 1.e., 
maps on surfaces or embedded graphs in Euclidean spaces. But for infinite Smarandache 
2-manifolds or pseudo-Euclidean spaces, this approach is not always effective. However, 
we have know all isometries of Euclidean spaces. Applying the fact that every isometry 
of a pseudo-Euclidean space (R”, “) must be that of R”, It is not hard for determining 


isometries of a pseudo-Euclidean space (R”, /4). 


9.5.4 Let D : E > E be a mapping on a Euclidean space E. If 
|D(x) — DOyI| = Ix — Il 


holds for all x, y € E, then D is called a norm-preserving mapping. Notice that Theorems 
9.4.3 and 9.4.4 is established on the condition of distance-preserving. Whence, They are 
also true for norm-preserving mapping, 1.e., there exist a orthogonal matrix [ai;| 


a 
nxn 


constant vector @ and a constant number A such that 


G=Ala;| 


nxn 


9.5.5 Let E be a Euclidean space and T : E — E be a linear mapping. If there exists a 


real number A such that 


(TV), TWa)) = a° 1,72), 
for all ¥|, V2 € E, then T is called a linear conformal mapping. It is easily to verify that 
IZ) = lalllvll 
for v € bfE. Such a linear conformal mapping T is indeed an angle-preserving mapping. 
In fact, let ¥;, V2 be two vectors with angle 6. Then by definition 


(TMi), T@2)) _ Ai, V2) _ Wi, ¥2) 
ITMOMMT Od Az Pall vill Ivall 


Thus 2(7(v1), T(v2)) = 6 for 0 < Z(T(), TW2)), O< 2. 


cos Z(T (v1), T(¥2)) = = cos @. 


Problem 9.5.1 Determine linear conformal mappings on finite or infinite pseudo-Euclidean 


spaces (R", |). 
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9.5.6 For a Euclidean spaces E, a homeomorphism f : E — E is called a differentiable 


isometry or conformal differentiable mapping if there is an real number A such that 
(df 1), df2)) = (V1,V2) or (df), df2)) = av” (V1, V2) 


for V ¥;, Vo € E. Then it is clear that the integral of a linear isometry is a differen- 
tiable. and that of a linear conformal mapping is a differentiable conformal mapping by 
definition. Thus the differentiable isometry or conformal differentiable mapping is a gen- 
eralization of that linear isometry or linear conformal mapping, respectively. Whence, a 


natural question arises on pseudo-Euclidean spaces following. 


Problem 9.5.2 Determine all differentiable isometries and conformal differentiable map- 


pings on a pseudo-Euclidean space (R", 1). 


CHAPTER 10. 


CC Conjecture 


The main trend of modern sciences is overlap and hybrid, i.e., combining dif- 
ferent fields into one underlying a combinatorial structure. This implies the 
importance of combinatorics to modern sciences. As a powerful tool for deal- 
ing with relations among objectives, combinatorics mushroomed in the past 
century, particularly in catering to the need of computer science and children 
games. However, an even more important work for mathematician is to apply 
it to other mathematics and other sciences besides just to find combinatorial 
behavior for objectives. How can it contributes more to the entirely mathemat- 
ical science, not just in various games, but in metric mathematics? What is a 
right mathematical theory for the original face of our world? \ have brought 
a heartening conjecture for advancing mathematics in 2005, 1.e., A mathemat- 
ical science can be reconstructed from or made by combinatorialization after 
a long time speculation on combinatorics, also a bringing about Smarandache 
multi-space for mathematics. This conjecture is not just like an open prob- 
lem, but more like a deeply thought for advancing the modern mathematics. 
1.e., the mathematical combinatorics resulting in the combinatorial conjecture 
for mathematics. For example, maps and graphs embedded on surfaces con- 
tribute more and more to other branch of mathematics and sciences discussed 


in Chapters | — 8. 
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§10.1 CC CONJECTURE ON MATHEMATICS 


10.1.1 Combinatorial Speculation. Modern science has so advanced that to find a 
universal genus in the society of sciences is nearly impossible. Thereby a scientist can 
only give his or her contribution in one or several fields. The same thing also happens for 


researchers in combinatorics. Generally, combinatorics deals with twofold: 


Question 1.1. to determine or find structures or properties of configurations, such as those 


structure results appeared in graph theory, combinatorial maps and design theory.,..., etc.. 


Question 1.2. to enumerate configurations, such as those appeared in the enumeration of 


graphs, labeled graphs, rooted maps, unrooted maps and combinatorial designs,...,etc.. 


Consider the contribution of a question to science. We can separate mathematical 


questions into three ranks: 


Rank 1 they contribute to all sciences. 
Rank 2 they contribute to all or several branches of mathematics. 


Rank 3 they contribute only to one branch of mathematics, for instance, just to the graph 


theory or combinatorial theory. 


Classical combinatorics is just a rank 3 mathematics by this view. This conclusion 
is despair for researchers in combinatorics, also for me 5 years ago. Whether can combi- 
natorics be applied to other mathematics or other sciences? Whether can it contributes 
to human’s lives, not just in games? 

Although become a universal genus in science is nearly impossible, our world is a 
combinatorial world. A combinatorician should stand on all mathematics and all sciences, 
not just on classical combinatorics and with a real combinatorial notion, i.e., combine 
different fields into a unifying field, such as combine different or even anti-branches in 
mathematics or science into a unifying science for its freedom of research. This notion 
requires us answering three questions for solving a combinatorial problem before. What 
is this problem working for? What is its objective? What is its contribution to science or 
human’s society? After these works be well done, modern combinatorics can applied to 


all sciences and all sciences are combinatorialization. 


10.1.2 CC Conjecture. There is a prerequisite for the application of combinatorics 


to other mathematics and other sciences, i.e, to introduce various metrics into combina- 
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torics, ignored by the classical combinatorics since they are the fundamental of scientific 
realization for our world. For applying combinatorics to other branch of mathematics, a 
good idea is to pullback measures on combinatorial objects again, ignored by the classical 
combinatorics and reconstructed or make combinatorial generalization for the classical 
mathematics, such as those of algebra, Euclidean geometry, differential geometry, Rie- 
mann geometry, metric geometries, --- and the mechanics, theoretical physics, ---. This 
notion naturally induces the combinatorial conjecture for mathematics, abbreviated to CC 


conjecture following. 


Conjecture 10.1.1(CC Conjecture) The mathematical science can be reconstructed from 


or made by combinatorialization. 
Remark 10.1.1 We need some further clarifications for this conjecture. 


(1) This conjecture assumes that one can select finite combinatorial rulers and ax- 
ioms to reconstruct or make generalization for classical mathematics. 

(2) The classical mathematics is a particular case in the combinatorialization of 
mathematics, i.e., the later is a combinatorial generalization of the former. 

(3) We can make one combinatorialization of different branches in mathematics and 


find new theorems after then. 


Therefore, a branch in mathematics can not be ended if it has not been combinato- 
rialization and all mathematics can not be ended if its combinatorialization has not com- 
pleted. There is an assumption in one’s realization of our world, 1.e., science can be made 
by mathematicalization, which enables us get a similar combinatorial conjecture for the 


science. 


Conjecture 10.1.2(CCS Conjecture) Science can be reconstructed from or made by com- 


binatorialization. 


A typical example for the combinatorialization of classical mathematics is the com- 
binatorial surface theory, i.e., a combinatorial theory for surfaces discussed in Chapter 4. 
Combinatorially, a surface S is topological equivalent to a polygon with even number of 
edges by identifying each pairs of edges along a given direction on it. If label each pair of 
edges by a letter e, e € &, a surface S is also identifying to a cyclic permutation such that 
each edge e, e € & just appears two times in S, one is e and another is e~'. Let a,b,c,--- 


denote the letters in & and A, B, C, - - - the sections of successive letters in a linear order on 
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a surface S (or a string of letters on S'). Then, a surface can be represented as follows: 
S-= (.--,A,a,B,a',C,--)), 


where, a € &, A, B,C denote a string of letters. Define three elementary transformations 
as follows: 

(O01) (A,a,a', B) © (A, B); 

(O2) (i) (A,a,b,B,b'!,a') © (A,c, B,c“'); 

(ii) (A,a,b, B,a,b) © (A, c, B,c); 
(O3) @ Ga, B.C.a"D) Ss G.2, AD,a*.C): 
Gi) CA,aB Ca.) eS (6,4,4.C,a.D"). 

If a surface S can be obtained from S$ by these elementary transformations O|-O3, 
we say that S is elementary equivalent with So, denoted by S ~g; So. Then we can get 
the classification theorem of compact surface as follows: 

Any compact surface S is homeomorphic to one of the following standard surfaces: 

(Po) the sphere: aa™'; 


(P,,) the connected sum of n,n = | tori: 


Ses es “pt, 
ayb\a;, by agb2a, by" +++ anb,a, b,; 


(Q,,) the connected sum of n,n = 1 projective planes: 


Q1a1a2a2°°* Andy. 


We have known what is a map in Chapter 5. By the view of combinatorial maps, 


these standard surfaces Po, P,, QO, for n > 


1 is nothing but the bouquet B,, on a locally 
orientable surface with just one face. Therefore, the maps are nothing but the combinato- 


rialization of surfaces. 


10.1.3 CC Problems in Mathematics. Many open problems are motivated by the CC 


conjecture. Here we present some of them. 


Problem 10.1.1 Simple-Connected Riemann Surface. The uniformization theorem on 
simple connected Riemann surfaces is one of those beautiful results in Riemann surfaces 
stated as follows ({FaK1]). 
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Theorem 10.1.1 Jf S is a simple connected Riemann surface, then S is conformally 
equivalent to one and only one of the following three: 

(1) CU; 

@) ¢; 

(3) A={zeCllz| < 1}. 
We have proved in Chapter 5 that any automorphism of map is conformal. Therefore, we 
can also introduced the conformal mapping between maps. Then, how can one define the 
conformal equivalence for maps enabling us to get the uniformization theorem of maps? 


What is the correspondence class maps with the three type (1)-(3) Riemann surfaces ? 


Problem 10.1.2 Riemann-Roch Theorem. Let S be a Riemann surface. A divisor on 


k 
df = | | a 
i=l 


with P; € S, a(P;) € Z. Denote by Div(S) the free commutative group on the points in S 


S is a formal symbol 


and define j 
degU = > a(P;). 
i=l 


Denote by H{(S) the field of meromorphic function on S. Then for Vf € H(S) \ {0}, f 
determines a divisor (f) € Div(S) by 
(=| [Pe 
PeS 
where, if we write f(z) = z"g(z) with g holomorphic and non-zero at z = P, then the 
ordpf =n. For U, = JT] P™?,U2 = TI] P@™,€ Div(S), call Uy, > U2 if ai(P) = 


PeS PeS 
a@2(P). Now we define a vector space 


LU) = {f e H(S)\(f) = U,U € Div(S)} 
QU) = {wlw is an abelian dif ferential with (w) =U}. 
Then the Riemann-Roch theorem says that([WLC1]) 
dim(L(U ')) = deg — g(S) + 1 + dimQ(S). 


Comparing with the divisors and their vector space, there ia also cycle space and cocycle 
space in graphical space theory ({Liul]). Then what is their relation? whether can one 


rebuilt the Riemann-Roch theorem by maps, i.e., find its discrete form? 
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Problem 10.1.3 Combinatorial Construction of Algebraic Curve. A complex plane 
algebraic curve C is a homogeneous equation f(x, y, z) = 0 in PxC = (C? \ (0,0,0))/ ~, 
where f(x, y, z) is a polynomial in x, y and z with coefficients in C. The degree of f(x, y, z) 
is defined to be the degree of the curve C;. For a Riemann surface S$, a well-known result is 
that ((WSY1]) there is a holomorphic mapping y : S — P2C such that y(S ) is a complex 
plane algebraic curve and 


_ GES) —~ DEES) = 2) 


g(S) 5 


By definition, we have known that a combinatorial map is on surface with genus. Then 
whether can one get an algebraic curve by all edges in a map or by make operations on 
the vertices or edges of the map to get plane algebraic curve with given k-multiple points? 


and then how do one find the equation f(x, y, z) = 0? 


Problem 10.1.4 Classification of s-Manifolds by Map. We have classified the closed 
s-manifolds by maps in the last chapter. For the general s-manifolds, their correspon- 
dence combinatorial model is the map on surfaces with boundary, founded by Bryant and 
Singerman in 1985. The later is also related to that of modular groups of spaces and need 


to investigate further itself. Now the questions are 


(1) How can one combinatorially classify the general s-manifolds by maps with 
boundary? 

(2) How can one find the automorphism group of an s-manifold? 

(3) How can one know the numbers of non-isomorphic s-manifolds, with or without 
roots? 

(4) Find rulers for drawing an s-manifold on surface, such as, the torus, the projec- 
tive plane or Klein bottle, not just the plane. 

These s-manifolds only apply such triangulations of surfaces with vertex valency in 
{5, 6,7}. Then what is its geometrical meaning of other maps, such as, 4-regular maps on 
surfaces. It is already known that the later is related to the Gauss cross problem of curves 
({Liu1)). 


Problem 10.1.5 Gauss Mapping. In the classical differential geometry, a Gauss map- 


ping among surfaces is defined as follows([Car1]): 


Definition 10.1.1 Let S c R? be a surface with an orientation N. The mapping N : S > 
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R? takes its value in the unit sphere 
SP =(awyDJeR ety +7 =) 


along the orientation N. The map N : S > S?, thus defined, is called the Gauss mapping. 


We know that for a point P € S such that the Gaussian curvature K(P) # 0 and Va 


connected neighborhood of P with K does not change sign, 


N(A 
K(P) = lim a: 
A>0 A 


where A is the area of a region B c V and N(A) is the area of the image of B by the Gauss 


mapping N : S > S*. Now the questions are 


(1) What is its combinatorial meaning of the Gauss mapping? How to realizes it by 
maps? 
(2) how we can define various curvatures for maps and rebuilt the results in the 


classical differential geometry? 


Problem 10.1.6 Gauss-Bonnet Theorem. Let S be a compact orientable surface. Then 


| [ xao = 2my(S), 
S 


where K is Gaussian curvature on S. This is the famous Gauss-Bonnet theorem for com- 
pact surface ((WLC1], [WSY1]). This theorem should has a combinatorial form. Now 


the questions are 


(1) How can one define various metrics for combinatorial maps, such as those of 
length, distance, angle, area, curvature, «++? 
(2) Can one rebuilt the Gauss-Bonnet theorem by maps for dimensional 2 or higher 


dimensional compact manifolds without boundary? 


§10.2 CC CONJECTURE TO MATHEMATICS 


10.2.1 Contribution to Algebra. By the view of combinatorics, algebra can be seen 
as a combinatorial mathematics itself. The combinatorial speculation can generalize it by 
the means of combinatorialization. For this objective, a Smarandachely multi-algebraic 


system is combinatorially defined in the following definition. 
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Definition 10.2.1 For any integers n,n > 1 andi,1 < i < n, let A; be a set with an 


operation set O(A;) such that (A;, O(A;)) is a complete algebraic system. Then the union 


La. O(A,)) 


i=l 
is called ann multi-algebra system. 

An example of multi-algebra systems is constructed by a finite additive group. Now 
let n be an integer, Z,; = ({0,1,2,---,m — 1},+) an additive group (modn) and P = 


(0, 1,2,---,— 1) a permutation. For any integer i,0 < i <n -— 1, define 
Ziz1 = P(Z)) 


satisfying that if k + 1 = min Z,, then P'(k) +; P'() = P’(m) in Z;,,, where +; denotes the 
binary operation +; : (P'(k), P'()) — P'(m). Then we know that 


Ue 
i=l 


is ann multi-algebra system . 

The conception of multi-algebra systems can be extensively used for generalizing 
conceptions and results for these existent algebraic structures, such as those of groups, 
rings, bodies, fields and vector spaces, ---, etc.. Some of them are explained in the fol- 
lowing. 

—— n 
Definition 10, 2.2 Let G = LU G; be aclosed multi-algebra system with a binary operation 
i=l 
set O(G) = {X;,1 < i < n}. If for any integer i,1 < i < n, (Gj; X;) is a group and for 
Vuy,Z€ G and any two binary operations “x” and “o” , X # 0, there is one operation, 
for example the operation X satisfying the distribution law to the operation “o” provided 


their operation results existing, i.e., 
xX (YozZ=(*xXy)o(xx2), 
(yoz)xx= (yx x)o@X x), 
then G is called a multi-group. 


For a multi-group (G, O(G)), G; C G and O(G;) C O(G), call (G;, O(G;)) a sub- 
multi-group of (G, O(G)) if G, is also a multi-group under the operations in O(G, ), de- 
noted by Gi < G. For two sets A and B, if A(\ B = 0, we denote the union A |) B by 


A@ B. Then we get a generalization of the Lagrange theorem on finite group following. 
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Theorem 10.2.1 For any sub-multi-group H of a finite multi-group G, there is a repre- 
sentation set T, T ¢ G, such that 


é-Qit 


xeT 


For a sub-multi-group H of G xe O(H) and Vg € G(x), if for Vhe H, 
gxhxgie H, 


then call H a normal sub-multi-group of G. An order of operations in O(G) is said an 

oriented operation sequence, denoted by OG). We get a generalization of the Jordan- 

Holder theorem for finite multi-groups following. 

Theorem 10.2.2 For a finite multi-group G= ) G; and an oriented operation sequence 
i=l 

G(G), the length of maximal series of normal sub-multi-groups is a constant, only depen- 

dent onG itself. 


A complete proof of Theorems 10.2.1 and 10.2.2 can be found in the reference 
[Mao6]. Notice that if we choose n = 2 in Definition 10.2.2, G; = Go = G. Then G 
is a body. If (G;; X;) and (G2; Xz) both are commutative groups, then G is a field. For 
multi-algebra systems with two or more operations on one set, we introduce the concep- 


tion of multi-rings and multi-vector spaces in the following. 


Definition 10.2.3 Let R = L) R; be a closed multi-algebra system with double binary 
i=l 


operation set O(R) = {(4+;,X;),1 < m}. If for any integers i,j, i # j, 1 < i,j <m, 


i< 
(Rj; +i, X;) is a ring and for Vx, y,Z € R, 


(x+y) +jZ=X+4+;Vt;)2Z, (XX y) Xj Z= XX; (YX; Z) 
and 
XX; Or +72) = XX VtjiX Xi Z, (V 432) XX = Y Xi KA LHK A 
provided all their operation results exist, then R is called a multi-ring. If for any integer 


1 <i<m, (R34, Xj) is a filed, then Ris called a multi-filed. 


~ ok 
Definition 10.2.4 Let V = J V; be a closed multi-algebra system with binary operation 
i=l 


= ws. ik 
set OV) = {(4;,°;) | 1 < i < m} and F = \) F; a multi-filed with double binary operation 
i=l 
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set OF) = {(+;, X;) | 1 < i < k}. If for any integers i, j, 1 < i,j < k and Va,b,¢ € V, 
ki,kn € F, 


(1) (V;; +;, -;) is a vector space on F; with vector additive +; and scalar multiplication 


(2) (at,;b)+;¢ = a+,(b+;¢c); 

(3) (ky +; ko) +; a = ky +; (ky +; a); 
provided all those operation results exist, then V is called a multi-vector space on the 
multi-filed F witha binary operation set O(V), denoted by (V; F). 


Similarly, we also obtained results for multi-rings and multi-vector spaces to gener- 


alize classical results in rings or linear spaces. 


10.2.2 Contribution to Metric Space. First, we generalize classical metric spaces by 
the combinatorial speculation. 


aes m 
Definition 10.2.5 A multi-metric space is a union M = \) M; such that each M,; is a space 
i=l 
with metric p; for Vi, 1 <i < m. 


We generalized two well-known results in metric spaces. 


Theorem 10.2.3 Let M = U M; be a completed multi-metric space. For an e-disk se- 


i=1 
quence {B(E,, Xn)}, where €&, > 0 forn = 1,2,3,--:, the following conditions hold: 


(1) Bler.01) D> Blen.%3) D B(G,.X3) D3 DS Bln Xa) D9} 
(2) lim e, = 0. 


n—+0co0 


+00 
Then ()\ B(€,, X,) only has one point. 


n=1 
Theorem 10.2.4 Let M = ) M; be a completed multi-metric space and T a contraction 
i=l 
on M. Then 


1 <* O(T) <m. 
A complete proof of Theorems 10.2.3 and 10.2.4 can be found in the reference 
[Mao7]. Particularly, let m = 1. We get the Banach fixed-point theorem again. 


Corollary 10.2.1(Banach) Let M be a metric space and T a contraction on M. Then T 


has just one fixed point. 
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A Smarandache n-manifold is an n-dimensional manifold that supports a Smaran- 
dache geometry. Now there are many approaches to construct Smarandache manifolds 
for n = 2. A general way is by the so called map geometries without or with boundary 


underlying orientable or non-orientable maps. 


Definition 10.2.6 For a combinatorial map M with each vertex valency= 3, endow with 
a real number (u),0 < wu) < Te to each vertex u,u € V(M). Call (M,) a 


map geometry without boundary, t(u) an angle factor of the vertex u and orientablle or 


non-orientable if M is orientable or not. 


Definition 10.2.7 For a map geometry (M, p) without boundary and faces f\, fo,-++, fi € 
F(M),1<1< ¢(M)-1, ifS(M)\{fi, fo. «++. fi} is connected, then call (M, p)~! = (S(M)\ 
{fi, f2,°°+, fi}, ) a map geometry with boundary f\, fo,--+, fi, where S(M) denotes the 


locally orientable surface underlying map M. 


The realization for vertices u,v, w € V(M) in a space R? is shown in Fig.3.2, where 
Pm(u)u(u) < 27 for the vertex u, py(v)u(v) = 27 for the vertex v and py(w)u(w) > 2 for 


the vertex w, are called to be elliptic, Euclidean or hyperbolic, respectively. 


u 


pm(ujulu) < 27 PmMU)uU) = 20 Puu)u(u) > 27 


Fig.10.2.1 


Theorem 10.2.5 There are Smarandache geometries, including paradoxist geometries, 


non-geometries and anti-geometries in map geometries without or with boundary. 


A proof of this result can be found in [Mao4]. Furthermore, we generalize the ideas 


in Definitions 10.2.6 and 10.2.7 to metric spaces and find new geometries. 


Definition 10.2.8 Let U and W be two metric spaces with metric p, W C U. ForYu € U, if 
there is a continuous mapping w : u > w(u), where w(u) € R" for an integern,n = 1 such 


that for any number € > 0, there exists a number 6 > 0 and a point v € W, p(u-v) < 6 
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such that p(w(u) — w(v)) < «€, then U is called a metric pseudo-space if U = W ora 
bounded metric pseudo-space if there is a number N > 0 such that Vw € W, p(w) < N, 
denoted by (U, w) or (U, w), respectively. 


For the case n = 1, we can also explain w(u) being an angle function with 0 < w(u) < 


4z as in the case of map geometries without or with boundary, i.e., 


| w(u)(mod4r), if ue W, 
w(u) = 
2n, ifueU\W (*) 


and get some interesting metric pseudo-space geometries. For example, let U = W = 
Euclid plane = >’, then we obtained some interesting results for pseudo-plane geometries 


(>), w) as shown in results following ([Mao4}]). 


Theorem 10.2.6 Jn a pseudo-plane (>), w), if there are no Euclidean points, then all 
points of (>), w) is either elliptic or hyperbolic. 


Theorem 10.2.7 There are no saddle points and stable knots in a pseudo-plane plane 


(Qi; w). 
Theorem 10.2.8 For two constants (Po, 9, Po > 0 and 6 # O, there is a pseudo-plane 
(>), w) with 
w(, 0) = 2 — 22) or wlp, 0) = Un + £2) 
Oop ye) 
such that 


P= Po 
is a limiting ring in (3), w). 
Now for an m-manifold M@M” and Vu € M”, choose U = W = M" in Definition 10.2.8 


for n = | and w(u) a smooth function. We get a pseudo-manifold geometry (M”, w) on 


M". By definitions , a Minkowski norm on M" is a function F : M” — [0, +00) such that 
(1) F is smooth on M” \ {0}; 
(2) F is 1-homogeneous, i.e., F(A“) = AF (u) for u € M” and A > 0; 
(3) for Vy € M” \ {O}, the symmetric bilinear form g, : M” x M™ — R with 


G5) = 1OFey + sat ) 
SpE Asdt aie 


is positive definite and a Finsler manifold is a manifold M™ endowed with a function 
F : TM" = [0, +00) such that 
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(1) F is smooth on TM” \ {0} = U{T<M” \ {0} : x € M"}; 

(2) Flr.mm — [0, +00) is a Minkowski norm for Vx « M”. 

As a special case, we choose w(x) = F(x) for x ¢€ M”, then (M",w) is a Finsler 
manifold. Particularly, if w&) = gs(y,y) = F(x, y), then (M,w) is a Riemann mani- 
fold. Therefore, we get a relation for Smarandache geometries with Finsler or Riemann 


geometry. 


Theorem 10.2.9 There is an inclusion for Smarandache, pseudo-manifold, Finsler and 


Riemann geometries as shown in the following: 


{S marandache geometries} > {pseudo — manifold geometries} 
> {Finsler geometry} 


> {Riemann geometry}. 


§10.3 CC CONJECTURE TO PHYSICS 


The progress of theoretical physics in last twenty years of the 20th century enables human 
beings to probe the mystic cosmos: where are we came from? where are we going to?. 
Today, these problems still confuse eyes of human beings. Accompanying with research 
in cosmos, new puzzling problems also arose: Whether are there finite or infinite cos- 
moses? Are there just one? What is the dimension of the Universe? We do not even know 
what the right degree of freedom in the Universe is, as Witten said. 

We are used to the idea that our living space has three dimensions: length, breadth 
and height, with time providing the fourth dimension of spacetime by Einstein. Applying 
his principle of general relativity, i.e. all the laws of physics take the same form in any 
reference system and equivalence principle, 1.e., there are no difference for physical effects 
of the inertial force and the gravitation in a field small enough., Einstein got the equation 
of gravitational field 


1 
Ria a R8uv + Ag yy = —8AGT yy. 


— — iO 
where R,,, = Ry, = Row 


ya Me pe _ pep 
a - Lee =F Tr 2 
piv Ox” Oxi Li av pw” ai 
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re = 1 a O8me O8np = O8mn 


+ 
2 Ou" = Ou" ~— OuP 
and R = g’*R,,,. Combining the Einstein’s equation of gravitational field with the cosmo- 


) 


logical principle, i.e., there are no difference at different points and different orientations 
at a point of a cosmos on the metric 10*1.y. , Friedmann got a standard model of cosmos. 


The metrics of the standard cosmos are 


d 2 
ds? =-Cd? + a()l— + Pde? + sin” bdy’)| 
1 - Kr’ 
and 5 
RX1) 
Bn = Is Ber = Ta Bop = PRO sin 4. 


The standard model of cosmos enables the birth of big bang model of the Universe 
in thirties of the 20th century. The following diagram describes the developing process of 


our cosmos in different periods after the big bang. 


~ 


: f= ml 
tiny traction = ston 
Ol 6 second = 


Fig.4.1 


10.3.1 M-Theory. The M-theory was established by Witten in 1995 for the unity of 
those five already known string theories and superstring theories, which postulates that 
all matter and energy can be reduced to branes of energy vibrating in an 11 dimensional 


space, then in a higher dimensional space solve the Einstein’s equation of gravitational 
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field under some physical conditions. Here, a brane is an object or subspace which can 
have various spatial dimensions. For any integer p > 0, a p-brane has length in p di- 
mensions. For example, a 0-brane is just a point or particle; a 1-brane is a string and a 
2-brane is a surface or membrane, - - -. 

We mainly discuss line elements in differential forms in Riemann geometry. By a 
geometrical view, these p-branes in M-theory can be seen as volume elements in spaces. 
Whence, we can construct a graph model for p-branes in a space and combinatorially 


research graphs in spaces. 


Definition 10.3.1 For each m-brane B of a space R", let (n,(B), n2(B),---,n,(B)) be its 
unit vibrating normal vector along these p directions and q : R™ — R* a continuous 


mapping. Now construct a graph phase (G, w, A) by 


V(G) = {p — branes q(B)}, 
E(G) = {(q(B,), g(B2))|there is an action between B, and By}, 


w(q(B)) = (71 (B), n2(B), -- > ,n)(B)), 


and 


A(q(B,), g(B2)) = forces between B, and Bo. 


Then we get a graph phase (G, w, A) in R*. Similarly, if m = 11, it is a graph phase for 
the M-theory. 
As an example for applying M-theory to find an accelerating expansion cosmos of 


4-dimensional cosmoses from supergravity compactification on hyperbolic spaces is the 


Townsend-Wohlfarth type metric in which the line element is 


ds* = & ™O(-S§°d? + S*dx2) + ag ee 


where 
H(t) = (In K() ~ 3208), 
5? — prt ev mito! 
and 
Ki) = Aver 


(m — 1) sin[Apé|t + 4] 
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with € = 3 +6/m. This solution is obtainable from space-like brane solution and if 
the proper time ¢ is defined by dg = S%(#)dt, then the conditions for expansion and 
acceleration are oe > 0 and a > 0. For example, the expansion factor is 3.04 if m = 7, 
i.e., a really expanding cosmos. 

According to M-theory, the evolution picture of our cosmos started as a perfect 11 
dimensional space. However, this 11 dimensional space was unstable. The original 11 
dimensional space finally cracked into two pieces, a 4 and a7 dimensional subspaces. The 
cosmos made the 7 of the 11 dimensions curled into a tiny ball, allowing the remaining 4 


dimensions to inflate at enormous rates, the Universe at the final. 


10.3.2 Combinatorial Cosmos. The combinatorial notion made the following combi- 


natorial cosmos in the reference. 


Definition 10.3.2 A combinatorial cosmos is constructed by a triple (Q, A, T), where 
Q=| Joa, s=(Jo 
i20 20 
and T = {t;;i => 0} are respectively called the cosmos, the operation or the time set with 


the following conditions hold. 


(1) (Q, A) is a Smarandache multi-space dependent on T, i.e., the cosmos (Q,;, O;) is 
dependent on time parameter t; for any integer i, i = 0. 


(2) For any integer i,i = 0, there is a sub-cosmos sequence 
(S): QD +--+ D Qa D Qin 


in the cosmos (Qj, O;) and for two sub-cosmoses (Q;;,O;) and (Qi, O;), if Qi; D Qi, then 
there is a homomorphism pg,;.0,, > (Qij, Oi) > (Qi, Oj) such that 


(i) for VW(Qi, O;), Qi, Oi), (Qi, Oi) € (S), Qn D Qi2 D Oz, then 


PQ41,273 = PQQ O° PO2,Qi3> 


where “o” denotes the composition operation on homomorphisms. 
(ii) forVg,h € Q,, if for any integer i, Ppa.o,(g) = Pag,(h), then g = h. 
(iii) for Vi, if there is an f; € Q; with 


£9,,0;09; Si) = P2;.0;70;F) 
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for integers i, j, Q;(\ Q; # 9, then there exists an f € Q such that poof) = fi for any 


integer I. 
By this definition, there is just one cosmos Q and the sub-cosmos sequence is 
R45 R > ROR! DR ={P} DR 5---D RL DR = IQ). 


in the string/M-theory. In Fig.10.3.2, we have shown the idea of the combinatorial cos- 


mos. 


Fig.10.3.2 


For spaces of dimensional 5 or 6, it has been established a dynamical theory by 
combinatorial notion (see [Pap1]-[Pap2] for details). In this dynamics, we look for a 
solution in the Einstein’s equation of gravitational field in 6-dimensional spacetime with 


a metric of the form 
2 
ds’ = —n'(t, y, 2dr’ + a(t, y, 2d)" sD, y, z)dy* + d’(t, y, 2d2 
k 


where d >; represents the 3-dimensional spatial sections metric with k = —1,0, 1 respec- 
tive corresponding to the hyperbolic, flat and elliptic spaces. For 5-dimensional space- 
time, deletes the indefinite z in this metric form. Now consider a 4-brane moving in a 


6-dimensional Schwarzschild-ADS spacetime, the metric can be written as 
2 
ds? = —h(2dt? + zt), th '(2dz, 
k 


where 
2 dr? 2 402 ay 4.2 
a> = Taga + Pd) + (1 - kr? dy 
k 
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and ; 
Zz M 
h(z)=k-+ p = 2 
Then the equation of a 4-dimensional cosmos aris in a 6-spacetime is 


Ko 2 Lom kK 5 
ars 8 RF 
by applying the be ieee conditions for a moving brane. Similarly, for the case of 


of +35 Ry _ 


a(z) # b(z), the equations of motion of the brane are 
@dR-dR Vli+@R On wy 6) 


ap, Ot _ 7 ; 
Fis Re (daR + 7 (dd.n — nd,d)R*) = = Be +p) +P), 


wt i+ eR = 6 4 p- p). 
a 
2b ITs BR = “ip 3p - p), 


where the energy-momentum tensor on the oe 1S 


; 1 
Py = Piya Ty — ZT Ayn 


with T' = diag(—p, p, p, p, p) and the Darmois-Israel conditions 
Ky] = —Kel; 


(@* HY? 
where K,,, is the extrinsic curvature tensor. 


The combinatorial cosmos also presents new questions to combinatorics, such as: 


(1) Embed a graph into spaces with dimensional> 4; 
(2) Research the phase space of a graph embedded in a space; 


(3) Establish graph dynamics in a space with dimensional> 4, - - -, etc.. 


For example, we have gotten the following result for graphs in spaces. 


Theorem 10.3.1 A graph G has a nontrivial including multi-embedding on spheres P, > 
P, D--+-D P, ifand only if there is a block decomposition G = WJ G; of G such that for 
i=l 
any integer i,1<i<-s, 
(1) G; is planar; 


(2) for Vv € V(Gj), Ne) C ( U V(G))). 


jri-l 
A complete proof of Theorem 10.3.1 can be found in [Mao4]. Further consideration 
of combinatorial cosmos will enlarge the knowledge of combinatorics and cosmology, 


also get the combinatorialization for cosmological science. 
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